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PREFACE 


THE following work is designed as a text-book for univer- 
sities and technical schools, and as a manual for the field 
astronomer ‘The author has not sought after onginality, 
but has attempted to present in a systematic form the most 
approved methods in actual use at the present time 

Each subject 1s developed as fully as the necessities of the 
case are likely to require, but as the work 1s designed to 
be a practical one, those methods and developments which 
have meiely a theoretical or historic interest have been ex- 
cluded 

Very complete numerical examples are given illustrative 
of all the prominent subjects treated These have been 
selected with care from records cf work actually performed, 
and will show what may be expected in circumstances ord1- 
narily favorable 

Such auxiliary tables as are applicable only to special prob- 
lems will be found in the body of the work, those which 
have a wider application are piinted at the end of the volume 

The universal employment of the method of Least Squares 
in wo1k of this kind has led to the publication ot an introduc- 
tion to the subject for the benefit of those readers who are 
not already familiar with it This mt:oduction develops 
the method with special reference to the requirements of 
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this particular class of work, and it has not been the design 
to make it exhaustive 

For the mateials employed original papers and memoirs 
have been consulted whenever practicable The illustrative 
examples have been drawn largely from the 1eports of the 
Coast and othe: government sulveys For most of the exam- 
ples of sextant work, as w ell as for many valuable sugges- 
tions, the author 1s indebted to his friend and fo1mer col- 
league Prof Lewis Boss Much assistance has also been 
detived from the excellent wo1ks of Chauvenet, Brunnow, 
and Sawitsch 

Fully appreciating the difficulty of eliminating all mis- 
takes f1om a work of this character, the author can only hope 
that this one may not prove to be disfigured by an undue 
number of such blemishes 

C L DOOLITTLE 
BETHLEHEM, Pa, May 20, 1885 
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INTRODUCTION TO THE METHOD OF 
LEAST SQUARES 


1 When a quantity 1s determined by observation, the re- 
sult can never be regarded otherwise than as an app! 0xima- 
tion to the true value Ifa number of measurements of the 
same quantity are made with extreme care, no two of the 
values obtained will probably agree exactly, at the same 
time none of them will differ very widely from the true one 

There 1s a limit to the precision of the most refined instru- 
ment, even when used by the most skilful observer, and 
therefore the determination of a quantity depending on 1n- 
strumental measurement, however carefully made, must be 
imperfect It becomes then a problem of great practical 
importance to determine how the mass of data resulting from 
observation shall be combined so as to give the best possible 
value of the quantity sought The theory of probabilities 
furnishes the basis for such an investigation * 


2 Observations are liable to errors of three kinds 
First Constant errors, or those which affect all observa- 


* The reader 1s supposed to be familiar with the theory of probability as de- 
veloped in the ordinary text books on algebra See, for instance, Davies 
Bourdon, edition of 1874, p 322, or Olney’s University Algebra, p 294 
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tions of a given series alike These may result from a 
vatiety of causes, such as errors 1n the instruments used, 
peisonal error of the obseiver, errors 1n the constants of re- 
fraction, parallax, etc , used in the reduction of observations 
A prope investigation will generally show the magnitude of 
such e1rors, and consequently the necessary corrections—at 
least the more important ones We shall suppose the data 
to which our discussion applies freed fiom such errors, as 
their investigation does not come within the scope of this 
subject 

Second Mustakes, suchas 1ecoiding the wiong degree in 
measuring an angle, or the wiong hour 1n the clock reading 
When such errors are large they are not likely to give much 
trouble, as their true nature appearsatonce When theyare 
small they may prove embarrassing The present discussion 
does not apply to them, and we shall suppose that no undis- 
covered mistakes have been made 

Third Errors whuh are purely accidental It 1s to these 
that our present investigation applies 

At first sight it might seem that such purely accidental 
errors were entuely outside the sphere of mathematical 1n- 
vestigation, but we shall see that they follow a very definite 
{aw, and that theory is veiified in an exceedingly satisfactory 
manner by observation 


3. We shall assume as the basis of our investigation the 
tollowing axioms 
I [f we have a series of direct measurements of a quantity, 
all made with equal care, the most probable value of the 
guantity well be obtained by taking the arithuetrcal 
mean of the individual mcasurements 
Il Plus and minus errors will occur with equal frequency 
III Small errors will occur wrth greater frequency than 
large ones 
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Various attempts have been made to prove the first of 
these as a proposition All such proofs are more or less 
unsatisfactory, and for elementary purposes it 1s move ex- 
pedient to assume its truth at once The “most probable 
value” there mentioned must be understood as the value 
which most nearly represents the given data, and fiom the 
evidence furnished by this sez1es of observations alone it 1s 
the best attainable approximation to the tiue value 

The principles are supposed in all cases to be applied toa 
large number of observations, the larger the number the 
more closely will the results correspond to the laws assumed 


The Law of Distribution of Error 


4 Let ¢ be a quantity whose value is to be dete1mined 
by obsei vation eithcr duectly or indirectly 

Let WZ, M,. M,, M,, be the individual values obtained 

Then regaiding M, as a determination of the unknown 
quantity x, its error will be (4%, — +) Similarly, (JZ, — +x), 
(M, — x), (7, — #) will be the eriois of the other ob- 
served values 

Let us write 


(M,-z«)=4, (M-—x = 4, (Mn —*)= 4y (1) 

Let y, = the probability of the occurrence of the error J, , 
y, = the probability of the occurrence of the error Z,, 

Im = the probability of the occurrence of the error 4,,. 


Then our second and third axioms assume a law as existing 
such that the probability of a given error occurring will be 
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intervals between the different values of 4 will pve equal to 
the smallest reading of the instrument with which the obser- 
vations were made The greater the degiee of precision in 
the data, however, the more closely will our locus approach 
continuity; so by 1egaiding 1tas acontinuous curve we have 
a condition towaids which we are constantly approximating 
as methods of observation become more and moie 1efined 


Determinateon of the Function p 


6 For the probability of an error 4 we have the equation 


y= P(A), 


and for an error 4 + 64, 


J = W4 + 54) 


The probability that an error falls between 4 and 4+ 64 
will be the sum of all the piobabilities between y and y’, or 
if 64 is small, it will be nearly 64g(4) When 64 becomes 
dA, we have ngorously y = g(4)d4 for the probability that 
an error falls between Jdand 4-++@4* For the probability 
of an eiror falling between any finite limits, as for instance 


a 
— ee 


* By way of illustiation let us suppose the smallest unit of measure made 
use of 1n our observations tobe 0’’ 1, and that any given number of these units, 
as for instance 3, are represented by O64 Then the errors between J and 
4-+ 64, including the latter, willbe (4-++- 1), (4-+- 2), and (4 + 3), and their 
respective probabilities, #1 = 9(4 4-1), » = @(4-+ 2), and ys = o(4-+ 4) 
If now the limits between which the errors of our series lie extend to + 10! ; 
we see that the probability 3. will differ but little from y;, and the sum of all the 
probabilities ys + yoy; will differ but little from 3y, or 


64y = @(4)64 
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+ a, we shall have the sum of the probabilities for all values 
of 4 between + a, or 


P= ["o(dad (3) 


When we extend the limits of integration so as to include 
all possible values of 4, the probability becomes a certainty, 
which is expressed mathematically by uuty As, however, 
it is impossible to fixa finite limit to the value of 4 which 
shall be universal in its application, the limits in this case 
must be extended to + ©, giving us the equation 


r= f" oaaa. SG ab i me GQ) 


From the foregoing we have 


y, = P(4,) for the probability of the error 4; 
y, = P(4,) for the probability of the error 4 


23 


Im = WU4Sn) for the probability of the error 4,, 


If now P= the probability that all these errors occur s1- 
multaneously, we have, fiom the theory of probabilities, 


P= 9(4,)p(4,) p(4!,) PA); - (5) 


and the most probable value of the unknown quantity x will 
be that which makes the quantity Pa maximum 

Taking the logarithms of both membeis of this equation, 
we have 


log P= log 9(4,)+ log o(4,)+. + log p(4,,) 
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Differentiating this with respect to x, and placing the dil- 
ferential coetficient equal to zero, which 1s the condition of a 
maximum, we have 


dlog P) _ dllog 9(4,)] 44, , dllog ((4.)] 44, 
i ae. Te ae ie 


Tog PAn)] Fm _ 
++ "4, de =° 


From (1) we have 


==. — J, 


ad, — aAn 
dt ax”  ° ax 
Substituting these values in the above equation, also for 4,, 
etc , their values (7, — +), etc, 1t becomes 


dlog PM, —-+) , dlog p44 — +) 
aM, — £) a\M, — x) 


a | NM. — 
a + Fae po D aha 6 (6) 


This equation gives the means of determining x as soon 
as the form of the function gis known, and this can best be 
determined by considering a particulai case As this func- 
tion 1s strictly general, if we have once determined its form 
in a special case the result will be applicable to all cases 

We have assumed as an axiom that in the case of direct 
measurement of the quantity sought the most probable value 
will be the arithmetical mean of the individual measurements 
This principle will furnish the basis for investigating the 
form of the function @ 

In case of direct measurement we have for the unknown 
quantity 

at M+ +My 


12 


(7) 
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which may be written 


(M,—2)+(W,—#)+ +, —#)=0 .- 8) 
Equation (6) may be written 


Zilog pM, — @log p(M,— x) 
(M,— #) lors — £) ) aM, = =] + (M4,— *) lan —%#) AM,—+x) 


a \ Mi — X£) 
+ +n 2) | app ES | =0 


Comparing a (8) and (9g), we see that since the 
quantities (AZ, — x), UZ, — x), etc, are independent of each 
other, these equations can only be satisfied when the coeffi- 
cients of (7, — x), (M, — *), etc, in (9) are respectively equal 
to the same constant quantity We have therefore 


_ alog PM,— *) | Zlog PM, — +) 
(Wf, — naw, — x2) ~ (W,— x) dM, — x) 
= _ log PM, — x) _ 
. ~ Wanda! Yo) 


Writing for (WZ — x) in general 4, we have 
dlog p(4) = kAdA, 
and, by integration, log y(4) =4k4°+ loge, 
c being the constant of integiation, 
or Q(4) = certs? : : (11) 


From axiom III it appears that as 4 increases this quan- 
tity must diminish, and this 1equires the exponent of e to be 
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negative As 4’ cannot be negative, it follows that £ must 
beso Wniting therefore $4 = — A’, our equation becomes 


QA) 2 66> (12) 


» Let usnow consider the constant of integratione This 
may be determined by substituting the value of (4) in (4), 


giving us 
+ 0 
I om i cet ad, 


a special form of the integral known as the gamma function 
For the purpose of integrating the expression, place 24 = 2. 


Zz 
Then a4 = 4 and we have 
ney fot Spt yn, & og 
r= fo Se d=sl ie at 


As ¢ in this expression 1s involved only in the quadratic 
form, we evidently have 


er #at = ae e- "dt = af e-*dt — 2A 


(m which we write the integral equal to 4 for convenience) 
In the definite integral JI e-*“dt the value will be the same 


if we wiite another symbol instead of ¢ Therefore 


J e-Aat = [ e-*dv 


Multiplying both members of this equation by / a. dt, we 


Ata fof e-e+ardy 
°o °o 


have 
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In the second member of this equation write v = 74, 
dv=tdu Then 


A= / ait ae e—~ Pat «)rdzZ, 


— (1 + 13) 
— 21+) tt _ — IEEE 
But fe 2(1-+ 2#’)’ 
which between the given limits becomes ++ a0 a) : Zh) 
Therefore 
, 1 f° at I ie = I 

A ee ear co — tan aera 

Therefore A= Bis 
Cs h 

and we have I= 7V2 OF C= Waa 


and equation (12) becomes 
h 
‘a Pp(4) = ae « 8 (13) 


In this equation the constant # will requie further con- 
sideration, but if we assign any arbitrary value, as unity, to 
hk we can rcadily construct the locus of the equation It will 
at once appear that the gencral form will be that shown on 
page 5 


Condition of Maximum Probabiltty 


8 Substituting in equation 5) the values of (4,), p(4,), 
etc, from (13), 1t becomes 


i i — 43(A42-+- Ag? + + Am?) (14) 
7 


sas 
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From this equation we see that P will increase in value as 
the exponent of ¢ diminishes, or P will be a maximum when 
47+ 47 + + 4," 18 a minimum, thus giving us the 1m- 
portant principle— 

The most probable value of the unknown quantity 1s that which 
makes the sum of the squares of the residual errors a manunum 

From this principle comes the name Method of Least Squares. 


The Measure of Precision 


g Let us now consider the constant £ 
Substituting in equation (3) the value of @(4), we have for 
the probability of an er1or between the values + a@ 


+a f; 
P= =. —BO TA , . 
1 (15) 
If we take another series of observations, we have the 


probability of an error between + @’ 


/ / 
ve ae HA 


P= : 
—* Wn 


If these respective probabilities are equal we shall have 


LenB nad —/ ee WO hd A, 


which equation will be satisfied by making 4a = #’a’, or 
h h=2' a ; (16) 


We see from this equation that in two different series of 
observations 4 will have different values, these values being 


Le 
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to each other inversely as the errors to be ascribed with equal 
probability to each series If, for instance, the errors of the 
first series are twice as great as those of the second, & will 
equal $2’ The constant 4 1s therefore the measure of pre- 
cision of the series of observations, and if 1ts value could be 
determined fiom the observations themselves, we should by 
this means be able to know to what degiee of confidence the 
data were entitled This determination 1s possible,—at least 
approximately,—but for practical pu1poses it 1s more con- 
venient to compare the relative accuracy of different series of 
observations by means of their respective probable errors, 
which will now be considered 


The Probable Error 


10 The probable error of any observation of a given series 
is a quantity such that if the e1ro1s committed be arranged 
accoiding to their magnitude without ieference to the 
algebraic sign, this quantity will occupy the middle place in 
the series Jt may therefore be dcfined as a quantity of such 
value that the probability of an crior greater than this one 1s the 
same as the probability of one less 

When we conside: both plus and mimus eriors, we have 
fom cquation (15) the following expression for the probability 
of an error between + a, remembering that the probability 
between o and + a@ is the same as between 0 and — a 


_ 2h pass 
Pes) as (17) 


Let 7 = the probable e:ror 
The whole number of errors being represented by untty, 
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our definition of the probable error gives us the following 
equation 


2h [7 
= = e- rad. or 


I 2 
27 4 7 a 


I hr 
= Se : eB Mhdd (18) 
The solution of this equation will give us #7, so that if # 1s 
known 7 becomes known, and conversely 

rr It 1s evident ‘that the equation for 47 can only be 
solved approximately, as the expression ¢-“** dd 1s not 
directly integrable The only method of solution 1s to com- 
pute a series of numerical values of the integral for different 
values of the limit, 47, and then by inte:polation determine 
that value whiclr satisfies equation (18) with the necessary 
degiee of precision 

Owing to the great importance of this integral, not only 
in this connection, but also in the theory of refraction, vai1- 
ous methods have been developed for computing its numeri- 
cal value The most elementary of these consists in expand- 
ing ¢~ 4°? =~ —-# (44 being written equal to Z) into a series ef 
ascending powers of ¢, by means of Maclaurin’s tormula, and 
integiating the separate terms of the series This series 
converges rapidly for small values of 7, and 1s therefore well 
adapted to numerical computation, but for large values of ¢ 
it becomes diverging For this case, as well as foi the case 
where 71s small, a series may be obtained by successive ap- 
plications of the formula for integiation by parts, 


f adv = uv — ve vau, 


by which means the expansion may be effected either in 
terms of ascending or descending powers of ¢ When an 
extensive series of values of the integral 1s required, as in 
computing a table of values for different values of the argu- 
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ment, #, the most simple process 1s to apply what 1s known 
as the method of Mechanical Quadratures 

As very complete tables of numerical values of this integral 
have been many times computed, we shall simply 1efe: to the 
tabula1 quantities without entering more fully into the methods 
of computation Table I ot this volume gives the values of 


z 
"eka dt for values of ¢ from 0 to 0. We readily find 


fe) 


from this table that the value of 4v which satisfies equation 
(18) lies between 47 and 48 An interpolation readily gives 


hr = 0 476094, 
yp — 47004 
r oe « « « (19) 
The Mean Error. 


12 The probable e1ror is not the only function of the 
errors which may be used fo1 compaiing the 1elative ac- 
curacy of different se1ics of obse1vations Another quantity 
which may be used for this pul pose, or as a convenient aux 
ihary for computing the probable error, 1s the Mean Error 

The Mean Error 1s a quantity whose square 1s the mean of 
the squares of the wdwtdual errors 

Let ¢= the mean error Then to determine the relation 
between ¢ and #, and consequently between ¢ and 7, we pro- 
ceed as follows Let 


A’, AY, 2a. ete-— the different errors which occur, 
QA’), D(A”), p( 4’), etc = their respective probabilities. 


rf 
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Then m being the whole numbe: of eirors there will bea 
number expressed by the quantity 2mg(4’) (both + and — 
errors included) of the value 4’, 2mq@(4"") of the value 4”, 
etc , and 1n all 


A,+ 4,+ 4, + An = 2mg(A’)A’ + ameg(4"\A” 
+ 2amg(A’"’\A’” + etc 


From the definition of the mean e1ror é¢ we shall have 
gees amp A’) A” + 2up(A"') 4’ + amp(4") 4" + ete 
= 229(4)2" is 
Expressing this by an integral, by the same method of rea. 
soning as was used 1n deriving equation (3) we have 


= af ate FM ad 
° / 2 


This equation expresses a relation between ¢ and # To 


effect the integration, let as beforeZ4 = ¢ Vhendd = S 


2 
ec se — 1242 
aah Pdt 


Integrating this by parts by placing w= ¢ and du = e- “tdi, 
and substituting in J udv = uv — sf vau, we find 


; 2 PSR. Tf 4 
=F) + 5h tat], 


z=0 


and we have 


2 


which readily gives = “a » « (20) 
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Substituting the value of 4 from (19), we have 


€ = I 48267, } 


y= 6745° J en) 


From these 7 is readily computed when we know e¢, and vice 
versa 


The Mean of the Errors. 


13 Another quantity which 1s much used as an auxiliary 
for computing 71s The Mean of the Errois This must not 
be confused with the mean erro: It 1s thus defined 

The Mean of the Errors ts the arithwmectecal mean of the atffer- 
cnt errors all taken with the positive sign 

Let 7 = the mean of the er:ors Then to determine the 
relation between 7 and 7 we proceed in a manner similar to 
that followed in the previous section As before, let 


A’, Pe ie A’”’, etc = the individual errors 
WAM), (4), p(4"), etc = their respective probabilities. 


Then, the whole number of observations being 7, 
ntl) = 200 g(A’) A’ ate 2901 g( A") A” a 200 g(a" A", etc, 
from definition, and therefore 


/ / i? fi Vt hd 
si am@g(A’)A'-amng(A"\ A" amp \A’’’, etc — 23914). 
m1 


Passing to the integral as before, being supposed very 
large, 


i of Tae MS Ad = (22) 


hVr 


18 LEAST SQUARES $14 
Substitutmg the value of 2 from (19), 


y = I 18297, (23) 


7 = 084537) 


Equations (20) and (22) give us the following relations be- 
tween ¢and 7, which we shall hereaiter find convenient 


os 5 i a. Sh Ae 24} 


Either of the quantities 7, ¢, or 7 may beused for comparing 
the 1elative accuracy of different se11es of observations, or of 
the quantities derived from them by computation. We shall, 
however, always use 7 for this purpose, making use of 77 and 
s, when occasion serves, as convenient auxiliaries for comput- 
ing the probable e1or 7 


Precision of the Artthimetical Mean. 


14 Although the a11thmetical mean 1s the best value to be 
obtained from a serics of equally good direct measuiements, 
it willonly be an approximation to the tiue value. Its there- 
fole important to determine to what degiee of confidence it 
1s entitled Let 


My Myy gy sh, = A INividual measurements of the quantity x, 
4,,4,,4,, 4, = the erio1s of each 2 1espcctively 


Then ¢=(4,—4)=(4,—4,) = = (tm ~— 4m) 


S 14 THE ARITHMETICAL MEAN IQ 


Or taking the mean, 


x= (mtmtm+ +1) ——(A+44+44 +4,) 


In this equation the first term of the second member 1s the 
arithmetical mean, and the second termisitserior Asthere 
is only one value of the arithmetical mean, this error will 
correspond, fo: this quantity, to our definition of the mean 
error Theretore let 


€, = the mean error of the arithmetical mean, 
y, = the piobable error of the arithmetical mean 


Then 


Me," = (4,+ 4,-- A+ + Ain)” 
Ts (4+ 4+ 4,’ 4,,°)-+ 2(4,4,+ 4,4,+ + An, - poly: 


Since from theory plus and minus errors will occur with equal 
frequency when the number of observations is large, the 
last te1m of this expression will vanish, or at least will become 
very small in comparison with the term preceding Disre- 
garding it and writing, in accoidance with the notation of 
Gauss, 


4° 4+ 4+ 4+ + 4,’ = [44], 


we have me = [44] 

But from definition, m* =[44] 

Therefore = — - + (25) 
V 11 


Let #, = the measure of precision of the arithmetical mean. 
Then, fiom formulae (19), (21), and (25), 


&£ e@=mr, rah Re Vi. (26) 
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That is, the precision of a result obtamed by direct nnasurencnt 
2s directly as the square root of the number of measurements 


Determination of the Probable Error. 


15 From the foregoing principles we can now compute 
from the observations themselves the probable error of a 
quantity determined directly by observation 

As before, let 7,, 7,, 2,; W,, = the individual measure. 
ments of a quantity + 


Let x, = the anthmetical mean of the z’s, 
| ee ee Vin, = Moy, — Hy 


S 
| 


These quantities (v,, v,, etc) are known as residuals, and 
must not be confounded with the true errors (4,, 4,, etc ), 
from which they will always differ, unless x, is absolutely the 
true value of « 

Let the e110: of +, be 6 Thenx = x, + 6,and conse 
quently 


ASU 0, A ae 6, BU ee, 
and we shall have 
[44] = [vo] — 2[v]d + mer, 


in which [w]* =vftoet+t . +4, 
and [wv Wo eee ?, + VY, + +- On 


Since #,1s the arithmetical mean ot the quantities z,, 2,, 
etc, 1t follows that [v7] = 0, and consequently 


[44] = [vv] + m6 


—_— ee ee ee - 


* Frequent use will be made hereafter of this symbol of summation, and 1t 
will require no further explanation 
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© being the error of the arithmetical mean,is unknown A 
close approximation will, however, be obtained if we assume 
it equal to the mean error ¢,* Thenreferring to (25), we have 


2 
2 — 128, = wW--=E, 
mM 


mo 


and since [44] = wm’, we have 


me” = [wv] + é 


Therefore en / ae 
im — 1 


and from (21), r = 6745 lv] 
mt — 1 ee 7 
From (25) and (26), ¢, =4/ gil 
170( 772 — 1)' 
r= 6745 _ [ee] 
m(7i2 — 1) 


Combining equations (27) and (24), we readily find 


e= 12533 + Ho 8453-—L 4), 
Vann — 1) Vn2(22 — 1) (28) 

& = I 2533 sori Th eve ee eal a 
ae mV im — 1 


In these expressions [+ 7] represents the sum of the residuals 
all taken with the positive sign 

These simple formulae (27) and (28) are of great practical 
value When the numbe1 of obseivations 1s not lage the 
values given by (27) will be a little more accurate than those 


* From what precedes we see that this assumption would be rigorously true if 
the number of observations were infinite 
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by (28), but when the number 1s laige (28) will be sufficiently 
accurate for practical purposes, and the facility with which 
they ate applied 1s something 1n their favor 


Probable Error of the Sum or Difference of Two or More 
Observed Quantitzes 


16 Let us next suppose the unknown quantity ~, instead 
of being directly observed, to be the sum or difference of two 
or more quantities whose values are obtained by direct 
measurement, v1zZ 

Let «= y, & 7, which y, and y, are independent of each 
other and whose values are duectly observed 

Let the individual errors of observation be— 


For Vy aS Ans re Bae 
For Va Ae; rae 7 Bi 


The errors of the individual dete:minations of « will then be 
(4, + 4,9, (4," + 4”), (4 Pde a) 


and if ¢ 1s the mean error of a determination of x, we shall 
have 


me = (4; a 4,’) + (4," a 7 i + = + (4,™ =r ar 
Expanding and making use of the symbol for summation, 
me = [4,4,] + 2[4,4,] + [4.41] 


Let ¢, and «, = the mean errors of a measurement of y, and 
y, respectively Then since, for reasons before explained, 


$17 PRINCIPLE OF WEIGHTS a 


the middle term ([(4,4.]) may be regarded as vanishing in 
comparison with [4,4,] and [4,4,], we shall have 


2 Uae a 2 
mE = me + mM14,’, 


or e= Ve,” + 67 » 4 (29) 


In a manner precisely similar we may extend the method 
to the sum or difference of any number of observed quanti- 


ties, so that in general if we have x = y, + y, + + Vas 
the mean errois being respectively ¢, é,, «., Em We Shall 
have 


é= Ve, + ec tee ty = V [ee] (30) 


Suppose next that we have 2 = a,y, + a,y, + + Bn Vang 
in which 4%, @., a, are constants If, as before, ¢,, ¢,, 
é,, are the mean eros of y,, y,, Ym, then the mean errors 
Of a,4,) %eVa Qnm)n Will be respectively a,€,, a8, Om Ems 
and the mean error of x 


c= Vai page + Pag =e] (31) 


Principle of Werghis 


17 In the foregoing we have assumed all the observations 
considered to be equally tiustwoithy, 01, as it 1s expressed 
technically, of equal weight As will readily be seen, we 
shall fiequcntly have occasion to combine observations of 
different weights It is therefore impoitant to ascertain 
how to treat them, so that each shall have its proper influ- 
ence in dete: mining the result 

Confining our discussion for the present to the case of a 
directly obse1ved quantity, the most elementary form of the 
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problem will be that where the quantities combined are them. 
selves the arithmetical means of several observations of the 
weight unity Thus, suppose the quantity # to be deter- 
mined from ze’ such observations, the most probable value 
of #’ will then be 


x! ——s m1, + 72,/ + Wy. + + Wm! 
as 7 SS ee 


at 


From a second, thud, etc, series of 22’, m2’, etc, observa- 
tions we have 1espectively 


a 


_ ft ’ 


Me 


‘tt ‘tt /t? ‘7 
i nM, +7, +71, + +. Myl! 
¢ ay” 


Combining all these individual values, we have for the 
most probable value of + 


a= 

(17y' e729’ 4- etm)" a+ eaten Raa ete et") 

52d LL A cA Pate oe 2S 
a mi + m uf + ) 


qn x gn x" qn a! 
or t= aa a - tale 8 (32) 


we! an!” + an!” Fal 


The value of x will not be affected 1f we multiply both nu- 
merator and denominato1 of this fraction by any constant a, 
Viz, 


antl a! + aml!n" + oan 2" 


— 


geet i nel y) % 
ant! + aml! + am!” + , (32) 
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in which we may regard am’, am", etc, as the respective 
weights of 2’, #’, etc a@may be integral or fractional 
From this we see that the weights are simply relative quan- 
tities and are in no case to be regarded as absolute 

Fiom the foregoing we have the following practical rule 

When observations are to be combined to which different weights 
are to be ascribed, the most probable value of the unknown quantity 
wll be obtaincd by multiplying each observation by its weight, 
and dividing the sum of the products by the sum of the 
weights 

It 1s clear that the difference of weights may result from 
a vaiiety of causes other than the simple one considered 
above, as, for instance, one series of observations may be 
made with a more accurate inst1ument than another, or by a 
more shilled observe: Thus, for example, it may be the 
case that ten measurements made by one observer will have 
as much value as twenty made by another If the weight of 
an observation of the fist series be unity, one of the second 
would only be entitled to a weight of one half, or more gen- 
erally, 


Letting g = the weight of an obsei vation of the second series, 
Then 2¢ = the weight of an observation of the first series 


If then we have a series z,, x., x,, etc, of observations of 
the weights Z,, 2, 2,, elc , and consequently 


x — PX + p¥, + pt, + 
Pi Ps Pa 


as the most probable value of z, it 1s evident that, whatever 
may have been the cause of this difference of weight, we may 
consider each value ~,, v.,etc , as derived fiom #,, g., etc , 1n- 
dividual obse1 vations of the weight unity Let 


26 LEAST SQUIRES \ 18 


e = the mean e1ro: of an obse1vation of the weight unity , 
é, e, etc, the mean eirois of 4,, #,, etc 


€ é 
€¢ = ———?) etc, 


_ vB, VP, (33) 
or e @¢=V~, Vp, &§ & = VP,.Vz,, etc 


Then from (25), ¢, 


The whole number of obseivations being equal to ~, +7 
+ ,+ = [p] observations of the weight unity o1 of the 
mean erior ¢, we have [o1 the mean erro: of x, from (25), 


é 


= VP] (34) 


The Probable Error when Obsrvatzons have Drfferent Werghis 


18 The mean taken according to weights, as in equation 
(32) or (32)*,1s sometimes called the General Mean In orde 
to derive the formula for the probable e11or in this case, Iet, 
as before, be the e1ro1 of the general mean x,, viz, #—24,=9 
Then, the notation being as befoic, we have 


4.S=%¢7—6, 42 =a — 6, 4,5 7;— 0, etc 


The error 4, belongs to #, and therefore appears Z, times, 
The erro: 4, belongs to 2, and therefore appears /, times, 


Therefore [244] = [pov] — 2[ pv]o + [p]& 


For the same reason as in previous cases [pv] may be dis. 
regarded as being inappreciable in comparison with the other 
te1ms, when we have 


[p44| = [pov] + Lele 
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Substituting for 6 the mean error of x from (34), we have 


[p44] = [poo] + € 


Now, as #, 18 equivalent to g, observations of weight unity, 
there will be the equivalent of 4, errors equal to 4,, and e, 
being the mean error of 4,, we shall have 


Pe: = p4,4, 
Whence from (33), ’e=p4 4, 
Similarly, é = ~,4,4, = ~,4,4,, etc 


And m being the whole number of quantities, or observa- 
tions, #,, %,, etc, we have 


me = p4,4,+ 74,4,+ 7,4,4,, etc 


Our equation therefore becomes ze’ = | puv] + @’, from which 


a, [ae 
wz — I 
and from (34), é, = ae os 
es 35 
and from (21), y = 6745 van 


7 [_ (pew| 
= STAI TZ] (me 1) 


an in these formule is the number of individual obse1 vations, 
or quantities, +, 4%, etc, and must not be mistaken for the 
sum of the weights 

It will be evident upon a careful comparison of these ev- 
pressions with the formule (27) that we should have reached 
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the same result by multiplying each quantity ~,, x,, etc, by 
the square root of its weight, and then proceeding exactly as 
we have previously done with observations of equal weight 

We have theiefore established the following rule which we 
may apply in combining observations of different weights 

Furst reduce all observations to a common unit of wight by 
multiplying cach by the square root of its werght, then couibine 
them precisely as uf they had originally been of cqual weight 

For examples of the application of the fo1mulz see pages 
515 and 516 


General Remap ks 


19 We have hithe1to considered only those cases where 
the unknown quantity is derived in the simplest manner fiom 
observation, viz, by direct measurement or by the sum or 
difference of directly measured quantities 

Before proceeding to the more complex cases a few general 
1emaiks may not be out of place 

Equation (13), which represents the law of distribution of 
erroi, and on which the subsequent discussion 1s based, rests 
upon two hypotheses neither of which is ever fully realized 
In practice, viz, that the number of observations 1s infinite, 
and that they are entuely fice from constant e1rors, 1e, 
errors which affect all alike The formule deduced when 
applied to the cases which actually a1ise can give us only 
approximate results, although they will be the best attainable 
approximations from the givendata This is particularly to 
be borne in mind when the number of obser vations 1s small 
The probable e1101s in such cases are apt to be entirely illu- 
sory, and in general are only 1eliable when the number of 
»bsei vations is large enough to exhibit approximately the 
law of distribution of er1o1 derived fiom the hypothesis of 
an infinite series of observations 
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td 


Lhe second hypothesis mentioned above, viz, that con- 
stant erroisdo not existin oui data, can never be fully realized, 
and this fact is often the source of great annoyance and un- 
celtainty in combining observations taken under different 
conditions Such errors a1ise from a variety of causes, some 
easy to investigate and others not at all su It 1s of very 
lrequent occurrence that a result derived from a single series 
of obsei vations will give a small probable error, and yet differ 
widely from that derived from a second series to all appear- 
ances equally good It sometimes happens that computers 
who are puzzled by such occuirences attiibute the difficulty 
to faults in the method, the truth being that they are due to 
the presence of a class of er1o1s with which the method does 
not profess to deal 

The remedy for this difficulty 1s to va1y as much as pos- 
sible the conditions under which the observations are made, 
and 1m a manner calculated to eliminate as far as possible 
those constant errois which cannot be investigated 


Comparison of Theory with Observation 


20. The test of theory is1ts agreement with observed facts 
We may in this manner test the truth of the law which we 
have derived for the distribution of eriors 

We have the probability that an error falls between the 
limits + a expressed by the equation 


Ia 
p= oe = e—PM@ TA (15) 


In accordance with the theory of probabilities, g here 1s a 
fraction which expresses the ratio of the number of errors 
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between +a to the whole number. If then the number of 
observations 1s 7, the number of errors between + a will be 


+a 
mM a. e- PMI 


Vav-* 


To test the law expressed by this formula we have only to 
compute the probable erro of the se11es of obsez vations unde: 
conside1ation by (27) 01 (28), and then & by (19) The value 
of the integial will then be obtained from Table I , and we 
shall be 1n possession of everything necessary for comparing 
the number of er1ors between any two limits as indicated by 
this formula with the number shown by the series of observa- 
tions Many such compaiisons have been made, and always 
with satisfactory results, when the number of observations 
compared has been laige A peifect agreement is of course 
not to be looked for, as our fo1mula has been derived on the 
theory of an infinite numbe1 of observations, and further, we 
are not in possession of the true errois for compatison with 
the formula, but the residuals instead, which will always differ 
from the errors unless we are in possession of the absolutely 
true value of the unknown quantity 

As an illustration of the above the following tabular state- 
ment gives the result of a compaiison with theory of the 
e1rors of the observed nght ascensions of Sirius and Altai. 
The example is given by Bessel in the Funxdamenta A stroro- 
WuLe 

In a series of 470 observations by Biadle\ the probabic 
error of a single obsetyation was found to be 7 = 0” 2637, 
whence 4 = 1 80865 Therefore fo1 the numberof eriors less 
than ” 1 the argument of Table I will be#=24 = 180865. 
With this argument we find for the integral 20188, which 
multiplied by 470, the entire number of e1rors, gives 95 as 
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the number of e1rors less thin’ 1 %Inamanner similar to 
this the following 1 esults were found 


—— 


No of Errors | No of Errors 


Between by Theory |by Experience 


Oo Oando’r 
o ITando’2 
o’2and 0” 3 
o’3ando0'4 


o’ 4ando'’5 
o’sando’6 
o'6and0'7 
o’ 7ando’8 
o’ S8ando'’g 
o’gand1''o 


over I1'o 


This agreement 1s very satisfactoi y, but here, as in other 
similar examples, the larger errors occur a little more 
fiequently than theory would indicate 

This 1s probably due to the fact that (unconsciously, per- 
haps) every observer will occasionally let an observation pass 
which is not up to the average standard of accuracy Small 
mistakes will sometimes occur, also, which are not of sufficient 
magnitude toattiactattention. A consideration of the matter 
has led to attempts on the part of Peirce of Harvard College 
and Stone of England to establish criteiia for the 1ejection 
of such doubtful obseivations On the other hand 1t has been 
proposed to overcome the difficulty by detcimining a system 
of weights which should give those observations w hich show 
large discrepancies less influence than those showing sinall 
ones 

- This branch of the subject, however, 1s beyond the scope 
of the present work. It 1s an exceedingly delicate matter 
to deal with, and from its nature 1s probably incapable of a 
mathematical treatment which shall be entirely satisfactory. 

Every computer occasionally feels compelled to reject 
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observations This should always be done with extreme cau- 
tion As for the critez1a for this purpose hitherto p1oposed, 
probably the most that can be said in their favor 1s that their 
use instues a unifo1mity in the matter, thus leaving nothing 
to the individual caprice of the computer 


Indiect Observations 


21 We have now investigated the simplest case of the 
determination of the unknown quantity by observation, viz, 
that when the quantity to be determined 1s measured directly 
In the more geneial form of the problem the unknown 
quantities are connected with the observed quantities by an 
equation of the form 


SQN, 3; =a, 


M being given by observation, and ~, y, 2, etc , being the un- 
known quantities This general form includes the case which 
we have previously investigated, where there was only one 
unknown quantity) Each observation furnishes an equation 
of this form, therefore a number of obsei vations equal to that 
of the unknown quantities will completely determine their 
value 

This would leave nothing to be desired if the observations 
were pelfect, but owing to the eri ors to which they are liable, 
the values of x, y, , etc, will be more reliable the greater 
the number of observations on which they depend If now 
wehave four unknown quantities, x, y, z, and w, four observa- 
tions will give us four equations fro n which the values of the 
unknown quantities may be determined If we have more 
than four equations, we may determine values of the unknown 
quantities by combining any fourofthem As the equations 
depend on observations more or less erroneous, we should 
thus obtain a variety of values for z, y, 2, and w, all of them 
probably in e:ror to some extent 
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The problem then1s this Of all possible systems of values 
of the unknown quantities, to find that which most accurately 
represents all of the observations ; 

We shall confine ourselves to the consideration of linear 
equations, and as the problems in which we shall be moe 
paiticulurly interested do not give rise to equations of more 
than four unknown quantities, we shall limit oui discussion to 
that number It will be obvious, however, that it can be 
extended to any numbe}. 

Suppose we have the following system of equations 


ax + by + 6a + dw = MN, 
azct+boytoz+ dw = m,, 
ax + by +2 + dw = %,, (36) 


in which x, y, s, and w are unknown quantities, @, b, ¢, a, 
etc , are cocfficients given by theory, and 72,, %,, #,, etc, are 
quantities given by obsei vation 

If now the data were pertect we should obtain the same 
values of +, 7, s, and w by combining any four of these 
equations Owing, however, to the erlors of observation to 
which 2,, 2 ,etc, are subject, 1t1s not probable that a substitu- 
tion of the true values of x, y, z, and w (it we knew them) 
would exactly satisfy any one of the equations 

Let v,, v, v%, etc , be the residuals obtained by substituting 
in equations (36) for +, y, 3, and w their approximate values 
such that the following equations will be rigorously satisfied : 


aqxe+ by = ec: tdw=n, — 4%, 
axtbytoeastdw= It, — Voy 
ae thy +eetdw =m, — % - G7) 


1 
a} 
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Now the most probable values of our unknown quantitie: 
will be those which make the sum ol the squares of these 
residuals a minimum, viz, 


vfto tw, +ete = fit, 1, 4 at) (38 


must be a minimum 

In these equations %, y, s, and zy we supposed independent 
therefore the differential coefficients with reference to cack 
vallable must separately be cqual to zero to satisfy the 
conditions ofa minimum~=s«- That 1, 


a[vv] _ d[vv] _ a[vu| _ @ | | 
a. ae ies dar ~ 


Wiiting out these expressions in full, we have the following 


adv, dy, ade, 
ge ge gai oe 

av, du, , _ ay, _ 
“ ay "dy eo aly + a (3¢ 
2 av, ig ay | aU, L 2 e 39 
' ds as ‘at : 
- dy, do, | “ at, | — 

' aw adi ‘ae 


2, y, 8, and w being independent, we have from (37), 


Alcs 4 eee ae r, ete 
ax . ad. aro i 
rh ' 

Bey, Cee ee by cto, 
aly dy ay 

av, _ ay, = az, is 
as _ as a as es 
av au ay 

ie ee: cl a ; 
aw : aw d, RAG) ep Oless 
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by means of which values equations (39) become 
4,U, + @,0, -- &,U, -- 
bv, + 8,0, + bv, + 
€,7, + C,U, + CU, + 
Bd, 4- Av, -- Av, 


Substituting for v,, v,, etc, their values from (37), we have 
for the first of these 


’ 
? 


e) 
) 
i (40) 
O 


aaxct+aby + aca + adw — an, 
+ aa 7+ ay + 4.¢,4 + a,d.w — an, 
+ aa 7+ 4,07 + a,¢¢ + 4,d@,w — an, -=O 
ae 


The second of (40) becomes 


a0, ae b,b,y = b,¢,2 — b,a,w 7 bn, 
+. a,b,4 + b,0,7 + b,¢,2 + 0,d.w — 0,1, 
a,0,% = b,0,y a 0,6,2 — b,a,w a bt, 
2 


O; 


and similarly for the remaining equations Using Gauss’ 
symbols of summation, we have therefore 


[aa]x + [ab] y + [aclz + [ad}w = [an], 

[abl + [ab] y + [dc]e + [bd ]w = [én], tid 
[acle + [dc]y + [ecle + [cd ]w = [er], 

[ad jx+ [dd] y + [ed]e+ [dd] = [di] 


These are called Normal Equations, and the values of the 
unknown quantities obtained by solving them will be the 
system of values which makes the sum of the squares of the 
residuals v,,v,, etc ,a minimum, and therefore the most prob- 
able system of values Equations (36) are called Eguatzons af 
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Condition, or Observation Equatwns An inspection of (41) 
gives us the following 1ule for solving a series of equations 
of condition 

Multiply each equation by the coefficient of « 1 that equation, 
then add together the resulting equations for a new cquation, 
then multiply cach equation by the coefficient of y in that equation, 
and, as before, form the sum of the resulting equations Continue 
the process with the coefficients of cach of the unknown quantities. 
The number of resulting Normal Equations will be equal to that 
of the unknown quanteties, and the valucs of the unknown quanti- 
tues deduced therefrom will be the most probable zalues 

It must be borne in mind that this process supposes the 
number of equations of condition to be gieate: than that of 
the unknown quantities If it is less, this process will give 
us a number of equations equal to that of the quantities to be 
determined, but they will be indeterminate none the less than 
the original equations were, as can be easily shown 


Observations of Unequal Weight 


22 In deriving the normal equations fiom the equations 
of condition, we have regarded the latter as of equal weight. 
In the more general case the weights will be unequal 

In the equationa,z + 4,y+ ¢2-+ dw = u,, if we suppose, 
as in (33), that g, represents the weight of an observation, 
viz, of 2,, that e, 1s the mean error of z,, and ¢e the mean error 
of an observation of weight unity, we have 


Multiplying the above equation by %,, we have 


a, V~px«4+b,V~p79+6V~2+4,V~pw=2, Vp, (42) 
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an equation in which the mean error of the absolute term 


n, Vp, 1s €, and the weight unity In the same manner we 
multiply each equation by the square root of its weight, thus 
reducing them all to the same unit of weight, when we pro- 
ceed precisely as before in fo1ming the normal equations 


Computation of the Coe ficients 


23 The method of fo1ming the no:mal equations is now 
fully explained, the work of computation, however, 1s some- 
what laborious, especially when the number of equations of 
condition is large It will therefore be important to arrange 
the wo1k so that the numerous multiplications and additions 
may be peiformed with the least liability to error, and so 
that convenient checks may be applied tor insuring accuracy 
in the results The multiplications may be performed by 
logarithms, in which case a four-place table will give the 
necessary degree of precision, or Crelle’s multiplication-table 
may be employed with advantage* We shall also show 
how to perform the multiplications by the use of a table of 
squares 

Convenient p1oof-formulz may be derived as follows [Let 
the sum of all the coefficients entering into each equation be 
formed in succession, and 1epresent them by s with the proper 
subscript Thus 


(43) 


* Dr A L Crelle’s ‘‘ Rechentafeln welche alles multipliciren und dividiren mit 
Zahlen unter Tausend” (Berlin, 1869) 
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Multiplying these sums by their respective a, 0, c, etc, in 
succession, and adding the products, we shall have the follow- 
ing equations for checking the accuracy of the coefficients of 
the normal equations 


[ad] -+ [ab] + [ac] + [ad] — [ani] = (ast, 
[a6] + [48] + [4c] +.[d]— [on] = (6), 1 (yyy 
[ac] + [Be] + [cc] + [ed] — [en] = [os], 
[ad \-+ [bd]+ [cd] + [da] — [dn] = [as] 


This requires the computation of the additional terms [as], 
[ds], and the agreement must come within the lmut of 
error of the computation These additional terms will be 
further useful for checking the accuracy of the solution of 
the normal equations, as will afterwards appear 

24 Ifit should happen that the coefficients of one unknown 
quantity in the equations of condition were much larger than 
those of another, considerable discrepancies might exist in 
the agreement of the proof-formule with the sums of the co- 
efficients It will generally be necessary practically to limit 
the computation to a certain number of decimals, when the 
products of the large quantities may introduce errors into 
the last places, where the products of the small quantities 
introduce none 

This difficulty 1s overcome by substituting for the unknown 
quantities other quantities which will make the coefficients 
of the same order of magnitude throughout This 1s con- 
veniently accomplished by selecting the largest coefficient 
with which an unknown quantity 1s affected and dividing 
each of the coefficients of this quantity by it Thus, let 
a, f, y, © be the largest coefficients of the quantities x, y, z, w, 
respectively, which occur in the equations of condition, and 


let y be the largest of the series of known quantities 7,, 1, 
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sy Then we may place the equations of condition in the 
following form 


(az) + 4) + Sve) + G(6w) =™, 
Fax) + BO) + Sys) + Siow) =”, 
where the unknown quantities are (ax), (Gy), and the 


values obtained in solving the equations will be in terms of 
v The equations will be made homogeneous by this pro- 
cess before beginning the work of forming the normal equa- 
tions The sums s,, s,, will be most convenient for the 
purpose to which they are applied, if they are formed from 
these homogeneous equations 

For the kind of problems which we shall have occasion to 
solve in the following pages there will seldom be a system- 
atic difference in the magnitudes of the coefficients of the 
different unknown quantitics of importance enough to render 
this operation necessary In cases, howeve1, where there 1s 
a marked difference in this respect it will be advisable to 
umcur the slight additional labor involved, and in some cases 
it becomes a matter of considerable importance 

25 The formation of the normal equations with the accom- 
panying proof-formule will therefore require the computa- 
tion of the following quantities 


[2a] [ad] [ac] [ad] [an] [as], 
[06] [dc] [2a] [dx] [ds], 
[ec] [ed] [en] [es], 
[dd] [an] [as], 
[mn] [725] 
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The latter will be employed for checking the final compu- 
tation, as will be shown hereafter As will be seen, the1e are 
twenty of these quantities 1equired in a series of four equa- 


tions In general the number will be* veh 2) oF 3) one 


r 


where zis the number of unknown quantities 

Let a sheet of paper be ruled with a number of vertical 
columns 1epresented by the above formula In the first 
horizontal line will be the symbols of the products written in 
the columns below, viz , [aa], [ad], and in the last line the 
sums of the products If the 1esults are correct the proof 
equations (44) must be satisfied The algebraic signs of the 
various products will demand special attention, as they form 
a very fruitful source of e110r 

If the application of the proofformulz is postponed until 
the conclusion of this part of the computation, the position 
of an e1101 18 often shown at once, since each sum, with the 
exception of the sum of the squares, is found in two different 
proofequations If two of the piootformule fail to be 
satisfied, while the others prove true, the e1:ror is in the te1m 
conimon to both, while 1f only one equation fails to be satis- 
fied, the error 1s in the quadratic term 

Before proceeding further it 1s recommended that the 
reader refer to the example found on page 329 «The num- 
ber of observation equations 1s twelve, each of which has 
been multiplied by the square root of its weight The num- 
ber of unknown quantities 1s three, the coefficients of which 
have no systematic difference in magnitude of sufficient 
importance to 1equue the application of the process for 
rendering them homogeneous The foimation of the 
normal equations is found on page 330 The number of 


= - ——— = ee ee 


* Tt is the sum of a series of terms in arithm-tical progression minus I, num- 
ber of terms = (2 -+ 2), first term = 1, last term = (z+ 2) 
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unknown, quantities being three, we require by the formula 
just given fourteen columns _ It will be observed that the 
proot-formulz are perfectly verified, as they should be im 
this case, no decimal te1ms having been neglected 


Computation of the Coefficients by a Table of Squares 


26 By whatever method the multiplications are performed 
a table of squares will be found very convenient for the 
quadratic terms Terms of the form [a4] may also be com- 
puted with such a table, as will appear from the following 


We have a 


[ad] = hil(a + 4)"] — [aa] — [46]} (45) 


The quadratic te: ms [aa], [4d], will be computed in any 
case, so there will only be requized in addition the terms of 
the form [(@-+ 4)*] In case of four unknown quantities we 
shall 1equire the following quadratic terms 


[aa] [(@ + 4)'] sept ete et | shang dt 
[26] Le ey] b+ @)'| [(6 — n)J, 
ee] fle +a y'J[le —a)],b G6) 
[dd] [(@—xn)], 
[ss] [ 272 | 


The last two will be employed in checking this and the sub- 
sequent computation Thus for the case of four unknown 
_— we have sixteen tems of the above form, or, in 


general, | ls mame) i ease +1 
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The equations having been multiplied by the square roots 
of their respective weights, and the coefficients made homo- 
geneous if necessary, the computation will be carried out as 
shown in the following scheme: 


nz | ss | (@+6)9 (a-+-¢)? (2 — m)? (2 + ¢)? 


@,a,\6,5,\ ec My My S1Sy| (a 6,)2 fa ¢;)? (a, — m)? 
pay Wf Cay ma sa8a (aa ba)? @o-- €y)? tea — 19)? | (bg a 4)’ 
Agitg bghq) Cats 23725! Sg5a| (tg + 43)" | (ag -t es)" @g — gy)? | (439 - es)? 


[aq] |[44]) [ce] [ns}| [ss]| (a+ 4)7] | [e+ ¢)?] = [(@ — v)2] | [((6-+ ¢)3] 
[aa] + [46]| [ea] + [cc] [aa] + [we] [4] by 
a[ad afac alan 2 
ab ac ar] bc 


[ 
L 


Cc 


In order to derive a convenient proof-formula we square 
both members of equations (43) and add 


[ss] +- 3 (Laa] + [00] + [ec] + lad] + [xn]} = 
[(a + 4)"] + [e+ ¢)*] + [@ + 2)] + L@ — 2) 
+E + 7] + (4 + 2)] + (4 — 2] +47) 
+ [(¢ + 2)"] + Ue — 2] 
+ [(¢ — 2)’] 


For an example of the application of the above method 
the reader will turn to page 334, where the normal equations 
are computed fiom the equations of condition befoie re- 
ferred to This method possesses some advantages over 
that by duect multiplication, the most important of these 1s 
in the fact that the lability to error in algebraic signs 1s for 
the most paitavoided Care being taken informing the sums 
(a + 8), (a +c), etc, no further attention need be given to 
the algebraic signs until the coefhcients of the normal equa- 
tions are completed 
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Solution of the Normal Equations 


27 Inthe solution of the normal equations the work should 
be arranged so that 1t may be conveniently reviewed for 
detecting e1rors in case such exist, and so that proof-formulz 
may be applied at the various stages of progress 

The order 1n which the unknown quantities are determined 
is generally indifferent except in the case where the nature 
of the problem is such that one or more of them cannot be 
determined with Accuracy fiom the equations We may 
know in advance that we have a case of this kind, orit may 
be discovered 1n solving the equations 

It will be shown hereafter that the weight of any unknown 
quantity will be determined by arranging the solution in such 
a way that this quantity is deteimined first The weight will 
then be represented by its coefficient in the last equation from 
which the others have beeneliminated If now this coefficient 
is very small it shows that this quantity cannot be well 
determined without additional data, and the solution must 
then be arranged so that the uncertainty in this quantity will 
have the least effect on the others In case a preliminary 
computation shows that the weight of any unknown quantity 
is very small, the elimination will be repeated in such a way 
that this quantity 1s first determined The values of the 
others will then be expressed in terms of this one Ifthen 
at any time additional data become available for determining 
this quantity, or if it 1s known from any other source, the 
other quantities become known also 

As such cases will seldom occur in the problems with 
which we shall have to deal, it will not be necessary to enter 
more fully into the matter at present 

28 In the elimination it will be convenient to employ the 
method of substitution, using a form of notation p1oposed by 
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Gauss In developing the formule, we shall suppose as before 
the numbe1 of unknown quantities to be fou. It will bea 
simple matter to extend or abridge them 1n case of a greater 
or less number 

The equations to be solved are 


[ea}e + [ad] y + [ac]e + [ad ]w = [an], 

(able + [ely + [cls + [ed le = (Br) s| gy 
[acle + [éc]y + [ec]e + [ed]w = [en], 
(adja + [Ady [ed le + [dal}o = [ae] 


From the first of these we have 


_ [en]  [ad| [ac] . _ [ad ie (48) 


~ faa] [aa]? ~ [aay ~ [aa] 


which value being substituted in the remaining three equa- 
tions, we shall have + climinated The first of the resulting 
equations will be 


[ (38) — eae, + [0] — ated) |< 


4 [ ea]—| ie Sati = = [ [2] — F _ Le male 


and similarly for the 1emaiming two 
Let us now write 


[ab [ae] 1] 
bb) — _- = — -—7|@a |= 
[27 rane? [a1], [bd] ‘zal d| = [éd1], | bad 


[ab] [a>] 
é cere — _~ —_ | Q72 = 
[dc] fa [ac] [dc 1], [ o72] raat | [b7 1], 
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and for the coetficients of the second equation, 


[ec] — ae alae] = =[ce1], [en] — a [an] = [ex 1], 


- . 
ac a 
[ca] — a a= [ed 1] (49) 
Similaily for the third, 
[dd] — i ad a een ee ean] ant | 
Our three equations then become 
[oo ry + [dc te + [bd1]w = [dn 1], 
[bce 1]y + [ec 1Je+ [ed 1]w = [cn 1], (50) 
[od 1]y + [edie + [ad i]w = [dn 1] 


In these the same symmetry of notation 1s pieserved as 1n 
the normal equations, and it can easily be ‘shown that the 
terms [60 1], [ce 1], and [ad 1], which have the quadratic form, 
will always be positive 

From the first of (50) we have 


_ [a1] _ [be 1] [dd 1] 
= (obi). [oor] [bdr] (51) 


This 1s to be substituted in the second and thud, and the fol- 
lowing auxiliary coefficients computed 


[ee 1]— eT be t=[ee2], [en 1] — 8 ae 1] = [en 2], | 


(20 1] un 
[edt ]— ape 1]=[ed 2], ia 
cae 4 ‘had 1] =[dd2],, (ae 1] Lp uo t= [ana], | 


[20 1] 1] 
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which process gives us the following equations 


[ec 2]e + [cd 2])w = [en 2], 
[cd2]¢ + [dd2]w = [dn 2] » . (52) 


From the first of these, 


_ [en2]_ [ed2] 
a Lh is ses Cah Hee ae CBS) 


Substituting this in the second, and writing 


ta — 12 7Ttea a) = (as), dn 2] — Eran) = [a3 
we have [dd 3]w—[dn3],.-- +--+ + (54) 
[an 3] 


from which w= 


(aa 3] ae ytd we. Se (55) 


z, y,and x can now readily be found by substituting succes- 
sively m (53), (51), and (48) 

The first equation in each of (41), (50), (52), and (54) are 
called elimination equations, and are here brought together 
for convenience of reference 


[aajx + [ab]y + [ac]e + [ad]w = [an], 
[od t]y + [dc r]z+ [odi1]w = [on 1], (56) 
[cc 2]2 + [cd 2]w = [cx 2], ° 
(dd 3] = [a3] 


This 1s all that will be strictly necessary in case the weights 
and probable errors of the unknown quantities are not re- 
quired 
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Proof-Formule 


29 Convenient proof-formule for checking the accuracy 
of the successive auxiliary coefficients may be derived from 
the summation terms [as], [4s], of equations (44) 

Referring to these formulz, let us write 


[os] — reas = [bs 1] 


Substituting for [ds] and [as] their values, this expression 
may be written in the form 


[ds 1] = | (20) — raed | + | ee — [a4] | 


+ [62 — Eltaay] — [tm — Eten | 


Therefore, writing for the quantities in the brackets their 
values, we have 


[os 1] = [681] + [be 1] + [2d1] — [62 1], 


a formula by which the accuracy of the coefficients in the 
second member can be tested, and which requires the addi- 
tional auxiliary quantity [ds 1] 

Proceeding ina similar manner, we shall require for check- 
ing the computation at the end of the first stage of the ell- 
mination the following auxiliary quantities 


[és 1] = [ds] — ace , fest] =[es] — asl: 
eee ae ra Las | 
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when we shall have the following p1oof equations 


[os1] = [661] + [de1] + [od 1] — [on1], 
[es] = [de 1] + [ee 1] + [ed 1] — [ex 1), | (57) 
[vs 1] = [a1] + [edz] + [dd1] — [dn 1] 


In the same manne: we have, for checking the next step in 
the operation, 


ere ee apes i tee ae ap ales 1] 
[es 2] = [ec 2] + [ed 2] — [en 2], (58) 

[ds 2] = [ed2] + [dd2] — [dn2], 

and finally, [ds 3] = [ds 2] — eas 2 | 
Las 3] = [dd 3] — [dx 3] (59) 


The agreement of these two values of [ds 3] must be within 
the limits of error of the computation, and 1t furnishes a very 
accurate control over the accuracy of the computation up to 
this point 

30 Alter the values of x, y, sz, w have been determined, a 
most thorough proof of the accuracy of the entire computa- 
tion 1s obtained by means of the residuals, w,, a, obtained 
by substituting these values of z, y, z, win the equations of 
condition, (37), p 33, viz 


a,x + by + os + dw — 1, 
az+ boy+oes+ dw — a, 
ed ++ by + C,8 + aw —~ H, 


0.4 
— U,, 


— 4, (37) 


oll ll 
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Multiplying these equations by — %, — U2 — Uy in order, 
adding, and writing, in accordance with the notation em- 
ployed, 


a,Y, = a, — a,Vs a : = [av], 


we have 

[nv] — [av]x — [ov] y — [evjz — [dv]w = [v2], 
but by equations (40), 

[av] = 0, [ov] = 0, [cv] = 0, [dv] =o 


Therefore [vv] = [vv] (60) 
Now multiply equations (37) DY M4 May 2g in order, and 
add, viz 


[un] — [an]x — [only — [ca]e — [du]w =[nv] = [vv] (61) 


By means of this equation [vv] may also be computed as 
soon as 4, y, &, w become known But we have 


_ [ax] _ [22] [ac | [ad | 
*= ral (aa)? (eal [aa] 48) 


Let this value be substituted in (61), and write 


[un] - tad — [mn 1], 


[a 
also write [dz 1], [ez 1], etc, for their values, when we have 
(mm 1} — [on tly — [cn 1]e — [dn ilu = [vu] 


Let the same process be carried on for eliminating y, 2, and 


50 LEAST SQUARES § 31 


w in succession from this and the resulting equations We 
shall have in all the following auxiliary quantities to com- 
pute 


[wet] = [nn] — len]. [un 2] = [nn 1] — pen I], 
[zn 3] = [wn 2] — ee Nh on 2], [v24] = [nn 3]'— Lan 3] [an 3] 
[ec 2] [aa 3] 


Either of the following equations will then give the value of 


[vv 


Lun] — [an]x — [bn]y —[cn]e —[dn]w = [vz], 
[wm1] — [dni]y — [en i]ze — [dn 1]w = [ve], 
[un 2] — [en2]z — [dn2]w = [vv], (62) 
[ua3] — [dn 3]wu = [wv], 
[xn 4] = [20] 


Only the last of these will generally be used 

31 The value of [4] = [wv] can be derived from the 
Summation quantities [ws], [ws 1], etc, with very little addi- 
tional labor We have 


[2s] = [an] ++ [bn] + [en] + [dn] — [nn] 
Let us write [zs 1] = [ns] — alas 


and substitute in this expression for [zs] and [as] their values, 
when it may be placed in the following form 


[as x] = [ [on] — reeled) + [ [en — alee] 
+ | fae] — Fea] | — [ ton — razsL2n] |; 
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or what 1s the same thing, 
[vs 1] = [on1] + lex 1] -+ [dn 1] — [ve] 


Proceeding in a similar manner to form 1n succession the 
following auxiliary quantities, we have the series of equations 
by which the accuracy of the quantities [41], [ewt],--- 
[un 4] may be verified . 


[mst] = [ws] — (as , [as2|=[ns I-15 ales tl, , 
[cr 2] = [an 3 | (49) 
[ws 3] = [ns 2] — fac a 2], [us4]=[es 3]— erri 3] 
[zs 1] = [42 1] + Lem 1] + [de 1] — [ent], 
[ms 2] = [en 2] + (dn 2] — [nn 2], (63) 
[ws 3] = [23] — [xm 3], : 
[ws 4] = — [7 4] 


Only the last of these equations will generally be required. 


Form of Computation 


32 In computing the various auxihary quantities which 
occur 1n the solution of a series of normal equations, the work 
should be arranged so that it may be carried through from 
beginning to end im a systematic manner in order to keep a 
general oversight of the results at the various stages of prog- 
ress, and to apply conveniently the proof-formule This will 
be the more important the greater the number of unknown 
quantities Ihe following scheme will be found to answer 
these requirements 

It will generally be found expedient to make the computa- 
tion by the use of logarithms, but in some cases the computer 
may prefer to perform the multiplications and divisions by 
the aid of Crelle’s table In the following scheme we have 
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supposed logarithms used A sheet of paper 1s first ruled 
with vertical columns, the number of which 1s gieater by two 
than that of the unknown quantities In the first horizontal 
line will be written in order the coefficients which are com- 
bined with a, viz, [aa], [a0],. [az], [as], and immediately 
below these their logarithms Attention 1s directed to this 
line by means of the letter E in the maigin, as it 1s the first 
of the elimination equations (56), and will be used for dete1- 
mining x after y, 2, and w become known 

In the third line are the coefficients [00], [dc], [ds], SO 
placed that the letters combined with 4 tall in the same vert1- 
cal column with the same letters combined with a, viz, [dc] 
under [ac], [42] under [ad], etc 

In the fourth line of the first column is now written 
log oa the value of which, as well as those of all the quan- 
tities in this column, must be carefully verified, as an error 
in this factor may not be detected by the proof-formula 


The log a is now written on the lower edge of a card 
and added in succession to the logarithms of [2], [ac], 
[as], and as each addition 1s performed the natural number 1s 
taken from the logarithmic table and written in the place in- 
dicated in the scheme W5th a little practice the computer 
will be able to make this addition mentally, and take from 
the table the corresponding number without writing down 
this logarithm Thus we shall have 


males written under [62], 
teal written under [2], 


@ rd 
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b a n 
104 f} oft tof] tof fa] 


rere | iS | | SR 


108th} 


Lah] 
[a] 


— nt 


log 


S| ED |S | 


bb be 1 621 b 
lok fe 1] tol ib 1] 1d sah] 108 i 1] igs rae r] 
[ac] [cc] ca | [cn] es] 
l ——* é ( ra 
[dc x] [ec 1] [.d 1] [en 1] [es x] 
log . [Sc 1] [dc 1] [be x] [Ze 1] 
[651] [25 7] [dc 1] oe ae t] aba] [4% x] [26 1 | [2s 1] 


a 1 
toe oa on td 2] 


[ce 2] 


log [ce 2] 


tol a 2] 


[dd] [a7] 
[ed] [ad | 
(we) | aaj 7 


, fe 1] 
ey les 1] 


dd d 
108 ca) 3] tol a 3] 
| log w 


VII Preéof Equations 
VY [ds1] = [401 ae pr al ng 
of aslo Tea ea eh 
ronal VIII “py fast] = [ba't| + Led 1| + [ear] [a2], 
[ec 2] [es 2] vV pi a ahr phe nee 
Ss = 317 yA 
Vil ire = |bn1 al cw alt Ides 2} lena 
[zs 3] x VII [vs2|= [eve dn2|\— [nne2], 
[dn 3] IX [xs3] = [dx3} —|22 3], 
3 a. 1 y) 
fads) © $3 X/ [sg] = — [2224] 


Practically only those proof equations which are distinguished by 1n accent will ordinarily 
be employed The lines marked by an E in the margin give the logarithms of the coefficients 
of the elimination equations The logarithms marked * must be carefully verified, since an 
error in one of these may escape detection by the proof-equation 

For the application to a numerical example see page 33t 


—— eT al 
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and by subtraction, 
[65 1], (Bc 1], [421], [22 1); [ds 1]. 


These are the coefficients of the second elimination equation, 
and will be used for determining y after g and w have become 
known The I in the margin refers to the proof-formula 
by which the values of these quantities will be verified 

It will not be necessary to proceed farther with this ex- 
planation, as a reference to the scheme in connection with 
the formule for the auxiliary quantities will show clearly the 
process The elimination bemg completed, the quantities 
(nn 4] and — [ws 4] are computed as shown in the scheme, the 
agreement of which with each other and with [vv], obtained 
by substituting the values of z, y, z, win the equations of 
condition, furnishes a most thorough proof of the accuracy 
of the entire computation 


Weights of the Most Probable Values of the Unknown Quantities. 


33 Incase of a single unknown quantity determined by 
direct observation, the computation of the weight of the 
arithmetical mean was found to be very simple Inthe case 
under consideration, where the equations to be solved con- 
tain several unknown quantities, the difficulty is greatly 
augmented 

In our equations of condition we have supposed the quanti- 
ties obse1 ved to be 7,, %.) 2, Etc We have already shown that 
if the resulting equations of condition are not of equal weight, 
they may be made so by multiplying each by the square 
root of its respective weight We shall therefore in investl- 
gating the weights of the unknown quantities assume the 
weight of each observation to be unity 
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Let ~,, pL Pw, be the weights of x, y, ,and w respectively , 
€,, €y) x9 yy, their mean errors 

Let ¢ be the mean error of an observation 


As all of our equations are linear, it 1s evident that if the 
elimination of the three unknown quantities x, y, and ¢ be 
completely carried out, the resulting equation will give w as 
a linear function of 2,, ”,, 2, etc Similarly, if x, y,and w be 
eliminated, we shall have z expressed as a linear function of 
the same quantities, and so of each of the others. 

We may therefore write 


an, + an, + an, + etc, 
= fn, + fm + Ay, + etc, 6) 
= Vi1, = V7, a V 325 a etc, 
= Om, + Om, + Oz, + etc, 


Sake ® 
| 


a, 8, etc, being numerical coefficients and functions of a, 4, 
etc 


We have now from (31), remembering the above notation, 


= € Va, +a,'+ a,’ -+ etc = ¢¥{[aa] ] 


| (65) 
f= é Vo; ate oa + 6,” ++ etc = &4 [60] 
From (33), pe = -. = real Po = rae] . (66) 


The weights therefore become known when we have the 
valueso{[aa]. [66] For this purpose we must make use 
of the normal equations (41), which for convenience of refer- 
ence are here rewritten 
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fade + [ably + [aclz + [ad yw = [av], ) 

rable + [00] y + [be] + [odo = [on], iad 
facie + [Bel y + Fecle + [edu = [en] ‘| 

[ed |x + [bd] y+ [ed ]e + [dd |w = [a] 


Let us now assume the following sj stem of equations 


[aajQ + [ab]Q' + [ac]Q” + [ad ]0”" = 05) 
fab]Q + [vb]Q’ + [&]0” + [ad]Q"” =0, | 65) 
faclO + [&cJO’ + [ee]0” + [ed]Q’" =0, | / 
fad + [bd] 0’ + [ed 10" + [dd]o” =1 3 


These equations will be possible, as there ate four unknown 
quantities, Q, Q’; Q”", and Q’”, and four equations for determun- 
ing their values; furtlie1, as the equations are of the first de- 
gree theie will only be one system of values for Q, Q’, etc 

Now let the normal equations be multiplicd by Q, Q, Q”, 
and Q’”’, nm their respective orders, and the1 esulting equations 
added Thenin consequence of (67) in the resulting equations 
the coefhcients of «, 7, and ¢ will be ze1o, and that of w unity. 
Therefore we shall have 


w = [an]Q + [4n]Q' + [en]O” + [exJO™ (68) 


We shall now show that Q’” = [66], and is therefore the 
reciprocal of the weight of w 

Let us expand the quantities contained in the brackets, 
equation (68), and compare the results with the last of 
equations (64). We thus find the following values of 6,, 6, 
etc. 


) a,Q - b,Q + ZC + a,Q' » | 
6,= 404+ 5,0'+¢Q2"+ 4,0", 
6,= 2,9 + 4,0’ +40" + 4,0" - (69) 


as 


4 
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Multiplying each of these by its 2 and then adding, then 
multiplying each by its 4, ¢, and d successively and adding, 
we have by (67) the following equations 


a,o, + 4,0, + 2,0, + = [ao] =O, 


6,9, = 6,0, + b,°, + = [0] = iO% 
c,0, + 6.0, + c,0, + = [co] — 0, | . (70) 
@,6, —- 2,9. + 2,0, + —_ [do] in | 


Now let each of (69) be multiplied by its 6 and the results 
added Then by (70) we have 


66,+66.+66,+ =[6] =O" QED (7 


The solution of equations (67) therefore determines the 
weight of zw In a precisely similar manner the weight of 
each of the unknown quantities may be determined Thus, 
to dete:mine the weight of x, we write for the second mem- 
ber of the fist of (67) unity instead of zero, and wiite zero 
for the absolute term of each reinaining equation The re- 
sulting value of Q will be the 1eciprocal of the weight of x 

This process 1s simple enough 1n theory, but its application 
is laborious, as we must solve equations (67) separately for 
the weight of each unknown quantity This does not involve 
so great an amount of labor as may at first appear, as much 
of the computation will already have been performed in the 
solution of the noimal equations It 1s easy, however, to 
derive a process which will generally be much more con- 
venient Its as follows 

34 In thesolution of equations (41) by successive substitu- 
tions we found for the final equations in w—see (56)— 


[dd 3]w = [du 3] 
We shall now show that the coefficient [d@3] = om and 


is therefore the weight of w 
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For this purpose let us write equations (41) as follows 


[aajx + [ably + [eele + [ad ]|w — [an] =A, 
(abjx + [ob] y + [oel2 + [dd \w — [dx] = B, 
[acjx + [de]y + [eels + [id ]w — [ex] = C, 
(ad |x + [62] y + [ed ]e + [dd jw — [ax] = D 


Let us now suppose the equations solved by means of the 
auxiliaries Q, Q’, Q”, and Q’”, determined from (67), when we 
shall have 


w = [az]Q + [oz]Q' + [en]Q” + [dx]Q”’ 
+AQ+ B8Q'+ CQ" + DQ” (72) 


This will now be the same value of w as before obtained, 1f 
we make 4 = B=C=D=0 

Let us now suppose the equations solved, as before, by 
substitution Since in this process no new terms in P are 
introduced, the coefficient of D will not be changed in the 
final equation tor w, and we shall have 


[dd 3]w = [dn3]+ D -+ terms in 4, B,and C, 


from which w = or tay + terms in A, B, and C. 
a 


Now itis evident that the coefficients of A, B, C,and D must 
be the same in this equation as in the value before obtained, 
equation (72) Therefore 


Gh Ses: E D. 
2 [dd 3| © 


We therefore see that we can obtain the values of the un- 
known quantities fiom equations (41), and at the same time 
their respective weights, by arranging the elimination so that 
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each in succession shall come out last The coefficient of the 
unknown quantity in the final equation will be its weight 

35 In solving a system of four equations lke the above 
it is best to proceed as follows Let w be determined, as 


above, by substitution in the order 4, y, 2 We then have 
w with its weight from 


[dd 3] = [dn 3] 


Equations (86) then give successively 2, y, and + 
Let now the elimination be performed in the opposite order, 


viz, @, 2, ¥, when we have x with its weight from the equa- 
tion 


[aa 3]x = [an 3], 


[aa 3] being the weight of x 

This value of + must agree with the former value within 
the limits of error of the computation, thus furnishing a con- 
venient check to the accuracy of the computation 

For the weight of y and z we need not repeat the elimina- 
tion, but proceed as follows 

Let us suppose the elimination performed in the order 2, 
y,w,2 Weshall then have the same auxiliary coefficients 
as in the first case, as far as those indicated by the numerals 
tand 2, and equations (52) will be the same as before, but 


as the elimination will now be performed im the order w, 2, 
instead of zg, w, we write them 


[dd 2}w + [cd2]z = [dn2], 
[cd 2] + [ec2]z = [en 2]. 
From the first of these, 


yn?) _ led 2], 
~ [ad2) [ad2) 
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Substituting this in the second gives us for the coefficient 
of 2 


[ee 3] = [ee2] — (sled a] = A, 


[ed 2) 
[ac 2] 


From these two equations we find 


But we have [dd3]| = [dd2] — 


(ed 2) 


— 7, e233) 
Lec 3] o=, [ec ae —— £2 


And 1n a similar manner, 


[66 3] = [0b 2°23) = a, 


We therefore have the following piecepts and formule 
for computing the weights in the case of four no1mal equa- 
tions 


First, perform the elimination in the orde 4, y, 2, w, 


then 4, = [ad@3], 


then 2, = [aa3], 


= [bb 2 21124 31 


(73) 
Second, perform the elimination 1n the order w, zg, y, x, | 
| 
(aa 2] 
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The formule for the auxiliary coefficients fo: the second 
elimination may be denived from those for the first by simply 
interchanging the letters 2a and @ and 6 andc The process 
is so simple that it will be unnecessaiy to write them out 1n 
full 


Other Expresswns for the Weights 


36 When the equations have been solved, as already ex- 
plained, and the various checks applied, so that the computer 
is convinced that the results obtained are reliable, 1t may be 
undesuable to 1epeat the climination mercly for deter mining 
the weights of the first and second unknown quantities We 
may derive convenient expiessions for computing the weights 
in this case, as follows 

Suppose four solutions of the equations to be cazied 
through so that each unknown quantity mm turn ts first deter- 
mined, the order of the otheis'emiming the same we should 
then have each unknown quantity with its weight completely 
determined, as we have alreacly seen The solution of the 
equations for which we have given the complete formula 1s 
in the order d, c, 4, a, where we have written the coefficients 
instead of the unknown quantities If now we substitute the 
values of w,s,and y in the third, second, and fiust of equations 
(86) in order, we have finally the expression for ~, which will 
be a fraction with the denominator 


[aa] [56 1] [ec 2] [aa 3] 


In the four solutions which we have supposed made, the un- 
known quantities last determined will be in succession 4,4,.1, 
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y, and the denominators of the expressions for their values will 
be as follows 


[aa], [05 1] [ce 2] [ad 3a; 
[aa], [661], [dd2]}, [ec 3]. , 
[aa], [cc 1], [dd 2], [40 3], , 
[Ob]q lec 1], [ad 2], [aa 3]a; 


where the subscripts show which unknown quantity 1s first 
determinedineachsolution As the elimination 1s performed 
by successive substitutions, no new factois being introduced, 
it follows that these expressions are equal to each other re- 
spectively 

It 1s evident that when the order of the elimination 1s 
changed so that a different quantity is first dete:muined, the 
order of the others remaining the same as before, the values 
of the auxiliary coefficients [461], [cc2], etc , which do not 
contain the coefficient of this quantity will remain as before 

Suppose, as above, the unknown quantities to be determined 
in the order d,c,0,a@ Now let a second solution be made in 
the ordei ¢, d, 4, a, then all of the auxiliary coefficients as 
far as those designated by the numerals 1 and 2 will remain 
as before In a third solution following the orde1 4, d, ¢, a, 
the coefficients designated by the numeral 1 will have the 
same values as in the first case, while in a fourth dete mina- 
tion in the order a, d, ¢, 6, they will all differ from the first 
series of values 

Thus indicating by the subscripts only those coefficients 
which have values different from those given by the first 
élimination, we have the following equations 


[aa] [451] [ec 2] [ad 3] = [aa] [601] [ad 2] [ce 3], 
[aa] [66 1] [ec 2] [aad 3] = [aa] [cc 1] [dd 2), [003], 
[aa] [64 1] [ec 2] [ad 3] = [80] [cc 1], [dd 2], [aa 3]. 
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We already have the weight of w The weights of z, y, and 
x are given by these last equations, v1Z 


Pwo = [dd 3 | ’ 
p= fee} = eeasi, 
py = [8 3] = [24 aa 2] [dd 3] . (74) 


[cc 1|(dd2], 
7 [bb 1] [ee 2) [da 3] 
pn = [aa3] = [aa] (06) [ce 1Ju [dd 2}o 


In applying these formulz the following additional auxihary 
coefficients must be computed 


[dd 2, = [ddr] — Eslea 11s 

[cc tla = (ee) ~ bpple 

(ed ta = [ed] — ete], be + (8) 

[dd 1}, = (dd) — Sealed), 

[dd 2), = (dd 1], — eed Te 

In case of three unknown quantities the formulz become 

pe = [ce], 
py = |” saat 4. (76) 
to = (aa ead 


[04] [ec ta 


where [cc 1], has the value given above 
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37 An elegant expression for the weights 1s obtained by 
making use of the determinant notation Thus, referring to 
the normal equations (41), 


~ fest Bed Fe tom + fsck AD EF com — [fd] i 
ad] [éd] [cd} 


-_ ad] [bd] [ew ] ad | [6d] ka | 
- ca] [2d] [ee] [ad 
od} (a - sl 
i ia ‘bea 
Q’”, the reciprocal of the weight of w, given by equations (67), 
is the same as the value of w obtained fiom the above equa. 
tion by making [az] = [dz] = [cz] =o and [dz] = 1 
Therefore writing 4 for the complete determinant which 
forms the denominator of the above expression, D’” for the 
partial determinant formed by dropping the last hotizontal 
line and last vertical column, D” for the partial detec: mi- 
nant formed by dropping the thud horizontal line and thud 


vertical column, and simila1ly D’ and ZD for the othe: two, 
we have 


cl le 


[ca] + 


[62] — 


[on] ++ 


A 4 
Po = Fy Ps = Fr 
e Ce ae ae (77) 


A number of other forms may be derived for the weights, 
all of which involve about the same numerical operations as 
the above In ceitain special cases different forms may be 
moie convenient, but for our immediate pul poses it will not 
be necessary to develop the subject further 

It may readily be seen from what precedes that the rela- 
tive weights of the unknown quantities may be derived, even 
when the number of observations does not exceed the num- 
ber of unknown quantities No probable errors, however, 
can be determined in this case 


WIA) 
(oe) 
60 
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Mean Errors of the Unknown Quantities 


38 For dete:mining the mean and probable eiror of an 
unknown quantity nothing further 1s required except the ex- 
pression for the mean e11orofan observation Itis supposed 
that the equations of condition have been 1educed to the 
common unit of weight by multiplying each equation when 
necessary by the square root of its weight 

The values of x y, 2, and w, as deduced above, are the most 
probable values as deduced fiom the given data When 
substituted in the equations of condition the residuals 
V,, V,, V,, etc, will not be the true er:ors unless the derived 
valucs 2, y, 8, and w aie absolutely the true values, a cond1- 
tion not hkely to be 1ealized 


Let (2 + 6x), (y+ 6y), (¢ + 52), (w+ ow) be the true values, 
Pee Bee 4s 4, the true e1rois 


We shall then have two sj stems of equations, as follows 
at + b,y 5 C8 ae a,w — 1, — v,, 


azxctbhytos+dadw—-n1,= —2,, 
axtbyteczetdw—n, = — x, (78) 


ae+d2)-+5( y-+8y)-to(etos)-+d (wen) — m= — 4, 
a(«+6x)+b,ytdoy)+c,(2+62)+d,(w+ow) —1n,=— A,, 
ale +o2)-+0,(y+6y)-bele+ds)-+d,(w-+sw) — m= — 4, ¢ (79) 


Let us multiply each of equations (78) by its v ard add the 
resulting equations Then by (40) the coefficients of 4, y, 2, 
and w will vanish, giving us the relation before derived, 


[v2] = [vv] (80) 
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Proceeding in the same manner with (79), we find 


[vn] = [v4] (81) 
Therefore [v4] = [v7] (82) 


In order to obtain an expression for the sum of the squares 
of the true errors, viz, [44], in terms of the sum of the 
squares of the residuals [vv], let us first multiply each of 
equations (78) by its 4 and add the resulting equations, 
secondly, let us multiply each of (79) by its 4 and add in 
like manner The results are as follows 


[ad]x + [64] 9-+ [c4]2 + [d4]w — [x4] = — [vd] = — [ev], 
[24] (x + dx) + [64] (y-+6y) + [4] (e + 62) 
+ [d4] (w+ bw) — [nd] = — [44] 


Subtracting the first of these from the second, we obtain 
[44] = [ve] — [ad] ox — [$6.4] Sy — [cA] oz — [dd] ow (83) 


If we could now assume 6x, dy, éz, and éw to vanish, we 
should obtain, since me" = [44] by definition, 


= [vv] 
mM 


This will give us a close approximation to the true value of 
é when ms large 

For a mole accurate determination of e we must endeavor 
to find appioximate values of [¢4]éx, [44]oy, etc The true 
values are beyond our reach, but principles already estab- 
lished give us a means of approximation 


Multiplyimg each of equations (79) by its a, and adding, 
we have 


[aalr + [ably + lacle + [adw — [an] L = — [ad 
+ [aa]ox + [ab]oy 4- [ac]oz + [ad] sw 
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Comparing this with (41), we see that the fiist line is equal 
to ze€10 

Multiplying each equation of (79) by its 4 and adding, 
then in a similar manner by its ¢ and @ and adding, we have 
finally 


[aa]éx + [ab]éy + [ac]$2 + [ad]ow = — [a4], 

[ablox + [dd]oy + [dcloz + [dd |\ow = — [04], 

[aclOx + [dc]oy + [ec]6z + [cd low = — [c4], (34) 
[ad \ox + [bd ]oy + [ed ]o2 + [dd ]sw = — [a4] 


Comparing these with (41), we see that they are of precisely 
the same form, the unknown quantities being in this case 
6x, dy, 6g, and Sw, instead of x, y, 2, and w, and the absolute 
terms having — 4 inthe placeof The solution will there- 
fore have the fo1m—see (64)— 


ox = — (0,4, +0,4,+4,4,4+ ), 

Oy = (8,4, a B,4, 1 BA, =F )s (85) 
62 = — (v,4, + v7.4; + 7.4, + )s 

6w= — (6,4, + 0,4, + 0,4, + ) 


If we now write these values in (83), we shall have for 
— [ad]ox, etc , the following values 


— [ad]ox = (4,4, + 4,4,+44,+  ) 
(a,4, = aA, — a,A, +- ); 
= [b4 |oy = (0,4, + 0,4, + b,4, + ) 
(6,4, + BA, + B,4,+- ): (86) 
— [c4]oz = 6,4, + 6,4, + 64, + ) 
YA, + M4. +U4+  ); 
es [a4] ow = (d,4, = aA, = a4, ss ) 
(0,4, + 6,4,+ 0,4,+ : ) J 


In regard to these products it 1s to be remarked that they 
must necessarily be positive, as our conditions require [vv] 
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tobea minimum Any system of values of z, y,2 and w, there. 
fore, differing from those derived from the normal equations 
(41) must increase the sum of the squares of the residuals 
Therefore [44] > [vv], and the terms gowane [zz] 1n (83) 
must be positive 

Let us now peiform the indicated scothialiaaiatie in (86) 

Confining ourselves to the last equation, since the form 1s 
the same for all, we can indicate the 1 esult as follows 


—— [ad |ow = @,6,4,4,+ 2,0,4,4, + 4,0,4,4,+- + 2k(4,4,) 


The last term indicates the sum of all the terms formed by 
multiplying together different values of 4, as 4,4,, 4,4, 
An-14m Now, since positive and negative errois occur 
with equal frequency when the number of equations of con- 
dition 1s very large, we may assume this term equal to zero 

Writing for (4,4,), (4,4,), etc, the mean value of those 
quantities, viz, «’,and placing for [dd] its value from the last 
of (70), viz , [do] = 1, we have 


— [d4A|éw = ®, 
In a manner precisely similar we find 
— [ad|ox = — [04] dy = — [c4]b2 = — [dA ]ow = &. 
Therefoie equation (83) becomes 
me = [vv] + 4& 
From which =< a SB ; (87) 


In this case there are four unknown quantities In general 
uf the number of unknown quantities 1s 4, we shall have 


(38) 
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With the values of Z,, 2,, 2,, and g, computed by (73), we 
have finally 


é 
Vp. ge yg Ga) 


and the probable errors of z, y, z,and w will be obtained by 
multiplying these respectively by 6745 

We have now developed the subject as far as 1s necessary 
for our purposes A complete example of the solution of a 
series of equations with three unknown quantities, together 
with the determination of their respective weights and 
probable errors, will be found in connection with article 
(191) of this volume 


INTERPOLATION. 


39 In the Nautical Almanac are given various quantities, 
such as the nght ascension and declination of the sun, moon, 
and planets, places of fixed stars, etc , which are functions of 
the time This is assumed as the independent variable, or 
argument as it 1s termed by astronomers The ephemeris 
gives a series of values of the function corresponding to 
equidistant values of the argument In case of the moon, 
which moves rapidly, the position 1s given at intervals of one 
hour, the place of the sun 1s given at intervals of twenty-four 
hours, while the apparent places of the fixed stars vary so 
slowly that ten-day intervals are sufficiently small When 
any of these quantities are required for a given time, this 
time will generally fall between two of the dates of the ephe- 
meris—seldom coinciding with one of them, the required 
value must then be found by interpolation 

Luterpolation in general 1s the process by which, having given 
a sertes of numeral values of any function of a quantety (or argu- 
ment), the value of the functton for any other value of the argu- 
ment may be deduced without knowing the analytical form of the 
Junction 

We shall consider the subject more in detail than will be 
necessaily for the simple purpose of using the ephemeris, 
on account of its importance in other directions 

In what follows we shall suppose the values of the function 
given for equidistant values of the argument, which will 
always be the case practically Also the intervals must be 
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small enough, so that the function will be continuous between 
consecutive values of the a1gument 
Let w = the interval of the argument 
(7 — 3w), (T—2w), (T—w), (T), (T+), (T+ 2), 
(7+ 3w), = the values of the argument 
The notation for the arguments, functions, and successive 


differences will be shown by the following scheme: 
ein Function Difference Difference Diffarence wpierencs Difference 
Po Ay oot $e) oy 
lie (Pye) en gqaiay (TBD oy T—wi) 
rary) (F(T) "TD se bd — 37) pur) Ieee) (90) 
Pho AT Ha) TO pu rp ay FO OO po 74 gy THY) 
Tow AT+2wy7 278) en pray t (Tw) 

I'(T+3w) 
T-+3w (73) 

The notation shows at once where each quantity belongs 
inthe scheme’ The hist differences aie formed by subtract- 
ing each function fiom the quantity immediately following 
it, the a1 gument being the arithmetical mean of the arguments 
of the two functions Similarly the second differences are 
formed by subtracting each quantity in the column of fist 
differences from the one immediately below it, and so on for 
the successive oiders of differences It will be observed that 
the even ordeis of differences, *”, *”, etc, fall in the same 
horizontal lines with the functions themselves, and have the 
same arguments, while the odd orders, 7’, 7’”, etc, fall be- 
tween those lines The even differences all have integral argu- 
ments, and the odd differences f1actional arguments 

The arithmetical mean of two consecutive differences 1s 
indicated by writing it as a function of the intermediate 
argument For example 


FUL) = 31 f(T — aw) + f(T + 4e)], 
PUL + gw) = f(T) + f(T + w)] 


Ere Se ee ee ee | 


alae I Ta: 


prere ee 


~ 2h Ween yy 
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40 Suppose now we set out from the function whose argu- 
mentis 7 Evidently, 


AT+w2e) =AT)+S/T+ wm), 
AT+ 20) =AT+ 4) +S(T+ 
=7(T) +27 (TH+ wth 2 +): 
ATH 3H) =ATH 2w) +S (T+) 
= AT) + 3h (T+ ew) +3f (T+) (F493) 


Proceeding in this manner, we 1eadily discover the law of 
the series, viz, the coefficients are those of the binomial 
formula, and each successive function, f’, f”, etc, 18 on the 
horizontal line drawn under the one which immediately pre- 
cedes it Thus we have the general formula 


AT nw) = fT) + of (T+ yo) + SD eT) 
ih 2 Tae) 


L253 
a(n —1)(a— 2) (2% — 3) py te 
+ See i a (T+ 2) 
ait (91) 


TE we assign integral values to ” we obtain the tabular 
values, viz, (7+ w), A T+ 2w), etc, but the formula 1s not 
used for tlis purpose, but fo1 interpolating between the 
tabular values, im which case 2 1s hactional and must be ex- 
pressed 1n terms ol the inte: val of argument w as the unit 

4z A more convenient form may be given to this expres- 
sion (91), as follows We have 


f" (Tw) =f" QF" +4), 
fIUT + yw) = f(T Ae) EST) HIE 8), 
f(D aw) = f(T)+ (LH Aw) FIND) FPL 4w) 
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Substituting these values in (g1) and reducing, we readily 
obtain 


AT + ww) = f(T) + nf\(T+ yn) + Decry 


de (2 =p ert) alia : — Yen T tw) 


( +1) (72) (% — | 1) (#2 — 2) iv 
+ SE riD+ 2) 


The law of the series 1s obvious, v1z, a factor 1s added to the 
numerator of each succeeding coefficient alternately alter 
and before the othe: factors, the last factor of the denomi- 
nator being the same as the order of differences The succes- 
sive differences are taken alternately below and above the 
horizontal line diawn immediately below the function from 
which we set out 

Formula (92) will be used for interpolating forward For 
interpolating backward a bette: form may be derived by 
writing for f/’(7-+4w), f(T + gw), them values in terms 
of f(T — gw), f(T — 4), V1Z 


fi (T+ wwy=f (T-wt+/"(N), 
f'(T+ tw) = f(T — 4w) + f"(T) 


Changing z at the same time into — 2, since the formula 1s 
to be used for interpolating backwards, we readily find 


AT — mw) = f(T) — nf (T— 40) + MDT) 
_ +1): + r2(u — 0 Dome iw) 


2.3 
+1)n(m—1)'n — 


2) eww 
ca (93) 


i Cia (72 
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42 In applying (92) and (93) it will be more convenient 
to write them as tollows 


AT + nw) =AT) +n} (T+ 40) +2 | p(7) 


IL) 


ET pT ae wo stat 

jrirt+aw) fi ETL Gay 
<a 
| 


“<2 


. SI 


AT = ww) = f(T) — 0} f(T — 4a) — 2S pry 
eae 4) —* = f(D) 
Hiri HEL 6 


In (92), and (93), each difference 1s used to correct the one of 
the next lower order immediately preceding it, and the quant. 
ties to be multiphed will generally be small In interpolating 
a value of the function corresponding to a value of the al gu- 
ment between Zand (7 -+ 3w), we use (92), and set out from 
A(T) If the argument 1s between (7 -+ 4w) and (T+ w), 
we use (93), and set out from (7 + W) 

When the interpolation 1s car1ied to any given order of 
differences, as the fifth, 1t 15 a little more accurate to take the 
arithmetical mean of the last differences, which fall immedi. 
ately aboveand below the horizontal line drawn in the vicinity 
of the 2equired function Thus the last term of (92), and 
(93), would be /*(7) 

43 For the quantities tabulated in the American Ephe- 
meris it will only be necessary to carry the interpolation to 
second differences , but for computing ephemerides or tables 
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of any continuous function, much labor 1s saved by comput- 
ing the quantity directly for a comparatively few dates and 
supplying the intermediate values by interpolation If the 
function 1s of such a character that some order of differences, 
as the third, fourth, or any other, vanishes, this gives exact 
values for the interpolated quantities, and in fact the process 
may then be used for computing values of the function for 
any value whatever of the argument It 1s on this principle 
that “tabulating engines” are constructed 

44 As an example of the application of (go), (92),, and (93),, 
we take from the American Ephemeris the following values 
of the moon’s right ascension for intervals of 12 hours 


1883, 
July fra a Ee 


h m s 
3d, o% 5 45 15 68 


29 3905 
125 6 14 5473 — 2708 
29 1197 — 69g! 
4th, o° 6 44 670 — 33 99 + 201 
28 3798 — 490 — 06 
12" 7 12 4468 — 38 89 +195 
27 5909 — 295 — Ol 
5th, O° 7 40 43 77 — 41 84 +194 
27 1725 — 10! — 16 
i2"8 8 102 — 4285 + 178 
26 34 40 +) 97 J 35 
6th, o° 8 34 35 42 — 4208 +145 
25 52 32 + 2 22 — .33 
12° 9 0 2774 — 39 86 + 112 
25 12 46 + 3 34 
7th, o' g 25 4020 — 3652 
24 35 94 


12" 9 50 1614 
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Example: Asan example of the application of (92), let 
us interpolate the moon’s right ascension for 1883, July 5th, 
4h 

Since the interval of the argument wis here 12", we have 
in this case zw = 45, orn = + = 4 Sctting out from July 
5th, o", we have 


f(T — 40) = — 1 
IL + yw) =— 6 f(T) =~ o8% 
n + 2 0 ns wis 
je = + 1940 
Corrected, f” =-+ 1900 
Aces — 2 
4 iz + = 79 
Jf" =-— 1010 
Corrected, /’” =— 1802 
MU ayy, on 
3 ‘A + .= 801 
J" = — 41 840 
Coriected, *” = — 42 641 


M—1\_, 

a e+ =H 424 

J" — =27"17* 250 

Corrected, 7’ =27"315 464 

nif’ + = 9™I10° 488 

fs a= 740%43°7 

1883, July 5th, 4", a = 7"49"54° 26 

This value agrees exactly with that found in the American 
Ephemeris for 1883 (see page 115) 
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Example2 Let us now apply (93), to determine the moon's 
right ascension, July 5th, 20" Here we set out fiom July 6 
As before, x= 4, (7) = — 33 


2 
— "tip =+ 154 


fe o= 1450 
Conrected, f” = I 604. 
irae Ny = 
a iz = 668 
Fae = + 770 
Corrected, f’”” =+ 1438 
mat1f 
- tly ‘-  =— 639 
JS” =— 42080 
Corrected, /” = — 42 719 
m—1{ _ : 
on ee iF — =-— 14240 
JF" — =26™34* 400 
Corrected, /’ =26"20' 160 
—2if'— = 8468720 


J = & = 8134™35° 42 
1883, July 5th, 20" a = 8'25™48* 79 


The algebraic signs of the vatious corrections are detet- 
mined without difficulty, as follows If a houizontal line be 
drawn in the table of functions and differences (p 75) 1n the 
vicinity of the given argument (in the fist of the above 
examples immediately below 50"), the successive diffe: ences 
required will fall alternately below and above this line 
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Beginning with /* we dete1mine the correction to /”, which 
is to be applied so as to bring the value nearer to that 1mme- 
diately below the line In this case /’” = + 1 94, that which 
immediately follows 1s + 1 78, therefore the correction must 
be subtracted fiom 1 94, giving the corrected 7” = 1 go 

The value of /’” 1s — 101, the value immediately above 
the line is —295 The first must be coriected so as ty 
bring 1t nearer the latter, giving in this case the corrected 


f’" = — 1802, and so on for each difference in succession 
That is, 
When the quantity 1s | pena the horizontal line, apply 


the correction so as to biing it in the direction of the one in 


above t 


the same vertical column immediately 1 Belo 


Special Cases 


45 Whenever (92), or (93), can be apphed, nothing more 
will be necessary, they require, however, a knowledge of 
the value of the function for several dates both befoie and 
after those between which the interpolation 1s made It 1s 
sometimes necessary to interpolate between values of the 
function near the beginning or end of the table as, for in- 
stance, we might require from the tabular values of the 
moon’s right ascension, given on page 75, to determine the 
value between the dates July 3d, 0", and 3d, 12", or between 
7th, o', and 7th, 12" In either of these cases the series of 
ditfer.ences terminates with /’, so the above formule will 
only give the value to first differences inclusive 

We shall consider the two cases separately 

46 first For arguments near the beginning of the table 

As before, calling the arguments between which it 1s re- 
quired to inteipolate the function, Z and 7-+ w, we may 
apply formula (g1), setting out from /(T) 
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If the argument for which the value of the function is re- 
quired is nearer 7+ w than 7, 1t will be a little simpler to 
set out from 7-++ wand interpolate backwards In this case 
the formula requires the following modification 

Changing z into — 2, we have 


os 


f(T nw) = f (L) — af (T+ y)t+ As (T +2) 
— MEET yr + $e) 
Rigas eT: eee (+ 3) ew T 4. oa) 
mes ora) sees TAM re T4 Sa). 


From the manner of forming the successive functions, we 
have 


Jo (D+ $0) =f'(T-4u)+f'"(7) 


J" (T+ w= PDAS T+4u) 

F(T + fa) = PUT HW)AS (T + wv) 

J* (L-+ 2w) = I(T + w) + S(T+h2) 
FP (T+ Sw) = I T+$0)-+ 


Substituting these values in the above and reducing, we 
have 


KT — nw) = f(T) — nf'(T— fw) BB etd ays ee ae) 
a (7 = id ee Len T $w) 
4 EE A Bax cae (72 + 2) 6 SUT + w) 


_@a e+ Na+)G+3), 


eee f(T + $0) (04) 
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Fo greater convenience in the application, (91) and (94) 
may now be written as follows 


AT + mw)= AT) +n} f(T44w) 4221 |f"(T+ w) 
rena T+ Yee) "3 | (74-20) 


Herta) ETT (os 
AT — ww) =AT) +0} —/'(T— 4) 4 2 \PD) 
TE (Ee EE | perp ey 


+453) — (r+ ga) } | 5), 


Example 3 Required the moon’s right ascension, 1883, 
July 3d, 4" Referring to the series of values (Art 44), we 
have for this case nw — 4, n=t 


J? =— 06 
uz — 
as " = + 044 
J” =-+ 2010 
Corrected, f" = + 2054 
nm — 3 
ae ea a 1 
qe 309 
J =— G6oa1 


Coirected, /’” = — 8 279 
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M—2( .,, 
3 \f =+ 4599 
Jf" = — 2708 
Corrected, f” = — 22 481 
n— I 


2 \f” ard eae 

Ff’ =29"39' 050 

Corrected, f’ =209"46" 544 

ni f’ — 955° 515 

J = &@ = 5"45"15° 680 

1883, July 3d, 4°, @ = 555™11" 195 


Example 4 Required the moon’s night ascension, 1883, 
July 3d, 8° In this case we use foimula (g5),, since the | 
argument 1s nearer 12" thano® 2z=¢4 

1 


—-f* =+ © 
“T3) yp = O4 
jo === Qo] 


Corrected, f” =-+ 205 


ar ae = + I 172 
a + 6910 
Courected, f’’ = + 8082 


arity =-+ 3592 


J" = — 27080 
Corrected, f” = — 23 438 


82 INTERPOLATION 8 47 


z— I 
2 


a =-+ 7829 


— f° = —29"39" 050 

Corrected, 7’ = —29"31° 221 
ni—f' = — 9"50*407 

J = & = 614"54* 730 

1883, July 3d, 8",a = 6h gm A732 


47. Second Arguiments nar the end of the table 
Proceeding in a manner precisely similar to that of the 
previous article, we readily obtain the formule 


AT + nw) = fT) + af T+ yw) + C= ra SD) 
4 a= bend! aa ee TD eT dev) 
Le (x —1) LES aaa (m + 2) f(T — w) 
4 @=0n at 1) Nets 2) MET 3) ev 7 gen) (op) 
AL — nw) = fT) — af (T - iw) + i leas 
— ET ga) 
; ee Ne (2 — Je T — 2 2w) 
- EO Dey fw) (97), 


The peaee d of these applies for interpolating in the 
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increases 
lrection 1n which the ar n h 
direct t gume 2 petal The above 


may be written as follows 


AT + m0) = AT) + ni f(T + au) + 24 prcry 
+P T de) 222 pcr a 


lve YI} ow 


AT — nu) = AT) + 0} —f(L—4u) 42S yr wy 
ES a%—2 
—+ 


| 7" T—$a0) + a {f° 7 — 200) 


SAh-rit-9) ETAL oes 


Example 5 Requiued the moon’s right ascension, 1883, 
July 7th, 42 


a=, /f*=— 33, fJP=+1i2, T= + 3 343 
J = — 3652, f'=243594, f= 9"25™40"20 


Substituting in (98) as above, we find 


a = 9° 33™ 56805 


Lzample 6 Required the moon’s ght ascension, 1883, 
July 7th, 3* 

By substituting the numerical values in formula (98), we 
find for this case 


a = 9" 42™ 7°97 


It will be observed that in the application of formule (95), 
(95). (98), and (98), the algebraic signs of the various correc- 


—T ph 
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tions nay be determined in a manner entirely simular to that 
explained 1n connection with formule (92), and (93), (See 


Ait 44) 
Interpolation into the Middle 
48 When the function is to be inte1polated for a value of 
the argument half way between two consecutive dates of the 
table, this 1s called znterpolation into the middle 


For this case either (92), or (93), may be used, but a more 
convenient formula is obtained as follows Write § in place 


of w in (92) 


AT + Ww) = AT) AP TH) +5 = arn 


34 =i} 
are res gu) + ES Sr) 
$3 - 7 ; 
ae a 2 FT ju) 
Then 1n (93) let 2 = $, and set out from (7+ w) 
AT + 40) =fT+o)—47(T +40) +E w) 
7: _ 2 elit 3 23 ae + 
ad aes w) + 22S PTL w) 
_ 43 F a 


a : F(T + Aw) + 


Taking the mean of these cquations, obse1ying in the result- 
ing equation that the coefficients of the odd differences, 
J’, 7"; etc, vanish, and writing 


aif (DT) +f (7+ w)} = [AT 
BSD) AS (T+ w)} =f" (7 
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AD + tw) = (AT + 4e)] — b'( D+ fw) +7356 (T+ bw) 


= — aaa (0+ gw) + (99) 
Af + aw) = (AT + 40)] — YT 4 Aw) —B pe $w) 
—e (Ll +3w) 34} (99), 


Example 7 Let it be required to determine the moon’s 
right ascension, 1883, July 5th, 6" We must interpolate into 
the middle between July 5th, o", and July 5th, 12" 


J” =-+ 1860 

— 27" =—-— 349 

J" = — 42 345 
Corrected, /” = — 42 694 


Soy". = 5337 
LAL + d2e)] =7"54"22* 305 


Therefore 1883, July 5th, 6', a= 7547278 73 


Proof of Contputatron 


49 The method of differences furnishes a very convenient 
check on the accuracy of a computation, when, for a series 
of values of an aigument succeeding each othe: at regular 
intervals, a series of values of any function have been com- 
puted Suppose an erroneous value of one of these quanti- 
ties, (ZL) + x, has been obtained, x being the error The 
Pail with the respective differences, would then be as 

ollows 


vi 
J'(T—§w) 

Z7— i Gs 
(7 —2w) if fur 2a) am ee 
I''(T~—w) Te ee ae 
SI (TA-be ) x L7 ) — 2X as pice 

vj y 4d] 1 

NT+w) f''\(T+w) TH pH 74 8) a 
J! T-+-2w) 


I(T w) — 42 
IL) + 6x 
LT w) — 4x 
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Thus the error ¢ in the function has increased to 6% 1n the 
fourth difference, the greatest deviation being in the horizon- 
tal line where the erroneous value of the function 1s found 

Suppose, for example, an erior of 5° had been made in 
computing one of the values of the moon’s right ascension 
given in Art 44 The scheme of differences would then 
be as follows 


July lees a as i as 7 Eas 
3d, of 545 15 68 


29 3905 
I2> 6145473 — 2708 
; 29 1197 — IgI 
4th, o* 644 670 — 2899 — 1799 
: 28 4298 — 1990 
12" 7 12 49 68 — 48 89 + 3195 
27 54.09 + 1205 
sth, of 7404377 — 36 84 — 18 06 
27-1725 — 601 
1275) 8 8 102 — 4285 
26 34 40 


6th, oo 8 34 35 42 


We see at once without going further than second differ- 
ences that the value for July 4th, 12°, 1s erroneous 


Differential Coe fficzents 


50 When we have a series of numerical values of a func- 
tion, corresponding to equidistant values of the argument, 
we may compute the numerical values of the differential co- 
efficients from the tabular differences as follows Either 
form of the interpolation formula 1s arianged according to 
ascending powers of x The function 7(7 + uw) expanded 
by Taylor’s formula, and the differential coefficients, com- 
pared with the coefficients of the different powers of z1n the 
above expansions, give at once values of these quantities 
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The most rapid convergence, and consequently the best 
formule, will be obtained by introducing into formula (92) 
the arithmetical means of the odd differences situated above 
and below the horizontal line drawn through the function 
irom which we set out, using the notation for the arithmet- 
cal mean given on page 71 

From the manner of forming the differences we readily see 


J (T+ ww) =f (T)+4f/"7), 
IOUT + fw) = f(T) + F(T) 


These values being substituted in (92), we readily derive 


AT + nw) = fT) + 0f(T) + (2) 


(27+ 1)” (m — 1), (72 + 1) 72’ (7% — 1) _, 
a Pa ea gw 
qe eS 


12345 


Arranging this according to ascending powers of 7, it be. 
comes 


AT aW)=AT)+U (D)AL"(D)tP (Dre XT) 
+UP"(D)-wP(D)+aF(2) 15 


TA LD) ES(T) + oT(T) 


I 23 
ge C8 
HATS). Teva 


nw 


oa ak ea a eo 
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Expanding the function by Taylor’s formula, 


d d 
AT +m) = AD) + Hews gh Ts tTh ia 3 


<A 


at nz" 
aT'1234 


ad f 12°ee’ 
[oan gies ae (100) 


Comparing the coefficients of like powers of z 1m these two 
series, we have the following values for the differential co- 
efficients 


RD Lier) py D—aeP(D) +s) 
= a pL) — tL) tate (T) (101) 


eA. F = Ef'(T)— 47/7) +S) 7 | 


51 Formule (101) will not apply to values of the function 
near the beginning or end of the table We obtain formule 
for these special cases by comparing formulze (91) and (97), 
respectively —arranged according to ascending powers of z— 
with Taylor’s formula We thus obtain— 

For arguments near the begenning of table 


Jt 


=f (T+4a) — f(T) +4" (T+ Be) 

SEPT + 20) +4 7(T+hu). ], 

“AT) 1, es za (OU), 
AT? = oe LP (Tw) — Sf" T+ Bw) + "(T+ 2a) 


§ 51 DIFFERLN1IIAL COEFFICIENTS 89 


for arguments near end of table 


ad 
LD = Lip (T—4w)hae"(T— a) Lay" L— yw) 


+2/"(L+ 2w)+4/"(T—$w) J, (101) 
@AT) 1, i . 
pe = LF" (Tw) 47" — Jo) +4 etd 


Example 8 Let it be required to compute the numerical 

values of the differential coefhicients ot the moon’s right 
dada 

ascension with respect to the time, IF @P for 1883, 
July sth, o 

In substituting the numerical values in (101), w, 7’, fr” 
must all be expressed inthe same unit It will be convenient 
to express them in seconds 

From the numerical values given on page 75 we have 


ae _ 10581700 | 
aes (7) = io 60 bo 038 3836, 


fen T) = ~~ 4884 
wl Co 12x 60x60, +” 9085 , 
I ttt a mak 198 — — | » 
wt = 12 X 60 X 607 °° On? 
a yg a 3 
wt (2) = bo XH = T 000 0449, 
De — 085 
wl” 4) = BX bo KX bo = ~ 000 0020 
Theref sae 8 
ore aT oe 030391, 
a*a 


wip — 000972 


This value of se may be regarded as the fractional part of 
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a second which the moon’s right ascension increases In one 
second of time at the instant July 5th, o" In the hourly 
ephemeris of the moon given in the Nautical Almanac there 
is given in connection with the moon’s 11ght ascension the 
“difference for one minute,” which is simply the value of 
the differential coefficient multiplied by 60, 1e, we may sup- 


pose the @ in ad to be expressed in seconds, and the f in 


minutes Thus we have for the example above the “ differ- 


ence for one minute” = 2° 30346 So in connection with the 
solar ephemeris there is given the sun’s hourly motion in 
da 


right ascension, which is the value of 5 pmultiphed by 60 60. 


The hourly motion in declination 1s expressed in seconds of 
arc 

52 By means of these differential coefficients as given in 
the ephemeiis, the second differences are taken into account 
in the interpolation in a very simple manner, for we have to 
second differences inclusive 


af T 
wD = f(T + 4u) — FD), 


afiT+w , ; 
whFEE®) — (T+ 40) + 4S D) 
The difference of these expressions 1s 


f(D) = w AO, 


and 
AT + nw) = fT) + (A —- 0 a) (102) 


Thus we have only to correct the value of the first differen- 
tial coefficient by adding to it algebraically the product of 


§ 53 DIFFERENTIAL COLFFICIENTS QI 


the difference of two consecutive values by one half the in- 
terval z We then use the corrected dilferential coefficient, 
as we should do if the first differences we1e constant 

Example g ‘Required the sun’s right ascension and decli- 
nation, 1883, July 4th, 4", Bethlehem mean time 

As the longitude of Bethlehem from Washington 1s 
— 640° 2, the corresponding Washington time 1s 3"53™19° 8 
= July 4th, 3° 8888 = July 4 162 

From the solar ephemeris for the meridian of Washington 
we then find 


Date eX Hourly Motion 6 Hourly Motion 
July 40  6°53"33°79 = 1083307, 22° 52/51” tr — 13/19 
July50 O®57™418'02 8=10°294 822° 47'22"7 — 1418 

,a*a 


71 
wap 5 = 013 xX 4162 = OOIOS 


Coriected hourly motion = 10° 306 
10 306 & 3" 889 = 40°08 
Required a = 6"54™13° 87 
a’o 


1d) 
w oT. eee xX 4162 = 080 


Corrected hourly motion — 13°27 
1327 & 3° 889 =51" 61 
Required 6 = 22°51’59’5 


53. If values of the differential coefficients aie required 
for values of the argument between the dates of the table, 
we may de1ive the necessary formule by differentiating the 
function developed by Tayloi’s formula (100), viz 


aAT+nw) af(T) , &fT) YKT) vw" 
at = ar + ao 
a’fhTtnw) @fAT), &fT) (103) 
wm = ar tore > 
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aT) &@ fT 
Substituting in these the values of ie oA (101), 


we have the values required * 


The Ephemeris 


54 Incase the American Ephemeris and Nautical Almanac 
is used, most of the quantities there tabulated may be taken 
from the tables by the method of Art 52, an example of the 
application of which has been given The lunar distances 
which are given in that pait of the ephemeris computed for 
the meridian of Greenwich form an important exception 
These distances are given for three-hour intervals, together 
with the “proportzonal logarithm of the diffirence” This pro- 
portional logarithm 1s simply the logatithm of 3"—the inter- 
val of the table—divided by the difference between the two 
consecutive distances It 1s convenient to suppose the 3" re- 
duced to seconds of time, and the tabular distance expressed 
in seconds of arc The proportional logarithm may then be 
defined as the number of seconds of tune requtcad for the distance 
lo change one second of arc Thus 


1883, July 6th, o*, distance between centres 

of sun and moon = 24° 2! 5s” 
1883, July 6th, 3*, distance between centres 

of sun and moon = 25° 32’ 44” 


Difference = 1° 29’ 49” 
h 


Proportional logarithm of difference = log 1° a9 497 


10808 
—= 10g 53897 = 03019 


* A very full discussion of this subject, with elaborate tables for computing 
the numerical coefficients, may be found in Vol II of Oppolzer’s ‘‘ Lehi buch 
zur Bahnbestimmung ” 
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For simple interpolation, disregarding second and higher 
orders of differences, we proceed as follows: 


Let Zand 74- 3 = the two consecutive dates between which 
the distance 1s to be interpolated , 
T+ ¢ = the time for which the distance 1s required, 
D and D, = the distances at times Zand T-+ 3!, 
D’ = distance at time 7'-++ ¢, 
4=D,—D, 
4=D)—D 


Then all being expiessed in seconds, 


A” A=t 10800, 
log 4’ = log ¢— PLA . (104) 


If we subtract both members of this equation from log 
10800, we have 


10800 10800 
log —F7- = log --, PPL, 
or PLA = Pli+- PLA - (104), 


With formula (104) only the common logarithmic tables 
are required, with (104), we use the tables of proportional 
or logistic logarithms given in works on navigation The lat- 


ter tables give at once for any angle ¢ the logarithm of 

3. or 5 Sometimes the tables are computed for the argu- 
Te 

ment a 


The following simple example will illustrate both formule 


(104) and (104), 
Example 10 Required the distance between the centres 
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of the sun and moon, 1883, July 6th, 1° 15", Greenwich mean 
time 


From the ephemeris, 1883, July 6th, 0°, D = 24° 2! 55! 
PL Difference = 3019 
#= 12 15™ = 45008 log z# = 3 6532 
log 4’ = 33513 Therefore 4’ = 37! ant! 
D! = 24° 40! 20! 


For using equation (104), we employ the tables of propor- 
tional logarithms given in Bowditch’s Navigator, Table 
XXII 


PL Difference = 3019 
PLY Ts" = 3802 
FL A! = 0821; J = 0°.37' an” 


As will be seen, with the proportional logarithms the 
quantity 4’1s given at once in degrees, minutes, and seconds, 
without the necessity of reducing ¢ in the first place from 
the sexagesimal to the decimal notation, and in the second 
place reducing 4’ from the decimal to the sexagesimal At 
the end of the American Ephemeris for 1871 1s given a table 
of “ Logarithms of small Arcs m Space or Tim,” by using 
which this reduction 1s also avoided 

The foregoing process disregards second and higher 
orders of differences In order to take these into account, 
we have in the general interpolation fo1mula (92) 


nw = t, 33", n= 


AT+1) =D, AT)=D, 
f(T+iw)= 4, f(T) = A" 


In which 4” will be the difference between two consecutive 
values of J 
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Then = = 


z h __ 
and formula (92), becomes D = D+ = (4 = BE ai] 
| oe 
Let (2 — xe ea) = [4] = corrected tabular difference , 
Q=PL4, (0) = PLA] 


Then we may assume 


ie a 
(o _3 - 0" = [Q] with sufficient accuracy, (105) 


in which Q” 1s the difference between two consecutive val- 
ues of Q (Q and 4 are inverse functions one of the other, 
but the algebraic sign of the correction need give no 
trouble ) 

It will be a little more accurate if we take for Q” the 
arithmetical mean of the differences between Q and both the 
preceding and following values found in the table 


Example 11 Required the distance between the centre of 
the moon and Fomalhaut, 1883, July 2oth, 19% 20" 58, Gh 
M T 


From the ephemeris, 
July 20th, 15> Q= 4536 Ql = tart 
July 20th, 189 D32° qt! 20% Q= 4747 
Julv 2oth, 21") M3r° 41! of Q= 4995 QO" = + 248 


Then ¢ = 2 20m 54 = 1" 3347 [QC] = 4683 A= 0° 27 iyi gs 
Mean Q! = 230 log ¢ = 3 6817 Lk = 92° ta! 5 5 
— 3 9 = -64 log 4’ = 3 2134 


If we had neglected the second differences in this example 
we should have found 4’ = 0° 26’ 51”, which can only be 
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considered a rough approximation If the interpolation be 
extended to third differences, we find 4’ = 27°13” 8 This 
differs from the first value by a quantity which will be of 
vely little importance in practical cases 


Lo Find the Greenwich Time Corresponding to a Given Lunar 
Distance 


55 first We may interpolate the time directly from the 
ephemeris, neglecting the second differences, then with the 
time so found as a fist approximation we deduce the co1- 
rected proportional logarithm [Q], and lepeat the computa- 
tion 

¢ being the required quantity, either (104) or (104), give 
the first approximation, viz, 


log ¢ = log 4’ + PLA, ; (106) 
or PLi= PLA’ — PLA (106), 


Then with this value of ¢ we determine the corrected pro- 
portional logarithm [Q] by (105), and repeat the computation 


Lxample 12 1883, July 20th determine the Gh M T 
when the distance between the moon’s centre and Fomal.- 
haut was 32° 14’ 5/5 


4536 
We find from the ephemeris that on July 2oth, 184 D 32° 41! 20 PL 4747 


Given value of D! = 32° 14! si! 5 4995 


log 4’ = 3 2134 Therefore 4’ 27' 14! 5 
PLA = 4747 : 
log ¢ = 3 6881 Approximate ¢ = 1) ar™ 76: 
hw Zz 
By (105), — 29" =~—63 Therefore[Q] = 4684= PLA 


Repeating computation, PLZ = 
log 4! = 3 2134 
Z= 1° 207 oof log# = 36818 
Required Gh M T, July 2oth, Ig 20™ 6* 
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Table I at the end of the American Ephemeris gives the 
correction required on account of the second differences in 
the moon’s motion in finding the Greenwich time corre- 
sponding toa given lunar distance It 1s designed to obvi- 
ate the necessity for the second computation in the case 
just considered The formula for this correction is derived 
as follows 


Let 7+ = the time taken from the table when second 
differences are neglected , 
I -- 7’ = the time taken when second differences are 
considered , 
Qand[Q] = the tabular and corrected proportional log- 
arithms 


Then (106) log ¢ = log 4’ + Q, 
log = log 4’ + [Q], 
ae 
log 7’— log = [Q]—Q= — oo", from (105). 


Then as log ¢’— log ¢ will never be very large, we may 
treat it as a differential, viz , 


log # — log z = dlog t = (2), 


M being the modulus = 434294 


| ene _ ze ‘5 
f—t= —3 ee (107) 


Where ¢ 1s supposed given in mimutes and ?# — ¢ 15 
expressed in seconds The correction will be applied to 
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zwith the ee sign when the proportional logarithm 


diminishing 


increasing 
If the table 1s not at hand, ¢’ — ¢ may very readily be 
computed from (107) 


In the last example, = 1" 21™ 16° = 81" 267, 
Q" = 230 
Therefore ¢—f= — 1™ 10° 8, 
fs 20" 52 


56. In the British Nautical Almanac the differential co- 
efficients aie not given in connection with the right ascen- 
sion and declination of the sun, moon, and other bodies as 
in the American Ephemeris If, therefoie, 1t 1s considered 
necessary to carry the interpolation to second differences, 1t 
must be done by the interpolation formula. 


PRACTICAL ASTRONOMY. 


CHAPTER I 


THE CELESTIAL SPHERE —TRANSFORMATION OF 
CO ORDINATES 


57 When we view the heavens on a clear night, the stars 
and othe: celestial bodies appear to us to be projected on the 
surface of a sphere of indefinite radius, with the centre at the 
eye of the observer 

A few houis’ observation would show us that all these 
bodies are apparently revolving about us from east to west, 
in such a manner as to make a complete revolution in about 
twenty-four hours This appearance we know from other 
considerations is due to the diurnal revolution of the earth 

In addition to this first motion we should soon recognize 
a second, in consequence of which the sun appears to move 
among the stars from west to east, in such a manner as to 
complete a revolution in about one year We know this to 
be due to the annual revolution of the earth about the sun. 
There are various other motions recogmzed, some of which 
require very long periods for completing their cycle. Of 
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these precession and nutation are examples Some of these 
motions we shall have occasion to consider hei eafter 

For our purposes 1t will frequently be convenient to speak 
of the apparent motions of the heavenly bodies as if they 
were the true motions Thus we say that a star passes the 
meridian at a given time, when we know in fact that the 
meridian passes the star, or that the sun rises above the 
horizon, when 1n fact the horizon passes below thesun The 
reader will never be misled by such expressions, and we are 
by this means often able to avoid cumbersome ci1cumlocu- 
tions in language 

As we view the celestial sphere all the heavenly bodies 
appear to be at equal distances, and with few exceptions to 
maintain the same positions relative to each other We can 
measure their directions, but at present are not concerned 
with their distances 

The department of astronomy with which we are now 
occupied deals for the most part with exact measurements— 
either of the co-ordinates of the stars, or of the observer’s 
position on the earth’s surface If we know the latitude and 
longitude of our observatory, we can by obse1vation deter- 
mine the spherical co-ordinates of any star If, on the other 
hand, the positions of the heavenly bodies are known, obser- 
vation furnishes the data fo1 determiming our position in 
latitude and longitude It 1s with problems of the latter 
class that this book 1s chiefly concerned 


Spherical Co-ordinates 


58 The position of a star on the celestial sphere is deter- 
mined by means of two spherical co-ordinates, measured with 
reference to a fixed great circle 

Three different systems are in common use, according as 
the circle of reference 1s the horizon, the equator, or the 
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ecliptic For our purposes we shall define these circles as 
follows 


THE HORIZON zs @ great circle of the celestial sphere formed 
by a plane passing through the eye of the observer and per- 
bendicular to the plumb-line 

THE CELESTIAL EQUATOR 75 @ freat circle of the celestial 
Sphere formed by a plane passing through the eye of the ob- 
serucr and perpendicular to the earth's axis 

THE ECLIPTIC 2s a §7eat circle of the celestial sphere formed by 
a plane passing through the eye of the observer and parallel 
to the plane of the earth's orbit 


Either of these circles considered as the basis of a system 
of co-ordinates 1s called a Primitewve cercle The great circles 
formed by planes perpendicular to the primitive circle are 
called secondarzes 


THE ZENITH 2s the point where the plumb-line produced pierces 
the celestral sphere above the horigon 

THE NADIR zs the point where the plumb-line produced below 
the horizon pierces the cclestial Sphere 

TUE ZENITH and Navir are the poles of the hortzon 


Vertical circles are secondaries to the horizon 
Hour-circles, or circles of declination, are secondaries to 
the equator 


THE MERIDIAN zs the hour-corcle which prsses through the 
senith and nadir 

THE MERIDIAN LINE zs rhe Line 2 which the plane of the 
meridian intersects the plane of the horizon The north and 
south pownts of the horizon are the points in which this line 
Duerces the celestial sphere 

THE PRIME VERTICAL zs the Sreat circle whose plane 1s per 


pendicular to the plane of the meridian, and passes through 
the zenith 
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THE EAST AND WEST LINE zs the line in which the plane of the 
prime vertical intersects the plane of the horizon The east 
and west points of the horizon are the points in which this 
line prerces the celestial sphere 


The north and south points are the poles of the prime 


vertical 
The east and west points are the poles of the meridian 


The Hortzon 


59. The spherical co-ordinates referred to the horizon as 
the primitive or fundamental plane are the altztude and aeaz- 
muth 


THE ALTITUDE of a heavenly body 1s tts distance above the 
horizon, measured ou a vertical corcle passing through that 
body 

THE AZIMUTH of a heavenly body ts the distance from the north 
or south point of the horizon, measured on the horizon to the 
Soot of the vertical circle passing through the body 


For astronomical purposes it 1s customary to measure the 
azimuth from the south point through the entire circumfer- 
ence inthe orderS,W,N,E_ For geodetic purposes 1t 1s 
generally reckoned from the north point Navigators and 
surveyors frequently use other methods, which it is not 
necessary to enlarge on in this place 

Instead of the altitude, the senzth dzstance of a star 1s fre- 
quently used, this 1s simply the distance from the zenith to 
the sta1, measured ona great circle The zenith distance and 
altitude are complements of each other 

We shall use the following notation 


hk = altitude, 
@ = azimuth, 
g = zenith distance z= 90° — &, 
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In consequence of the diurnal motion the altitude and azi- 
muth of any star are constantly changing their values 


The Equator 


60 The points in which the meridian intersects the equa- 
tor are the north and south points of the equator The points 
in which the earth’s axis pierces the celestial spheie are the 
poles of the equator, and are called respectively the north 
and south pole This line 1s also the axis of the heavens 

When the equator 1s the fundamental plane, the position 
of a star may be fixed either by its declination and hour- 
angle or by its declination and right ascension 


THE DECLINATION of a star 18 1s distance north or south of 
the equator measured on an hour-curcle passing through the 
star When the star 1s north of the equator the declination 
7s -+, zv/icn south, — 

THE Hour-ANGLE of a star ts the angle at exther pole between 
the meridian and the hour-ctrcle passing through the star, 
or w 1s the distance measured on the plane of the cquator 
Srom the south pont of the cqguator to the Soot of the hour- 
circle passing through the star 


The hour-angle 1s reckoned f1om the south, in the direction 
S,W,N,E, from o° to 360°, or from o" to 24" In some 
cases 1t 1s convenient to reckon the hour-angle towards the 
east, in which case it must be considered minus The hour- 
angle 1s constantly changing, in consequence of the appar. 
ent revolution of the celestial sphere As this revolution 
does not affect the position of the equator, the declination 1s 
independent of the diurnal motion 

The planes of the equator and echptic intersect each other 
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at an angle of about 23°27’ The line in which these planes 
intersect 1s the line of the equinox, and the points where it 
pierces the celestial sphere aie the equinoctial points They 
are known respectively as the vernal equinox and the autum- 
nal equinox The points on the equator 90° f10m the equi- 
noctial points aie the solstices, known as the sumezner solstzce 
and the weuter solstice The eguenoctial colure is the hour- 
circle passing thiough the equinoxes The solstztzal colure 
ig the hour-circle passing through the solstices 

The equinoxes are the poles of the solstitial colure, and the 
solstices are the poles of the equinoctial colure 


THE RicHT ASCENSION of a star 1s the arc of the equator in- 
tercepted between the vernal equinox and the foot of the hour- 
cercle passing through the star It 1s reckoned from the ver- 
nal equinox, in the order of the signs Artes, Taurus, ere, 
from 0° to 360°, or from Oo” to 24" 


The right ascension and declination are both independent of 
the diurnal motion Instead of the declination, the north-polar 
distance 1s frequently employed It1s the distance from the 
north pole to the star measured on a great ciuicle, and is the 
complement of the declination We shall let 


6 = Declination of a star, 

a = Right ascension , 

¢ = Hour-angle, 

~ = North-polar distance = go° — @. 


The Ecltptoc 


61 When the ecliptic is the fundamental plane, the co- 
ordinates are called /atitude and longitude 
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THE LATITUDE of a star 2s its distance north or south of the 
ecliptic measured on a secondary to the ecliptic When nort); 
of the ecliptic the latitude 1s +, when south, — 

THE LONGITUDE of a star 18 the distance measured on the eclip- 
tic from the vernal equinox to the Foot of the Secondary pass- 
ing through the star Its reckomad in the order of the surns 
rom 0° to 360° 


Longitude will be designated by A, 
Latitude will be designated by 


These co-ordinates must not be confounded with terrestrial 
latitude and longitude, with which they have no connection 
The system is much used in orbit computation 

Fig 1 will serve to illustrate the preceding definitions 
It represents the Sphere projected on the plane of the hort- 
zon 

21s the zenith, CVT the échiptic, WVE the equator, O the 
position of any star 


OL = Declination, 6, 
LQ=LIPQ= Hour-angle, ¢, 
VEQ'WL = Right ascension, a, 

VICD = Longitude, a, 

OD = Latitude, £, 

OH = Altitude, /, 

SH = Azimuth, a, 

OZ = Zenith distance, Z, 

PO=N P distance, p 


62 The following diagram will assist in giving definiteness 
to the symbols employed in the foregoing The notation 
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should be thoroughly memorized, as the symbols will be 
constantly employed hereafter 


Azimuth = a ; 
Horizon + Altitude = 4, 
Zenith distance = ¢ 


Hour-angle = 7, 
SphericalCo-ordinates Equator ee ascenoe =a, 
clination = 6, 
North-polar distance = p 


Longitude = A, 
Relpue \ Tapenade =p 


The obliquity of the ecliptic we shall designate bye Its 
mean value for 18810 1s € = 23° 27/16” 60 (See American 
Ephemeris, page 248 ) 

The position of the observer on the surface of the earth 1s 
given in latitude and longitude We shall let 


go = Latitude, + when north, — when south, 
L = Longitude, + when west, — when east 


63 For astronomical purposes longitude in this country 
is reckoned from the meridian of Washington or Greenwich 

In Fig 2 the large circle represents a section of the celes- 
tial sphere, and the small one a section of the earth, both 
formed by the intersection of the plane of the memndian 
HH’ is the horizon, Z#’ the equator, Z the zenith, 2’ 
the nadir, P the north pole 

The latitude of the point O will be equal to the arc £Z, 
which by definition 1s the declination of the zenith of 0 It 
is also equal to the arc PH’, or the elevation of the north 
pole above the horizon of O 
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The angle between the equator and the honzon of any place 
will therefore be 90° — 9, p being the latitude of the place 


Transformation of Co-ordinates 


64 PROBLEM | Having given the altitude and agunuth of 
any star, to find the corresponding declination and hour-angle 
Let us refer the star’s position to a system of rectangular 
co-ordinates in which the ho1izon shall be the plane of XY, 
the positive axis of X being directed to the south point, the 
positive axis of Y to the west point, and the positive axis of 
Z to the zenith 
Then will x, y, = the rectangular co-ordinates of the star, 
4, h, a = the polar co-ordinates of the star, 
4 being the distance or radius vector. 
We then have* +#= 4 cosh cosa, 
y = 4coshsin at 
z= 4sin hk 


- (10) 


*See Davies’ Analytical Geometry, edition cf 1869, P 302, or any other 
work on analytical geometry of three dimensions 


108 PRACTICAL ASTRONOMY § 64 


Let the star now be referred to the equator as the funda- 
mental plane, the positive axis of X being ditected to the 
south point of the equator, the positive axis of Y to the west 
point, and the positive axis of Z to the north pole 


Let now +’, 7’, 2’ be the rectangular co-ordinates, 
4, 0, ¢ be the polar co-ordinates 


: (111) 


We then have z’ = AcosécosiZ, 
¥Y = 4cosésinz, 
2 = 4sinéd 
The problem now requires these values of 2’, y’, and 2’ to 
be expressed in terms of z, y, and z. We observe that the 
axes of Y are the same in both systems, that the axes of 
and Z make the angle 90° — m with those of ¥’ and Z’ 
We therefore require the formulze for transformation of co- 
ordinates from one rectangular system to anothe1 having the 
same origin, v1z 


# = x cos (90° — -~)+ zs1n (90° — P), 
y= J; 
# = — #sin (90° — ¢)+ «cos (90° — 9g), 
or z= <#«sng+t<zcosgQ, 
y= Y, . (112) 
2 =—scop+esin p 


Substituting in (112) the values of x, y, and z from (110), 
and of x’, y’, and s’ from (111), dropping at the same time 
the factor 4 which 1s common to evey term, we have 


cosdcos¢#= coshcosasng-+ sink cos Q, 
cos 0 sin ¢= cos / sin a, (113) 
sind = — cosicosacosg+snhsin @ 
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These equations express the required relation, but they 
are not in convenient form for logarithmic computation, be. 
sides, the required quantities 6 and # are given in terms of 
their sines and cosines 

It 1s always best, when practicable, to determine an angle 
in terms of its tangent The tangent varies rapidly for all 
angles gieat or small, and consequently 1f a small error from 
any cause exists in the tangent it will have but little effect 
on the value of the angle On the other hand, 1f the value 
of the angle 1s near go° o1 270° and 1s given in terms of its 
sine, this function will vary slowly with the angle, and a 
small error in the sine will produce a large error in the 
angle The same is true of the cosine for angles near 0° or 
180° If the angle is near 90° or 270° it may be determined 
with accuracy from its cosine, or if near 0° or 180° it may be 
accurately determined from its sine In any case it can be 
determined with accuracy from its tangent 

For the purpose of effecting the required transformation in 
(113), let us introduce the auxiliary equations 


sini =xncos/, 
II 
cos cosa=x2sin WV (114) 
This will be possible, for we have the two arbitrary quan- 
tities 2 and J, and the two equations (114) for determining 
them Substituting these values in (113), we have 


cosdcos¢= xn sin V'sin p-+ 2 cos V cos g = 2 cos (p— 4), 
cos 6 sin ¢ = cos / sina, tats 
sin 6 =—2 sin Vcos p-+ 2 cos Asin g = 2 sin (p— NV) 


For determining Wwe divide the second of (114) by the 
first, then we have 


tan V = cot kh cos a oe EEG) 
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For determining ¢ we divide the second of (115) by the 
first, and substitute 


__ cos fi cOS @ 
Ge sin /V 
sin /V 
from (114), viz, tan? = SQW (p— WN) tan a (117) 


For determining 6, divide the third of (115) by the first 
tan 6 = tan (gp — V) cos? (118) 


We may now obtain a formula for proving the accuracy 
of the computation by dividing the second of (114) by the 
first of (115), viz, 


sin /V _ coshcosa 
| cos(g — V)~ cosdcosz ; (119) 


Formule (116), (117), and (118) solve the problem com- 
pletely, and (119) 1s a proof of the accuiacy of the work 
The proof consists in this equation being satisiied when we 
substitute for 6 and ¢the values obtained fiom equations (117) 
and (118) If the work has been correctly perfo1med the 
two logarithms should not differ by more than thiee or four 
units in the last place This proof 1s not always reliable, 
however 

Collecting together these formule for convenience of 
reference, we have 


tan VV = cot £cos a, 
sin V 
tan 7 = cos (9 — NV) tan a, 
tan 6 = tan (g — NV) cosZ, 
sin VV _ cos#cosa 
cos (gp — NV)” cosécost 


(I) 
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With regard to the species of these angles it 1s to be re- 
marked, first, V may be taken 1n any quadrant which satisfies 
the algebraic sign of tan V’, second, 6 1s always less than 90° 
and is +- when tan 6 is +, and — when tan is —, third, for 
the species of z let us examine the equation 


cos 6 sin¢f = cosAsina 


Cos 6 and cos / will always be +, therefore the species of ¢ 
will be the same as that of a 

As an example of the application of these formule, take 
the following 


Latitude of Sayre Observatory = p = 40° 36’ 23’’ 9, 
Sun’s altitude = 4 = 47° 15/ 18” 3, 
Azimuth = @ = 80° 23’ 4” 47, 


Required dandz The computation 1sas follows 


P = 40° 36! 23/' 9 


Ah = 47° 15' 18" 3 cothk = 9 9657782 cos k = g 8317007 
a= 80° 23! 4! 47 cosa = 9g 2228053 COS 2 = g 2228053 
N= 8° 46/33 2 tanV = 9 1885835 9 0545060 


p—- N= 31° 49! 50" 7 
t= 46° go’ 4” 53 
0 = 23° 4! 24!! 33 


tan @ = 0 7710501 
sin V = g 1834690 
sec(p — V) = 0707805 tan (p — MV) = 9 7929304 


tan*= 0252996 cos 7 = 9 8364670 cos = 9 8364670 
tan 0 = 9 6293974 cosd = 9 9637894 


9 8002564 
snV pean (pron co oe sieune 
cos(p— NW) ? 942495 \p cos 0 cos #9 74249 
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65 PROBLEM II Having given the declenation and hour- 
angh of any star, to determine the altitude and azwnuth This 
zs the conucrse of the preceding problem Ln this case we require 
the values of x,y, 2 tn terms of the values of x’, W, 2 

Our formule (112) for transformation then become 


VH=dI; 
g=2z' cosg+e2' sin p 


z= 2’ sin p— s’ cos @g, 
| (120) 


Substituting in these the values of z, y, 4, 2’, ’, 2’, from (110) 
and (111), dropping at the same time the common factor 4, 
we have 


cos Acosz= cos écosZsin g — sind cos g, 
cos /#sin a=cososin ¢, (121) 
sin 4= cosd cos#cosg+sin 6 sin 9 


We may now adapt these equations to logarithmic computa- 
tion by introducing the auxiliaries m and MW, such that 


sind = msin J, 
cos dé cos¢=mcosM, 


when, by a process like that used in solving equations (113), 
we find the following formule 


tan WM = Jl . 
cos Zz 
tan a4 = 008M tan 7, 
sin(g@ — MZ) (11) 
fy COS @ 
~ tan(p—M)’ 
cos JZ cos 6 cos ¢ 


sin(@ — Jf) cosh cos a 
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The remarks in reference to the species of the angles in 
formulae (I) will apply equally to (IT) 


The following example will illustrate the application of 
these formulze 


Given P = 40° 36! 23/9, 
0 = 23° 4’ 243, 
z —_ 46° 40’ As 
Requued a and & 
P = 40° 36’ 23" 9 
6 = 23° 4'24"3 tané = 9 6293972 cos 0 = 9 9637894 
t= 46°40" 4"5 cost =Q 8364670 cos ¢ = 9 8364670 
M = 31° 49'50"7 tanav= 9 7929302 9 8002564 
eg—-M= 8° 46' 33'' 2 
a@ = 80° 23' 4'47 
A= 47° 15’ 18" 3 
tan 7 = 0 0252995 
cos AJ = g g2g2I95 
cosec (@ — 7) = 8165310 tan(p — AL) = 9 1885835 
tan @ = 0 7710500 cOS @ = Q 2228053 COS @ = Qg 2228053 
tank = 0342218 cos k = g 8317007 
9 0545060 
cos MT og ( Saf Soe Os t - . 


66 As may readily be seen, the preceding formule and 


many more may be derived by applying the equa- e 
tions of Spherical Trigonometry to the triangle ; 
formed by the zenith, the pole, and the star Thus 90% 


in the figure the sides of the triangle are go° — g, 
g0°-—- 0 = ~, and 90°°—~h=z The angles are 7, a/ )z 
180° — a, and g, the angle at the star, called the 
parallactic angle When any three of these quan- —|g/ 4 
tities are given, the determination of any other 
part is merely a question of trigonometry 
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COROLLARY Zo find the hour-angle oj a star when in the 
horizon, or at the time of r.sing or setting 

When the star 1s 1n the horizon the altitude, Z, 1s zero, and 
the last of equations (121) becomes 


cos 6 cos¢cos p+ sindsing=o, 
sin 6 sin @ 


eee: =—tanédtang. (122) 


or cos#= — 


From this equation we may determine ¢, but, as before re- 
marked, it 1s better to determine the angle from its tangent 
For this purpose first add both members of (122) to unity, 
then subtract both membe1s from unity, and we have 


cos 6 cos g — sind sin P 


t= ——_—; 
Pee cos 0 Cos P ’ 
cos 0 cos sin 6 sin 
I—cos#= Pa isla aie 
cos 6 COS @ 
. cos 0) 
or 2 cos 4¢ = os (e a) ; 
COS @ COS os 6 
cos —<d 
2 sin’ 47 = ea =) 


COS @ COS os 6 


Dividing the second of these by the first and extracting the 


square root, 
tan 4¢— + cos (P — 0) (123) 
; cos (p + 6) : 


At the time of rising the lower sign will be used, at the 
time of setting, the upper This formula may be used to 
compute the time of suniise and sunset at any place whose 
latitude 1s known’ For easample, let it be required to com- 
pute the apparent time of sunrise at Bethlehem on the morn- 
ing of July 4th, 18381 
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From the Nautical Almanac, page 329, we find for the 


sun’s declination 6 S229 52 OL” 
The latitude P = 40° 36’ 239 
gp—-S= 17° 44'22"9 COS = 99788425 
ptd= 63° 28/249 COS = 9 6499288 
tan? 4¢ = 3289137 
at = — 55° 35°52" 5 tang¢ = 1644500, 

é= — 111° 11’ 45” 0 
—— Vi 24™ 47° 


It being sunrise, Z 1s minus If we subtract this quantity 
from 12'—the time when the sun is on the meridian—we 
have for the apparent time of sunrise 


4° 35™ 13° 


This differs from the ordinary or mean time by an amount 
equal to the equation of time, as will be explained hereafter 
(See Art 92) 

67 PROBLEM III Required the distance between two stars 
whose right ascenstons and declinations are known 

The two stars and the pole will form the vertices of a tri- 
angle of which the sides will be go° — 6, go° — 6’, and d, the 
required distance The angle opposite d will atx 
be a’ —a 


P 


a and a’ are the right ascensions of the stars 24 905 
6 and 06’ are the declinations 


In the triangle two sides and the included 4 
angle are given, the third side 1s required Fic 4 
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We can apply equations (121) to this case by writing 
(compare Figs 3 and 4) 


h = 90° — d, 
p=o, 

t=a'’—a, 
a=— 180° —B 


Thus we have 


sin d cos B = sin 6 cos 6” — cos 6 sin 0’ cos (a’ — a), 
sind sin B = cos 6 sin (@’ — a), (8 
cos @ = sin 6 sin 6’ + cos 6 cos 0’ cos (@’ — a) 


If the quantity @ can be determined with sufficient pre- 
cision from its cosine, the last of these gives the required 
solution, and we may adapt it to logarithmic computation as 
follows 


Write sndé=&snk, 
cos 6 cos (@’ — a) = kcos K 


~~ 


Then mee. 
cos (a@’ — a) | (IV) 
Zu Sin 8 cos (6" — K) 
at sn K 


If this does not give @ with the requued degree of accura- 
cy, we may determine it in terms of the tangent in a manner 
precisely similar to that employed in solving equations (113) 
and (121) Thus, let 


sind =acos JN, 
cos d cos (a’ — aw) = 2 sin VM 
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When we readily find 


tan V = cot 6 cos (a’ — a’, 
_ sin VV P 
tan B = cos (WE 6% tan (a ~— a), 
tan d =s cot (V+ aD (IV), 
cos B 


sn VV _ cos 6 cos (a’ — a) 
cos (V +- 6’) — sin @cos B 


Example 


Required the distance between the sun and moon, 1881, 
July 4th, o*, Bethlehem mean time 
From the Nautical Almanac for 1881, Pp 114, we find, for 
the moon, 
a’ = 28 39m 3829. 
0’ = — 9° 23/ 16” 7, 


From p. 329 of the same, for the sun, 


Se OG a 3273; 
0 = 22° 50’ 21/9 


The computation then is as follows, using equations (IV) 


a— a= 52 43™ 30% 49 
a! — a= 85° 52! 37! 35 cos (a! —a) = 8 8567115 
= 22°50 arg tan 0 = 9 6244585 sin 0 = 9 5889992 
K= 80° 28! 45!’ 19 tanK= 7677470 cosec L = 0062344 
6’ = — 9° 23! 16! 4 
O’ — K = — 89° 42’ 1! 8g cos (6/— XK) = 7 7182360 


@= 89° 52! 55/5 cos 2 = 7 3134726 
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Applying formulz (IV), to the solution of the same prob- 
lem, we have the following 


a’ —~ as 88° 52' 37! 35 cos = 8 8567115 cos = 8 8567115 
6= 22°50 21% g cot= 3755415 cos = 9 9645407 
N 9° 41’ 14’ 8 tan = 9 2322530 8 8212522 
6)’ = — 9° 23! 16 7 


N+A = o° 17/ 58" 
= 66° 48! 40” 8 
= 89° 52’ 555 
tan (a — wv) = 1 1421632 
sin VV = g 2260154 
cos (V + 6’) = 9 9999940 cot (V-+ 6’) = 2 2817621 


factor = 9 2260214 
tan B = o 3681846 cos B = 9 §952317 cos = 9 5952317 


tan d = 2 6865304 sin = 9 9999991 
9 5952308 
proof 9 2260214 

sin /V 


cos (WE 84 = g 2260214 


CHAPTER II. 


PARALLAX —REFRACTION —DIP OF THE HORIZON 


68 The same star may be observed from points on the 
surface of the earth separated f10m each other by several 
thousand miles If the distance to the star 1s so gieat that 
the diameter of the earth 1s inappreciable 1n comparison, it 
will appear in the same part of the heavens from whatever 
part of the earth itis seen If, however, the diameter of the 
earth beais an appreciable ratio to the distance of the object, 
then when the observer’s position changes there will be an 
apparent change in the place of the star This difference in 
position is called parallax 

It is customary in dealing with bodies which have an ap- 
preciable parallax to reduce all positions to the earth’s cen- 
tre Thus the places of the sun, moon, and planets, which 
we find given in the ephemeris, are the places as they would 
appear to an observer at the centre of the earth This which 
we aie considering 1s the dzurnal parallax Withthe subject 
of annual parallax, which depends upon the position of the 
earth in its orbit, we have at present nothing to do It may 
be remarked that on account of the great distances of the 
fixed stars their diurnal parallax 1s 1n all cases inappreciable 
It 1s only necessary to consider it in connection with the 
bodies of the solar system 


cD 
SI 
@) 
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Definitions * 


69. THE GEOCENTRIC POSITION of @ body 1s tts position as 
seen from the earth's centre 
THE APPARENT* oy OBSERVED POSITION zs ets place as seen 
from a pornt on the earth's surface 
THE PARALLAX 2s the difference between the geocentric and the 
obseruca place 
It may also be defined as the angle at the body foimed by 
two lines drawn to the centre of the earth and the place of 
observation respectively 
THe HORIZONTAL PARALLAX 2s the parallax when the star ts 
seein ut the horizon 
THE EQUATORIAL HORIZONTAL PARALLAX 7s the parallax 
when seen in the horizon front a point on the carth’s equator 
It may also be defined as the angle at the body subtended 
by the equatorial radius of the earth 


70 PROBLEM I To find the equatortal hortsontal parallax 
of a star ata given distance from the earth's centre 


Let z = the equatorial horizontal parallax = PSC, 
a = the equatorial radius of the earth = PC, 
A = star’s distance from the earth’s centre = SC 


P 
——_, i Then from the figure we have 
c 


sin 7 = -7;} (125) 


* The terms apparent place and true place are to be considered simply as 
relative terms When dealing with parallax we speak of the true place as the 
place when corrected for parallax So when speaking of refraction the appar- 
ent place 1s the place affected by refraction, and the true place 1s the place cor- 
rected for refraction, but 1t may still require corrections for parallax and a va~- 
riety of other things When dealing with the places of the fixed stars we use 
the term apparent place in a still different sense, as we shall see hereafter 
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s being the place of the star, a point on the surface of the 
earth, and ¢ being the centre 

For astronomical purposes the mean distance of the earth 
from the sun 1s regarded as the umit of measure Then for 
the sun we have 


A= TF, sinz=a (126) 


71 PrRoBLeM II To find the parallax of a star at any 
zenith distance, the earth beg regarded as a sphere 

In the figure, s represents the place of the star, g the zenith, 
£ the centre of the earth, ~ a point on the surface 


Let z 
Ss 
& =the observed zenith 
distance, 
& = geocentric zenith dis- 
tance, 


p~ = parallax = PSE, 
a@ = radius of earth = PZ, 
A = distance of star = SE 


From the triangle SEP 
we have 


4 a=snez snp 


Fic 6 


From which sin p = 5 sin 2’, (127) 


o1, from (125), sin g = sin 7 sin 2’ (128) 


p and will generally be very small, hence for most pur- 
poses we may write 


p=7smn 2’ 4 (129) 
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The foregoing solution 1s only an approximation, the earth 
not being a sphere as we have there regarded it For many 
purposes this 1s sufficiently exact, while for others, particu- 
larly where the moon 1s considered, it 1s not so A more 
rigorous solution requires us to consider the true form of the 
earth 


Form and Dimensions of the Earth 


“2 The earth is in form app1oximately an ellipsoid of rev- 
olution, the deviations from the exact geometrical figure be- 
ing so small as to be inappreciable for our purposes 

The dimensions of the ellipsoid as given by Bessel are as 
follows 


Equatorial radius A = 3962 8025 miles, 
Polar radius B = 39495557 miles, 
Eccentricity of meridian e¢ = 08169683, 
log ¢e = 8 9122052 


Many other determinations of these quantities have been 
made, differmg more or less from the above, but these are 
still in more general use than any others 


Definitions 


73. THE GEOGRAPHICAL LATITUDE of a poit on the earth's 
surface 1s the angle made with the plane of the equator by a 
normal to the surface at this point 

THE GEOCENTRIC LATITUDE 2s the angle formed wrth the 
plane of the equator bya line joining the point wth the 
earth's centre 

THE ASTRONOMICAL LATITUDE 1s the angle formed with the 
plane of the equator by a plumb-line at the grven point 
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If the earth were a true ellipsoid and perfectly homoge- 
neous, the geographical and astronomical latitude would 
always be the same Practically, howevei, the plumb-line 
frequently deviates from the normal by very appreciable 
amounts This deviation is always small, but in mountainous 
countries, as the Alps and Caucasus, deviations have been 
observed as great as 29” Unless otherwise stated, when 
speaking of latitude the astronomical latitude 1s to be under. 
stood We shall also assume for present purposes that 
it coincides in value with the geographical latitude 

Let the annexed figure 
represent a section cut 
from the earth’s surface 
by a plane passing through 
its axis This section will 
be an ellipse Let & be 
any point on the surface,, 
Pand Ff the north and 
south poles 1espectively 
Then AH’ will represent 
the horizon of the point K 


Letp =CK = radius of the earth for latitude KO’E’; 
gp = KO'E' = geographical latitude of point £, 
g’ = KCE’ = geocentric latitude of point K, 
A = semrmayjor axis of ellipse = CL’, 
B =sem1-conjugate axis of ellipse = CP 


The angle CKO = pg — g’ 1s called the reduction of the 
latitude For determining the parallax with precision we 
require (p — g’) and p, the determination of which for any 
latitude p we shall now investigate 
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Lo Determine (p — ¢’) 
74. We have for the equation of the ellipse (Fig 7) 
Aly’ + Bx? = A’B’, ; (130) 


a. 
tan p = a ; ; (131) 


gy being the angle which the normal forms with the trans- 
verse axis of the ellipse Also, 


tan pf = 7. a a ee (132) 


By differentiating (130) we find 


A*y 
cane dy = Br — tan Pp. e e e e . (133) 


Therefore from (132) and (133) 


B 
tan 9’ = qi tan p : (134) 


Fiom equation (134) g’ may be 1eadily computed for any 
given value of gp It will greatly facilitate this computation, 
however, to develop (@ — p’)1n the form of aseries For 
this purpose we make use of Moivre’s formule, viz * 


a AAs | SL SS SSS 


* As some readers may not be familiar with these very useful formule, we 
give their derivation 
Developing 72 = & by Maclaurin’s formula, we have 


i ee ae ae 
er = i 
Pg ie at ee gag ay ts (2) 
x 
also, a aaa BS a 2 etc , (6) 
x8 


sin *==% - ——-— 


123 °12345 


etc (c) 
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2 COS # = et ¥rr en Vy 
2V¥—i.sme = et _ gel. 


V_; 
@2t —~— TI a 
V—itang = a! 
gee at I 


- (135) 


” 


B 
Writing tan og’ = p tan gm where a vu substituting for 


tan g’ and tan o the value given by the last of (135), 
and dropping the common factor 7 — I, we have 


‘sa ae 
a ide ee a eae 


from which 3 V=3 — (AF 1e*!—* — (p—1) 
(P+ 1) =o netar 


Substituting in (4) and (c)x°=— 2°, whence x = sV¥V—t, ge —y Y— 1, 


2 oA 
& £ 
we have cos x = 1+ — + --—"—- ete 
I2° 1234 : 


3 25 
~V—isne«= ee, 
7 or res oa 


2 2 28 ZA 
adding, cosx—V—rsnamrt24 7% 1 * ———- -+ etc 
ss Deena ware a gure a 
Writing — x for-+ «, we have cos «— V=1 sin x = e—2V 1 


cos «++ V— 1 sin x = e2V—T 


adding and subtracting, 2 cosx = et —1 4 goa =T 


2V— 1 sinc = e2V 1 _ p-oV A QED 
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Writing ¢ om 7 -, this becomes 


lala eg. pave = 


eva — ee (aS 
Vur I — ge2e¥— I 


I— ge? 


1 — ge v2 
WS oa ae . (136) 


whence ¢24—7¢'-% = 
I — ge 


Taking the logarithms of both members of equation (136), 
we have 


2V—1(9' — 9) = log (1 — ge~#"—*) — log (1 — ge#!~*). 


Expanding the logarithms in the second member by the 
formula 


x x 
log (i —*)=-—4-5>-T- FT , etc, 
og ( x) x ; | 


we have 
2 V—1(9'— p= — ge- 81> * —4g'e— 1-3 — hye OY, etc 


+ gesv=* fagetl—* tage", ete. 
This becomes by the second of (135) 


2V—1(9'— 9) =2V— lgsn2p+2V—T1 d¢'sin 4p 
+2V7— 1 49° sin 69, etc, 
org’ — p= gsn2p+sq' sin 4p-+ $9'sin 6g, etc (137) 


In this equation ¢g = <r; = oe 


Substituting for A and B their values given in Art 72, 
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and dividing by sin 1” 1n order to express the result in seconds 
of arc, we readily find 


q = — 690" 65; 
497 =+ 1’ 16, 
47° —_ _ // 003 


Therefore we have the vei y convenient and practically ngor- 
ous formula 


Pp — Pp = 690" 65 sin 29 — 1” 16 sin 4p (138) 


To Determine p 


75. # and y being the co-ordinates of the point K, we have 


pi = 2 + y’, (139) 

Aly + Bx’ = AB’, (130) 
/ B 

tan y =7 = tan p (134) 


Combining (130) and (134), eliminating y, we have 
| hee ee ee 
r(i +4 tan | =; 


or (1 + tan pg tan g’) = A’ 


Combining this with (139) and (134) to eliminate z, we find 


sec @' cos @ 
ai ee ee 140 
‘ V1 -+ tan 9 tan 9’ cos @ cos (p — gp) 149) 


The computation of p from (140) 1s very simple, but it 
may be rendered much more so by developing p, or log p 


ye we TS eg omer et ee oe ee 
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into a series For this purpose we shall regard 4d—the 
equatorial radius—as unity, when we have 


Bs ; ee 
re, I TH tan" 9 7 cos g-- qe SIN P 


e —,-+ tan ptan gp’ 


I+ = tan’ po cos g@+ a sin’ 


B B 
Let us write Bris, yiai-é 
Then we have = a g sin" Q 


Taking the logarithms of both members, 

2 log p = log (1 — g” sin’g) — log (1 — é sin’). 
Developing the second member by the logarithmic formula, 
2 log p= M\ & sn'g — $g* sin‘p — $g° sin’p — 7) 

? +é sin’p + te sin‘p+ 4° sin'o + etc _)’ 
or log p= $42 — g*) sin’9g + 4iM(e — g*) sin‘ 
+ 4M — g°) sin’g, etc 


Substituting for ¢, g,and J their values,—M being the mod- 
ulus of the common system of loganthms = 43429448 ,— 
we readily find 


log p = — 00143968 sin’g@ — 00001438 sin*p — ooooo0rs sin’g@ (141) 


76 From this the computation of log ois very simple A 
better series 1s, however, obtained by expressing it in terms 
of functions of the multiple angles, instead of powers of the 
sine as here 
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For effecting the required transformation, let us write (143) 
log p= asin’p + 6 sin‘p + + sin'g, 


I 
also sin gp = a t—e—F¥— 3), 


and for convenience write ¢#”—: — x,  e-o¥aa 


we 


°o om ~ A) te IT 
Then a sin’g = 417 2+ |. 
4 f 1 4 IT 
Bane = + il sap 6-44 2) 


6 I 
ra oer 


ysin’p = — x 2 O624*+ 152°— 20 + 2 mn = 


Therefore log p = E ae 36 +3 y+ ete |, 
[+4 +8r+ee]fes3] 
T [ =f + ort ete |[ 44], 
ee | art ete || +4]. 
But a we = CTL gm IT 2 COS 29, 
ao = = et6¥— x1 e- 497% — 2 cos 4Q, 


I — vo 
P+ = = oY p- VY: — 9 695 6 
B+ P 
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Substituting these values with the numerical values of a, 
8, and y as given in (141), and we find 


log p = 9 9992747 + 0007271 cos 2p — 0000018 COS 4M (142) 
77 We therefore have for computing (y — ¢’) and log p, 


gp — gp! = [2 839258] sin 29 + [0 O6446n] sin 4p, ) () 
log p = 9 999 2747 + [6 861594] cos 29 + [425527] cos gy J 


In which the quantities in brackets are logarithms of the co. 
efficients 

Let us apply formule (V) to the determination of m — g’ 
and log p for latitude 40° 36’ 23” 9 


We have 2p = 81° 12’ 48”, 
4P = 162° 25' 36” 
9 9992747 
[2 839258] sin 2m = + 682 54 [6 861594] cos 2 = 11L0 6 
[0 06446n) singp=— "35 = [4 25527] cos 4p = I7 2 
Therefore gp — gq = 11! 22! Ig log Pp = 9 9993875 


78 We are now prepared for the complete solution of the 
problem of parallax The following method 1s that of Olbers 
(see Bode’s Jahrbuch, 1811, p 95) 

We shall consider four cases, viz 


First—To determine the parallax in zenith dtstance and 
agzwnuth, having given the geocentric zenith distance and 
azimuth 

Second—Farallax im gentth distance and azimuth, having given 
the observed zentth drstance and azunuth 

Third—FParallax in declination and right ascension, having 
given the geocentric declination and right ascension 

Fourth—Farallax in declination and right ascension, having 
given the observed declination and right ascension 
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Case First 


79. Let the star be referred to a system of rectangular 
axes, the horizon of the observer being the plane of XY, the 
positive axis of X being directed to the south point, the 
positive axis of Y to the west point, and the positive axis of 
Z to the zenith 


Let &’, 7’, 6’ = the rectangular co-ordinates, 
4’, 2’, a’ = the polar co-ordinates 


7 = A’ sin 2’ sina’, 


6’ = 4’ cos 2’ 


Then &’ = 4’ sin 2’ cos a’, 
(143) 


Next let the star be referred to a system of co-ordinate 
axes parallel to the first, the origin being at the centre of 
the earth 


Let &,,G = the rectangular co-ordinates, 
4,a, = the polar co-ordinates, 


and we have § = 4sin zcosa, 
y= 4 sin 4 sin at » + (144) 
=.2°Cos.2 


Let the co-ordinates of the first origin referred to the 
second be 


Eo. M, 6 = rectangular co-ordinates, 
Pp, (P — ¢’),a, = polar co-ordinates 


With the co-ordinate planes situated as in the present case, 
a, will be zero We shall write a, = a — a, as this form will 
be found convenient 1n a future transformation 


~~ 


a 


‘ei ee, eee ee 


ee, ye ee ee See ee ee ee ee 


— 


Se een ae: ee 


Ss fe . 


~ bo 
ee 


os By ee! 
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We then have 


&, = p sin (p — 9) cos (2 — a), 
1, = psin (9 — ¢’) sin (a — °| - (145) 
2, = pcos (p — 9’) 


The formule for passing from the first system (143) to the 
second (144) will be 


ml ee n =n — Mn, a =o =e, (146) 


Substituting for these quantities their values (143), (144), 
and (145), we have 


4’ sin 2’ cos a’/=4 sin zcos a—p sin (p—¢’) cos (a—a), 
4’sin 2’ sin @'=4sinzgsin a—psin (p—g’) sin (a—a), } (147) 
4’ cosa’ =4 cosa —p cos (p—@’) 


These equations express the required relation between the 
quantities given, viz, a and 2, and those required, a’ and 3’ 
It remains to transform them so as to render their application 
convenient 

Let us divide the equations through by 4 and write from 
(125) 


I 
sin 7 = 5, (2 being unity in this case ) 
a’ 
Mee 
also = 7 viz 


fsin s/ sin a! = sin zsin a — psinz sin (Pp — gq’) sin (2 — a), 


J sin z' cos a! = sin cosa — psin7z sin (p — ¢') cos(a — a), 
| 8 
J cos 2! = cos z —~ p Sin z cos (p — g’) 


In these equations let all horizontal angles be diminished 


* As f 1s eliminated from our formule, we are not concerned with its value 
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by a, the resulting equations will be what we should have 
obtained if our original axes of 4, &’, and &, had been directed 
to a point whose azimuth was a, instead of zero as in the 
present case We thus obtain 


J sin 2’ cos (a’— a) = sing — psin x sin (p — -’) cosa, 
Jf sin 2’ sin (a’— a4) = fp sin x sin (g — ¢’) sin a (149) 


_ psin z sin (gp — ¢p’) 
Let us write m= Se Re ew ABO) 


Then (149) become 


f sin 2’ cos (a’ — a) = sinz (1 — mcs a); 
fsin 2 sin (@’ — a)=msin zsina, 


and by division, 
py me sina 
tan (a@ aces a Fa ~ 6 e «© (5%) 
(150) and (151) determine the parallax in azimuth 
To determine (2’ — z) we proceed as follows 
Multiply the first of (149) by cos $(2’ — a), and the second 
by sin #(a’ — a), add, and divide the result by cos #(a’— a) 
A simple reduction then gives 


cos $(a’ + a) 


fsin 2 = sin zg — psinz sin (g — 9’) cos da” — a) (152) 
Let us write 
» COS $(a’ + a 
sin (p — 9") = a an ; = cos (p — g’) tan y, 
or tan y = tan (9 — 9’) eae) (153) 


cos $(a’ — a) 
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(152) then becomes 


Jf sin 2 = sing — p sin w cos (p — g')tany; 
and the last of (148), (154) 


J cos 2’ = cos z — p sin z cos (p — g’) 


Multiplying the first of (154) by cos z and the second by sin z, 
and subtracting, then multiplying the first by sin z and the 
second by cos z, and adding, we find 


J sin (@’ — #) = psin z cos (p — g’) sin (¢ — y) 


cosy ’ 
cos (z — y) 
J cos (2/— 2) = 1 —psinxcos(gp—¢g’) aor’. al 
a / 
Writnmg now z= sm mene 2), oe « © (155) 
and we have 
J sin (2 — 2) =asin(z — y), 
J cos (2’ — 2) = 1 — ncos (¢ — y); 
Fe accede 2 
tan (2’ — 2) = = —nos@—-y ct tt (156) 


(155) and (156) now determine the parallax in zenith distance, 
and the problem is completely solved 

80. Formule (150), (151), (155), and (156) may be placed in 
a form more convenient for logarithmic computation, as fol- 
lows Write 


p Sin 7 sin (g — ¢’) cosa 


ae (157) 


sinS = mcosa—= 
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Then 
; _ sna tan @ 
tliat Aas I— sind 
— tan g ——__-—___ 512 3S 
“7 cos’ 4S — 2 sin4$S cos $35 + sin? 49 
hope sin 9 = 
= th @ (cosg9 — sin gS) 
= sin 3 cos$9 + sin49 
= en @ cos $3 — sin’ 49 cos4S— sm4gS 
1 + tan $9 
= tan @ tan + tan a8 1 — tangs 
1 + tan aa 
But 1 —tangS tan (45° + $9); 
therefore 


tan (@’ — a) = tanatan Stan (45°+ 49) ~ (158) 
In a similar manner wiiting 
sais __ psin x cos (p — @’) cos (4 — v) 
in S’ = xcos (¢ — vy) = Soon TTR gs » (159) 


we find 
sin 3’ tan (# — y) 
to sn’ 
= tan 9’ tan (45°-+ 49’) tan(e—y) (160) 


tan (2’ — z) = 


For computing y we have 


tn yatanin— 9 SHE +) — ani pyle He= 8) 
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Therefore 
tan y = tan (p — 9’) [cos a — sin @ tan $2’ — a)] 
By Maclaurin’s formula we have 
tan + = # + ,’, etc 


Therefore if we neglect terms of the third and higher orders 
in y,(p — g’), and (a@’ — a), all of which are small quantities, 
we have 


y= (9 — 9’) [cos@ — sma $(@’ — a)] (161) 
From fat (a ga 
I — mcosa 


we have, by neglecting terms of the highe: orders, 


p sin x(p — ~’) sina 


(@’~—a)=msina = 
sin 4 


Substituting this in (161), we have 


p sin z sin’a(p — g’)* sin 1” 


2 sin g : (162) 


¥ = (9 — 9’) cosa — 
This 1s accurate to terms of the second order of (p — 9’) 1n- 
clusive 

It will readily appear that for any value of z not less than 
(p — 9’) the second term will always be inappreciable 
When 2 1s very near zero the formula 1s apparently inappli- 
cable As we shall not have occasion to apply it to such 
cases, it will not be necessary for our purposes to discuss it 
further. We may therefore compute y tom the practically 
rigorous foimula 


¥ = (9 — 9’) cosa (163) 


$81 PARALLAX IN AZIMUTI AND ZENITH DISTANCE 137 


81 We have therefore the following complete formule 
for computing the parallax in zenith distance and azimuth, 
having given the geocentric zenith distance and azimuth 


sin J = —————_aAfr 
sin g 
tan (@’— a) = tan a tan S$ tan (45° + 49), 
¥ = (p — ¢’) cosa, (VI) 
gin & — 2 Sinz cos (2 — y) cos (gp — P') 
cos y 


tan (2’ — 2) = tan (¢ — vy) tan 9 tan (45° + 39’ 


In the meridian, a =a@' =o Therefore for this case (VI) 
become 


Y= P— F, 
sin 3’ = psin zw cos [z — (gp — Q’)| tv 
tan (2 — 2) = tan[ze —(p — p’)] tan S’ tan (45°+- 49’) 


Asan example of the application of (VI) let us take the 
following 

1881, July 4th, 9", mean Bethlehem time, the geocentiic 
position of the moon was as follows 


Zenith distance = ¢ = 65° 40’ 46” 5 
Azimuth = a= 48° 19’ 49°" 8 


? 


Required the parallax in azimuth and zenith distance for 
Bethlehem 


We have found for the latitude of Bethlehem (Art. 77) 
P— P = Il’ 22” to, 
log Pp = 9 9993875 
From the Nautical Almanac, page 113, 


mz = 56’ 20” 4, 


Our computation 1s now as follows 
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48° 19! 49” 8 
11’ 22!’ 19 

65° 40! 46" 5 
7 33'' 54 
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cos @ = 9 8227125 
sin = 7 5194794 


cosec = 0403593 
log P = 9 9993875 
sin @ = 8 2145238 


cos = 9 6168344 


cos (p — @g’) = 9 9999976 


gi! 145 
Ss 23! 16!’ 92 
45°+45 = 45° 00’ 4” 07 
45°-+43! = 45° 11’ 38"! 46 
COS @ = Q 8227125 
log (p — ¢’) = 2 8339053 


sec v = 0000009 


sin S = 5 5964625 
sin 9’ = 7 8307442 


tan 2 = 0 0506037 
tan 3 = 5 5964625 


tan (45° +49) = oooor7r 

log y = 2 6566178 —_——_______——__- 
' tan (2' — a) = 5 6470833 
(i —a)= go! 152 
tan S’ = 7 8307540 
tan (45° + 43/) = oo29412 
tan (2—¥)= 3423734 


tan (2’ — z) = 8 1760686 


We thus have for the apparent place 


(2) — 2) =51' 33" 58 


a! = 48° 19' 50/0 
s' = 66° 32! 20 


Take the following example of application of (V1), 


Zenith distance of moon 


= eyo os! geil 
at culmination, bs = 51° 06" 45" 5 


sh Sa wae 56! 14! 8 
p—g= it! 2a! 19 

S'’= = 35’ 24!" 29 

45° +45! = 45°17! 42! 15 

z! —s= 44! gi! 13 


log p = 9 9993875 
Sin 7% = 8 2138035 


cos [z —(p — g’)] = 9 7995903 


sin S' = 8 0127813 


tan [z —(p — @’)] = 0 0904399 
tan S’ = 8 0128043 
tan (45° 4-45’) = 0044727 


tan (2 — 2) = 8 1077169 
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Case Second 


82 To compute the parallax in azimuth and zenith dis- 
tance, having given the observed azimuth and zenith distance 

To obtain the expression for (e’ — 2) we multiply the first 
of (154) by cos 2’ and the second by sin 2’,and subtract We 
thus have 


, _ .y_ PSin w cos (p — ¢’) sin (2’ ==) 
sin (2? — z) = ate Bagg (164) 


For (a’ — a) we multiply the first of (148) by sin a’, the 
second by cos @’ and subtract, recollecting that cos (a — a)=1, 
sin(@—a@)=o0 We thus find 


p sin x sin (p — g’) sin a’ 
sin (@’ —@) = psn asin te P)sne (165) 


We thus have for the parallax in zemith distance and az1- 
muth, having given the apparent zenith distance and azimuth, 


vy =(9 — 9’) cosa, 
»_ 2 — P Sin x cos (P — ¢’) sin (z’ — y) 
— cos y ~p (WI) 
— g’ / 
sin (a’ — a) = p sin x sin(p — ¢’) sin a’ 
sin 2 


To compute y we may substitute a’ for @ without appre- 
ciable error 

To compute (2 — a) we must first obtain z by applying 
the correction (2’ — z) to the observed zenith distance 

In the meridian, a= @’= 0, whence y = g— 9g’, a’ — a=0, 
and (VII) become 


sin (2 — 2) = psinzsin[z’ — (p— ¢’)]_ (VID, 


For all bodies except the moon (VII) may be greatly sim- 
plified, as follows 
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(2’ — 2), (a’ — a), and x being very small, we may write 
the arcs 1n place of their sines (p — 9’) and y being small, 
we may write for their cosines unity We then have 


Y = (P — 9’) cosa, 
a — z= 7p sin (2 — y), (VIII) 
a’ —a=2psin (p — —’) sina’ cosec g 


In computing these we may use a and zor a’ and ¢ in- 
differently in the second terms. It will often be sufficiently 
accurate to use 


ae 


(VIII), 


a’—-a-o 


These last are what we obtained when we treated the 
earth as a sphere 


Applecation of Formule (VII) 


Latitude of Bethlehem = 9 = 40° 36! 23! g 
Apparent azimuth of moon = a! = 48° 19! 59!’ 0 


Apparent zenith distance of moon = ¢ = 66° 32! 20! 
Equatorial horizontal parallax = 7 = 56! 20" 4 
Pp—gQ = 11’ 22!' 19 
log (p — g!) = 2 8339053 = cos (@ — @) = 9 9999976 
cos a’ = g 8226904 sin (2! — v) = 9 9621103 
—_—. sec ¥ = 0000009 
log y = 2 6565957 — 
¥ = 453" 52 log p = 9 9993875 
2! — v7 = 66° 24! 46! 58 sin w = § 2145238 


sin (@ — @') = 7 5194704 
sin a! = 9 8733333 


coset = 0403503 

g—rs= 51! 33" 58 sin (2! — z) = 8 1760201 
z = 65° qo! 46! 52 

a@—-a= 9’ 152 sin (@’ — a) = 5 6470833 


@ = 48° 19! 49"! 85 
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Application of (VII), 


Apparent zenith distance of the moon ay eee Tee 
at meridian passage = 2 = 51 50° 48 6 


Equatorial horizontal parallax =nr= 56' 14!’ 8 
; P-Qgd= 11! 22!' 19 
log p = 9 9993875 
Sin Z = 8 2138035 
sin [2! — (p —@’)] = 9 8944903 


sin (2 — 2) = 8 1076813 
a —2= 44! 3!' 13 


Application of (VIII) 
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Find the parallax in azimuth and zenith distance of Venus 


as seen from Bethlehem, having given the following 


@ = 271° 56! a1!! log (p — 7’) = 283390 ~~ sin (2 — 7) = 9 96312 
gs 66° 43! 35// cos @ = 8 52041 
= 13/' 61 log p = 9 99939 
eres ' log v = 1 36331 log # = I 13386 
y= 23!! I 
2—y= 66° 43! 12! sin (p — g’) = 7 51947 
Sin @ = 9 99975n 
cosec z= 03686 
gv — 2 = + 12! 48 log (2' — 2) = 1 09637 
a—-a=— "os log (a! — a2) = 8 68033n 


For this case formula (VIII,) gives 


log 7 = 1 13386 
sin s = 9 96314 


log (2) — 2) = 109700 2 —~g=+ 12! so 
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Applicaton of (VI1), 


Zenith distance of Venus at time of transit = z = 24° 15! 35! 
Equatorial horizontal parallax =7= 13/57 
e-g= ri! 22! 
log m = 1 13258 
log p = 9 99939 
sin [z — (p — g’)] = 9 61051 


log (8) — 2)= 74248 2 —z=5!' 53 


Case Third. 


83 Required the parallax in mght ascension and declina. 
tion, having given the geocentric nght ascension and declina- 
tion 

Let the equator of the observer be taken as the plane of 
x, y, the positive axis of being directed to the vernal equ)- 
nox, the positive axis of y to that point on the equator whose 
right ascension 1s go°, and the positive axis of ¢ to the north 
pole of the heavens 


Let x', y', & = the rectangular co-ordinates , 
A’, a’, 0’ = the polar co-ordinates 


y = 4’ cos sin a’, 
a’ = 4 sin 0’ 


We then have x’ = 4’ cos &’ cos a’, 
Ls 


In the second system let the ongin be at the centre of the 
earth, the axes being respectively parallel to those of the 
first system 


Let 2, y, # be the rectangular co-ordinates, 
4, a, 0 be the polar co-ordinates 
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Y¥ =Acosé sin a, 


£—=4snod 


Then = 4cosdcosa, 
| : (167) 


Let now 

%) Vo, %, = rectangular co-ordinates ) of the observer’s position 
referred to the ear th’s 

p, p’, 9 = polar co-ordinates centre 

Here pis, as before, the line joining the observer’s position 
with the centre of the earth, and gp’ and O are 1espectively 
the declination and mght ascension of the point where this 
line produced pierces the celestial sphere, or in other words, 
of the geocentric zenith The declination of the zemith, as 
we have seen (Art 63), 1s equal to the latitude = 9’ in this 
case 

The right ascension of the zenith, 9, equals the right ascen- 
sion of the observer’s meridian—all points on the same me- 
ridian having the same nght ascension This we shall see 
hereafter 1s equal to the observer's sidereal time. 

Wehavethen +, = pcos g’cos@, 
pcos g’ sin at. 2 + « « (168) 
psin 9p’, 


= 
ll Wt il 


and for passing from system (166) to (167), 


Ce ae Y =I—-Ns o = 5 — B (169) 
Therefore 


Al’ cos 6’ cos a’ = 4 cos 6 cos a — pcos g’ cos 9, 
A’ cos 6” sin a’ = 4 cos 6 sin a — pcos g’ sin 9, } (170) 
4’ sin 6” = 4sin 6 —psin Q’ 
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As before, let us divide through by 4, and write 


A! 
j= A? 


I 
sin 7 = — 
4 


Then 


Ff cos 8 cos a’ = cos 6 cos a — psin x cos g’ cos 6, 
J cos 6 sin a = cosé sin a — psin x cos gp sin O, } (171) 
J sin 6’ = sin 6 —psinzsin g’ 


Let us diminish all horizontal angles by a, which will 
be equivalent to transforming our iectilinear systems to 
others in which the axes of x and x’ make respectively the 
angle a with the original axes We thus derive 


J cos 6’ cos (a’ — a) =cos 6—psin z cos gp’ cos (6 — a), (173) 
J cos 6” sin (a’ — a) = —p Sin z COs Pg’ sin (O — a) 7 
Let us write Pe pe Rilo RL P 


COS é.”? (173) 


which substituted in (172) and the second divided by the 
first, we find 


qm’ SIN (a — 0) 


ah ah aes ergo eee, (774) 


84 As in case first, we may give this a form better adapted 
to logarithmic computation, as follows Write 


sin Y = m! cos (a@— 0) = sar — — eS Z) (175) 


Then (174) becomes 


; = __ sin 3 
tan (a a) = tan (a op) roan Ss 
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But 


sn > sin 9 
I—sin3 cos’45 — 2s1n $9 cos $$ -+ sin*39 
sin 3 


~ (cos $5 — sin $5) 

= sin 3(cos 43 + sin $$) 

= (os $5 sin $3) (cos 19— ang) (cos FS ain FS) 
= sin 9 cos $9 + sin 4S 

~ cos’4$—sin’4$) cos $9 — sin $9 

= tan $ tan (45° + $9) 


Therefore 
tan (@’ — a) = tan (a — @) tan S tan (45°-+ 45), (176) 


which determines (@’— a) For determining (6’ — 6) we 
multiply the first of (172) by cos $(a’ — a), the second by 
sin $(a’ — @), add the products, and divide the result by 
cos $(@’ — a) By this process we obtain 


cos [Ma! + a) — 6] 
cos $(a’ — a) 


The last of (171) 1s p 


J cos 6’ = cos 6 — p sin z cos g’ 


f sin 6’ = sind — p sin z sin g’ 
Let us write 


tan g’ cos 4a’ — a) 


an Y= cos Ka’ + a) — 8) on 

Then (177) become 
j sin 6’ = sin 6 — psin7zsin g’, ! (179) 
Jf cos = cos d — psinz sin g’ cot y 19 
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Multiply the first of these by cos 6, the second by sin 6, and 
subtract, then multiply the first by sin 6, the second by 
cos 6, and add We thus obtain 


Ci 
J sin (6° — 6) = psin7z sin g’ i ies Ay 


sin 
4 oy a8) 
/ ae j COS Ne) 
J cos (6’— 6) =I —psnasng ay 
Let us write Pe ge scare hia (181) 


sin y 


Introducing this value and dividing the first equation by the 
second, we find 


2’ sin (6 — Y) 


Pa 2: eee er eed 
ae =e) ie I — 2’ cos (6 — y) 


Then writing 


sin # sin ~’ cos (6 — 
sin J’ = n’cos (6 — v) = ee ee) (182) 


this equation becomes 


! — 
ie sin 3 tan (6 — y) 


tan (6/ — 
( I — sin S/ 


= tan (6 — 7) tan S/ tan (45° +. 49/) (183) 


Equations (175), (176), (178), (182), and (183) give the com- 
plete solution of the problem 


We thus have for computing the parallax in night ascen- 
sion and declination, having given the geocentric right ascen- 
sion and declination, the following formulz 


§ 84 PARALLAX IN RT ASCENSIOV AND DECLINATION 147 


p sin z cos p’ cos (9 — a) 


sin sS= 
cos 6 ? 


tan (a — 2’) = tan (6 — a) tan S tan (45° + $9), 
tan 9’ cos #(a — a’) 


tan y = cos [4(a + a’)— 6)” (IX) 
sin & — 2 Sin z sin 9! cos (y — 6) 


sin y : 


tan (¢ — 6”) = tan (y — 6) tan 9’ tan (45° + 49’) 


Inthe meridian, a= a’ = @ Therefore y = 9’, and the 
above become 


sin 3’ = p sin z cos (g’ — 6), (IX) 
tan (6 — 6”) = tan (g’ — 6) tan 9’ tan (45° + 49’) : 


Application of Formule (1X) 


Required the parallax of the moon in nght ascension and 
declination, 1881, July 4th, 9", Bethlehem mean time, as seen 
from Bethlehem 

Converting 9" mean time into sidereal time by the method 
to be explained hereafter (p 170), we have 


25 55™ 30° 64 
43° 54' 54" 6 


0—@a@ 


Bethlehem sidereal ttme =0= 15" 52™ gos 9 
From the Nautical Almanac, p 114, we find @= 122 57™ rot 56 

6 = —1r° 3' 48" 4 

Astronomical latitude of Bethlehem = mp = = 40° 36! 23" 9 

—-g = Ir’ 22" 2 

Geocentric latitude of Bethlehem = p' = 40° 28’ 1! 7 

Nautical Almanac, p 113, equatorial horizontal parallax = 7 = 56' 20" 4 
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psin x cos g’ sin (9 — a’) ) 


sin (@ — a’) = 3 ; 
__ tan g' cos #(@ — a’) x 
tan ¥ = os Ra Fa) Ol *) 

sin (6 — 6’) = psin z sin sin (y — 6’) 


sin y 


To compute the first of these we require 6, which will 
be unknown until after we have computed the last, which 
in turn requires a knowledge of a obtained from the first. 
We must therefore proceed indirectly as follows Compute 
(a—a’), using in the denommator 6” insteadof 6 With the ap- 
proximate value of a so obtained compute (6 — 6’), this gives 
us 6, with which we recompute (a — a’) It will never be 
necessary to repeat the computation of 6 — 0’ with this new 
value of a 

In the meridian,a= a =@ Therefore y = gp’, and 
formulze (X) become 


sin (6 — 6’) = psin z sin (g’ — 6”) (XX), 
For all bodies except the moon we may write, without 
appreciable error, . 


sin (a—a")=(a—a’), sin(6—8))=(6—8"), cos Ha—a')= 1, 
SIn 7 = 7, cos 0’ = COs 0, $(a+a’)= a’: 


giving the following approximate formule 


, _ %P COS g’ Sin (0 — a’) 

— cos 6” 
tan —’ 

cos (0 — a’) 

oo — msm p’ sin (y — 6”) 

sin y 


a—a 


tany = (XI) 
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In these formulz we may use either the geocentric co. 
ordinates (a and 6) or the observed («’ and 6’) indifferently 
In the meridian, where 6 = a = a’, y= p’and (XI) become 


6 — 0’ = zpsin (g’ — 0”) ~ (XI), 


Application of (X) 


Required the geocentric place of the moon, having given 
the apparent place as seen from Bethlehem, 1881, July 4th, 
9", Bethlehem mean time, as follows 


Apparent right ascension = a’ = T2h pom Qs 36, 
Apparent declination = 6’ = — 11° 48’ 46" 79 


From Nautical Almanac, p I13, “= 56’ 20" 4 
Geocentric latitude, go= 40° 2s’ xr" 4 
Sidereal time, (= 15" 52™ 50® 2 
0O—a’= 44°25’ 27"6 
sec 6’ = 009 2176 ——— 
*%sec 6 = 008 1471 Approx sin (ct — a’) = 7 9497875 
cos g' = 9 881 5812 Approx (@ — a’) = 30' 37" 8 
sin (0 — a’) = 9 845 0774 & = 193° 47' 5” 4 
——___—____-~ — Approx @ = 194° 17' 43 
log p = 9 999 3875 Ha + @') = 194’ 2/24" 2 
sin m = 8 214 5238 [3(a + a’) — 0] = 315° 4Q' 5x” 2 
——_-_-—— (a—eae)= 15/18" 8 
sin gy’ = g 811 8080 ————_—_——— 
sin (v — 6) = 9 944 5358 tan g’ = 9 9302268 
cosec ¥ = 116 4320 cos}(a — a’) = 9 9999957 


— sec [4a + @')—0] = 1443074 
sin (6 — 6’) = 8 086 6871 
6—-'= 4r’ §8" 39 tan ¥ = 0745299 
S6=— 11° 3' 48" 4 ¥ = 49° 53' 32" 5 
yY = é' —_ 6r° 39' 19” 3 
Corrected sin (2 — a’) = 7 9487170 
Tre (@ — av’) = 30' 32'' 94 

a= 194° 17° 38" 34 

== 12) 57™ ro® 55 
a ee ce eae ee a Ee Te dE ae 


* This value 1s inserted after the computation of the parallax in declination 
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Appluation of (X), 


1881, July 4th, at meridian passage, Bethlehem, the moon’s 
apparent declination and equatorial horizontal parallax were 
as follows 


Oo = — 11° 14! 24" 9 Required the parallax in declination 
a 56° 14/8 
g’ — 40° arf ad Vi 
gp’ — o’ = 51° 39/ 26” 4 


log P = 9 9993875 
Sin @ = 8 2138035 


sin(@ — 6) = 9 8944903 
sin (6 — 6’) = 8 1076813 6 — 6' = 44' 3" 13 


Appluation of (XT) 


1881, July 4th, 16", Bethlehem mean time, the 11¢ht ascen- 
s10n, declination, and equatozial horizontal parallax of Venus 
weie as follows 


From Nautical Almanac, P 355, @ = 3" 46™ 12° .258 
0 = 16° 18’ 233 


From Nautical Almanac, p 388, 7 = 13° 61 
Sidereal time,* G92" 5s eG? 2 
et pee eente 


* See p 170 
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The computation 1s then as follows 


§—-a= 19" 7m 475 
= 286° 56’ 45” cos (0 — a’) = 9 46459 cos gp! = g 88156 
QP = 40° 25’ py tan g’ = 9 93027 sin (9 — a) = g o8072n 
¥= 7° 6 27" secO = 01783 
y—F= 54° 48' gl tany = 46568 


a eee 


log p = 9 99939 
log z = 1 13386 


sin (v — 6) = 9 91231 


sin g’ = g 81183 
cosec ¥ = 02405 


a— a = — 10" 31 log (@ — a@') = 1 01336, 


= — * 69 log (6 — 6’)= 88144 
6—d'=-+ 4" 61 


Application of (XD), 


To compute the parallax of Venus in declination at the 


time of meridian passage, Bethlehem, 1881, July 4th 
The data are as follows 


d = 16° 20’ 485 log z = 


= 1 13258 

w= 13” 57 log p = 9 99939 

py = 40°25" .1" 7 sin (p’ — 6) = g 61051 

é— 0 = 5°53 log 6 — 6) = 74248 
Refraction 


86 When a ray of light passes obliquely from a rarer 
into a clenser medium, it 1s bent 01 refiacted out of 1ts origi 
nal couise towards the normal drawn to the surface separating 
the two media, at the point where the ray pieices this surface 
The angle which the original direction of the ray makes with 
this noi mal 1s the angle of incidence, and the angle formed with 


the normal by the bent or 1efracted ray 1s the angle of refrat- 
Zz0n 
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According to Descartes, refraction takes place in accoid- 
ance with the following laws 
I Whatever the obliquity of the wncident ray, the ratio which the 
sine of the angle of incidence bears to the sine of the angle of 
refraction 1s always constant for the same two media, but 
varies with different medta 
Il The wnctdent and refracted ray are inthe same plane, which 
as perpendiular to the surface separating the two media 
If the density of the air were uniform and constant, the 
determination of the effect of refraction would be a com- 
paratively easy matter inaccordance with theselaws Neither 
condition is realized, however 
The density of the air 1s a maximum at the surface of the 
earth, and it continually decreases as we ascend above the 
surface, until 1t practically disappears at an altitude of 45 or 
50 miles It 1s also continually varying in density, as shown 
by the readings of the barometer and thermometer 
In consequence of the decrease in density of the air as we 
ascend above the surface of the earth, it follows that the 
- path of a ray of light through 
«x theatmosphereisnotastraight 
line, but a curve, as shown in 
the figure We see a starin 
: the direction of a tangent 
OA *drawn to the curve at the 
point where it enters the eye 
In consequence, the altitudes 
of all celestial bodies appear 
to us greater than they really 
are, but in accordance with 
Descartes’ second law, the azi- 
Fic 8 muths are not affected at all 
It sometimes happens that there are lateral deviations of 
an anomalous character, but these aie beyond the scope of 


Be PR PENT str 
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theory, and when they exist are generally to be counted 
among the accidental errors to which observations are liable 

The complete investigation of the laws of astronomical re- 
fraction 1s a very complex and difficult problem, and one 
which has never been solved with entire satisfaction We 
shall not enter into the theory here, but confine our .clves to 
the explanation of the use of our refraction tables based on 
those of Bessel 

Bessel’s formula for the amount of refraction at any zenith 
distance 2 1s 


r=a f4y tan 4 (186) 


In which 7 1s the refraction, @ varies slowly with the zenith 
distance, A and A also vary with the zenith distance, and 
differ but little from umty This difference is never appre- 
ciable except for large zenith distances for our purposes 1t 
will generally be sufficiently accurate to regaid them as 
unity 18a factor depending on the barometer reading. 
As this reading depends on the pressure of the air and the 
temperature of the mercury, 1t 1s tabulated in the form 


Bx=txs 


In which B depends on the reading of the barometer, and z 
upon the attached thermometer 

y depends upon the temperature of the air as shown by the 
detached thermometer 
We may therefore use the formula 


r=RXBXtXT. . . (187) 


In which R = @ tan zis given in table ILA, 
B depends upon the barometer and 1s given in table II B, 
¢ depends upon the attached thermometer and is given in table IIT C, 
7 depends upon the detached thermometer and is given in table II D 
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As an example take the following 


Apparent altitude — %’ — 31° 49’ 48” 
Barometer reading 29 51 inches 
Attached thermometer 78° 2 
Detached thermometer 32°1 


Table II A, R = 93’'6 log = 19713 
ITB, B= 983 log = 9 9928 
ITC, ¢ = gg7 log = 9 9990 
ITD, T= ot log = 9 9736 


lee | ee et erences 


y= 1’ 2674 log r = 1 9367 


For many purposes, especially for small zenith distances, 
it will be sufficiently accurate to use the mean refraction R 
without correcting for barometer and thermometer. 

An approximate value may be obtained by the formula 


r= 57" 7 tan z : (188) 
This will be accurate enough for many purposes, and may 
be of service in cases where tables are not available This 
would give for our example above 


r= I’ 32” 95 


When the greatest precision 1s demanded, table III must 
be employed For the above example we have 


Table III A, loga= 1 760ar A= 100 A = 1004 
III B, log B= — oor27 
A i = — 6 
III C, og 6 i log ¢=— oor7g 
IIID, A logy = — o2457 logy =— 02746 


tan z= 20709 
eee 


r= 1' 26" 43 logy= J 93667 


Te cae yee 
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In the volume of astronomical observations of the Wash- 
ington Observatory for 1845 may be found refraction tables 
cairied out much farthe: than those given heie They aie 
convenient when many computations are to made with great 
precision 


Refraction wn Right Ascension and Declination 


87 As our tables give the 1ef1action in zenith distance or 
altitude, 1f we 1equiie the effect in right ascension and decli- 
nation it will be necessary to express the increments of these 
quantities in terms of the increment of the zenith distance 
Differential fo1mulze will be accurate enough for any case 
which 1s likely to azise = Such formule are given in works 
on Trigonometry Those requued for this particulai pui- 
pose aie de1ived as follows 

Let us assume the general formulee of spheiical trigonome- 
try, v1z 


cos @ = cos dcos¢ + sin dsinecos A, 
sina cos B = cos ésine ~ cose sin écos A,}. (189) 
snagsin B= sin ésin 


Apply ing these formule to the triangle formed by the zenith, 
the pole, and the sta1, we have 


sin O=SiIn PCOS Z—COS P Sin 4 COS a, 
cos 0 cos g=sin g sin g-++cos PCOS Z CNS 4, 
cos 6 sin g= cos py sina 


Also, 


cos g=sin @ sin 6-L-cos g cos 6 cos, 
sin ¢ Cos g=sin g cos 6—cous Psin O cos iz, 
SIn 5 SIn g= cos Pp sin? 


v2 
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Now differentiating the first of (190), regarding 6 and z only 
as variables, 


cos ddd = — (sin p sin z+ cos 9 Cos ¢ cos a)dg 
Combining this with the second of (190), we have 
ad = — cos gdz. » (192) 


Differentiating the first of (191), regarding z, 6, and ¢ as 
variables, 


—sin zd@z=(sin p cosd—cos p sin 6 cos f)d5—cos pcos 6 sin zat. 


Combining this with the second and third of (191) and with 
(192), we readily derive 


cos dat = -+ sin gdz : - (193) 
In (192) and (193), 


dz = the refraction in zenith distance = », 
t= O—- a, therefore at = — da. 


Our formule then become 


aé = — 7cos gq, 
cos dda = —rsing (194) 
For applying these formulz we must compute g, and we 
require z for taking from the table the refraction in zenith 
distance 
Equations (191) give these quantities, the solution of which 
is as follows 


Let nm sin LV = cos 9 cos Zz, 
ncos iV = sin @ 


aw el eee Se. 
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Then cosz=zsin (6+ MN), 
sin cos g = cos (6 + NV), 
sin 2s1In g = cos P sin Z, 


and finally, tan V = cot g coszZ, 
tang = Bearer z 
cos (6-+-/V) : 
ate cot (6 + a: (XII) 
COS g 
sin VV cos g cos ¢ 


cos (0 + W)~ sin z cos g 


As an example of the application of formule (194), take 
the following 


Given the sun’s right ascension a = 213 47™ 59°92 
Declination 6 = — 13°17’ 38” 7 

Latitude gp = 40° 36’ 24” 

Sidereal time 0 = o" o7 Oo 


Barometer reading 29 5 inches 
Attached thermometer 65° 1 
Detached the: mometer 70° O 


From (XIT) we find 
g = 61° 58’ 0, cos g = 9 94620, sin g = 9 67068 


From table II A, R = 1’ 490/’0 log = 20374 
IT B, 983 9 9927 
II C, 998 9 9994 
IT D, 962 9 9834 


log r = 20129 


cos g = 9 9462 
sin g = 96707 


ad = — 91"0 log = 19591 
cos dda = — 48" 3 log = 1 6836 
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Dip of the Horizon 


88 At sea, altitudes of the heavenly bodies are measured 
from the visible horizon, which 
is geneially a clearly defined 
line As the eye of the observer 
is elevated above the sui face of 
the water, this visible horizon, 
Owing to the curvature of the 
earth, will be below the true 
horizon 

Thus, in the figure, let the 
circle represent a section of the 
earth made by a vertical plane 
passing through the eye ot the 
observer at 4 Then AH will bea section of the true hoi 
Zon, AC will be a section of the visible horizon, the dip will 
be the angle HAC = AOC 


Fic ro 


Let D = the dip, 
a = the radius of the earth in feet , 
« = AB, the height of the eye above the water in feet 


Then from the triangle ACO, 
AC=atanD=VAO?—CO'= ViatzsY—a= V2ax -+- 2’, 


V2ax + x 


a 


or tan D = 


As #* will be very small in comparison with 2¢x, we may 
neglect it without appreciable error Also, D being a small 
angle, we may write 


tan D = D tan 1” 
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I 2 
Therefore we have D = ——,, Vx, 
or D = 63” 82 Vx in feet 


» . (195) 


This formula would give us the true value of the correc- 
tion if there were no refraction, the effect of which 1s to di 
minish D The refraction very near the houizon 1s always a 
somewhat uncertain quantity, but for a mean state of the 
air the dip corrected for refraction will be found by multi. 
plying the value given by (195) by the factor 9216, 


or D"” = 58” 82 Vx in feet (196) 


An approximate value sometimes used by navigators is 
obtained by taking the square root of the number of feet 
above the water and calling the result minutes Thus if the 
eye 1s 25 feet above the water, this process would give for 
the dip 5’, formula (196) gives 4’ 54” 

The dip must be subtracted from the observed altitude to 
obtain the true altitude 


CHAPTER III 
TIME 


89 For astronomical purposes the day is considered as 
beginning at noon instead ot at midnight, the hous are 
reckoned from zero to twent}-four, instead of from zero to 
twelve as in civil time Thus, July 4th, 9" AM, civil reckon- 
ing, would be July 3, 2r', astronomically = 

In all operations of practical astronomy the time when an 
observation 1s made 1s a \ ery important element There are 
various methods of reckoning time, of which three are in 
COMMON USE, V1Z , sean solar, apparent solar, and sidereal time 
Before entering upon the relations between these different 
kinds of time, some preliminary consideiations are necessary 

90 The transit, culmination, Or meridian passage of a heaven- 
ly body at any place is its passage across the meridian of 
that place 

Every meridian 1s bisected at the poles, and as a star in 
the course of its apparent diurnal revolution crosses both 
branches, it 1s necessary to distinguish between the upper 
culmination and ower culmination 

The Upper Culmination of a heavenly body 1s its passage 
over that branch of the meridian which contains the ob- 
servei’s zenith 

Lhe Lower Culminatin 1s the passage over that branch 
which contains the observer’s nadi 

Any star whose north-polar distance does not exceed the 

* The prime meridian conference which assembled at Washington October 
Ist, 1884, recommended the adoption of a universal day for astronomical and 
other scientific purposes, to begin at Greenwich mean midnight and to be 
reckoned from 0% to 24" The Astronomer Royal of England has adopted the 


suggestion for the Greenwich Observatory Whether it will be generally 
adopted remains to be seen 
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north latitude of the place of observation 1s constantly above 
the horizon, and may be observed at both upper and lower 
culmination Any star whose south-polar distance does not 
exceed the north latitude of the place of observation is al- 
ways below the horizon, and thciefore cannot be observed 
at all* Stars between these limits can be observed at upper 
culmination only 

The rotation of the earth on its axis being uniform, it 
follows that the intervals of time between the successive 
transits of a point on the equator over either branch of the 
meridian will be of equal length Such an interval is a si- 
dereal day, and the point with the transit of which the side- 
real day 1s regarded as beginning 1s the vernal equinox 


A SIDEREAL DAY ts the interval between two successive transtis 
of the vernal equinox over the upper branch of the meridian 

TuE SIDEREAL TIME at any meridian ts the hour-angle of the 
vernal equinox at that meridian 


The right ascensions being reckoned from the vernal equ1- 
nox, it follows that a star whose right ascension is @ will 
culminate at @ hours, sidereal time P 

Therefore the sidereal time at any 
mertdzan 1s equaleto the right ascension 
of that meridian 4 

In the figure let AZ" be the equator, 

FP the pole, PAZ the meridian of any e ET 
place, PV the hour-circle of any star Mie u 
S, * the vernal equinox. Then from our definitions, 

! 


MPN = hour-angle of star S = 7, 
NPY = right ascension of star S = a, 
MPr = the sidereal time at the meridian PM = © 


erm vi a AA SIGUE eres 


* If the latitude of the place of the observer is south, obviously these con- 
ditions will be reversed 
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Therefore O-=at? ee Gk (197) 


Thus, 1f we have by any method determined the hour- 
angle of a star, this equation gives the sidereal time, a, the 
right ascension, being taken from the ephemeris, or from a 
star catalogue 


The iwterval between two successive transits of the sun over the 
upper branch of the meridian 1s an APPARENT SOLAR DAY 

The hour-angle of the sun at any meridian 1s the APPARENT 
TIME at that meridian 


Owing to the annual revolution of the earth, the sun’s 
right ascension 1s constantly increasing, therefore it follows 
that the solar day will be longer than the sidereal day. 
Thus 1n one year the sun moves through 24 hours of right 
ascension In one year there are, according to Bessel, 
365 24222 mean solar days, therefore in one day the sun’s 

h 
right ascension increases ena = 3756°555 Inone hour 
one twenty-fourth of this amount = o® 856s, 

These figures represent the meanor average rate of change. 
The actual change, however, 1s not uniform, and in conse- 
quence the apparent solar days are not of equal length This 
want of uniformity results from two causes, which will now 
be explained 


first Inequality of the Solar Day 


91 The apparent orbit of the sun about the earth is an el- 
lipse with the earth in one of the foc: Let the ellipse, Fig’ 12, 
represent this apparent orbit When the sun 1s at 4 the 
right ascension 1s increasing more rapidly than when itis at 
A”, therefore in the first case it will have a larger arc to 
pass over between two successive meridian passages than 
inthe second This inequality alone being considered, the 
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length of the solar day will be a maximum when the sun 1s 
in perigee, and a minimum when it 1s in apogee We may 
imagine a fictitious sun to move in R 

the ecliptic in such a way that the an- 
gular distances AEP, PEP, PEP’, 
ctc , described in equal times, shall 
be equal Let both start together 4 
from A on January Ist, moving in 
the direction of the arrow On Jan- 
uary 2d the true sun will be in ad- 
vance of the fictitious sun, and will Fic 12 

continue so until June 30th, when they will be together at 
A’ Therefore from January ist to June 30th the fictitious 
sun, having the smaller right ascension, will always pass the 
meridian in advance of the true sun From J’ to A the 
fictitious sun will be in advance of the true sun, and will con- 
sequently pass the meridian later, until they both reach 4, 
when they will again be together, January rst 


Second Inequality of the Solar Day 


92 The figure represents a projection of the sphere on 
the plane of the equinoctial colure fis the north pole, P’ 
the south pole, ¢ o« the equa- 
tor, pgaxithe ecliptic Now 
the fictitious sun before con- 
sidered moves in the ecliptic 
describing the equal arcs yA, 
AB, BC, etc, 1n equal times 
Let the hour-circles PAP’, 
PBP’, etc, be drawn, then 
the distances a, ad, bc, etc, 
intercepted on the equator, 
will not be equal, but the 
distance PS = O, both being 
quadrants 
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We may now suppose a second fictitious sun to move in 
the equator in such a way as to complete the circuit of the 
equator in the same time that the first completes the circuit 
of the ecliptic 

Let both start from the vernal equinox ¢ together on 
March 20th, on March 21st the second fictitious sun will be 
in advance of the first, and will continue so until June 2oth, 
when they will both have completed a quadrant and will be 
on the solstitial colure at the same instant, the first at @ and 
the second at o. Therefore from March 21st until June 
20th the right ascension of the first fictitious sun will be less 
than that of the second, and it will always pass the menidian 
first 

From June 2oth to September 22d the first fictitious sun 
will be in advance of the second, at which time they will 
both be together at = From September 22d until Decem- 
ber 21st the second will be in advance of the first, at which 
time they will both again be on the solstitial colure at the 
same instant, the first at ‘5 and the second at o From this 
until March 2oth the first will again be in advance of the 
second, when finally they will again be together at *, having 
completed an entire revolution 

As the second fictitious sun describes equal arcs of the 
equator in equal times, it follows that the intervals of time 
between each two successive transits over the same branch 
of the meridian will be equal 


A MEAN Soar Davy zs the interval between two successive 
transits of the second ficttttous sun, or the mean sun over the 
upper branch of the meridian 

THE MEAN SOLAR TIME at any mertdian 1s the hour-angle of 
the second fictitzous sun or the mean sun at that meridian 

THE EQUATION OF TIME 2s the quantity whtch must be added 
algebraically to the apparent time to produce the mean time. 
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The equation of time 1s given in the Nautical Almanac, p 
326 and following, fo. Washington apparent noon of each 
day inthe year If we require its value for any other time, 
we must interpolate between the values there given Itis 
the algebraic sum of the two inequalities explained above 
From the foregoing we 1eadily see that the equation of time 
will be zero four times in the course of the year, also that 
there will be two maxima and two minima values 

By referring to the ephemeris for 1881, we find the vaiue 
to be zero on April 14th, June 13th, August 31st, and De- 
cember 23d The maxima values + 14" 28> and + 6” 15° 
occur February 1oth and July 25th iespectively, the mini- 
ma values — 3" 518 and — 16" 18° on May 14th and Novem- 
ber 2d 

We have the following simple precepts 

To convert a geven instant apparent tame at any meridian into 
the corresponding mean time, add algebrarcally to the apparent 
tume the equation of time taken from the cphemerts 

To convert the mean time at any mertdian into the correspona- 
ing apparent time, subtract the value of the equation of time 
taken from the ephemeris 


Example 1 1881, July 4th, 5" 7” 16°, Bethlehem apparent 
time, find the corresponding mean time 


Longitude of Bethlehem — 6™ 40° 3 
Bethlehem apparent time 5" 7™ 16° 
Washington apparent time 5" o* 35°7 = July 421 


From the Nautical Almanac (p 329) we find 


Eq of time July 4 = + 4” 11° 30 
July 5 = + 4™ 21° 69 


Difference 10° 39 
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21 X 10°39 = 2°18 
Eq oftime July4 = 4™ I1* 30 


July 421 = 4™ 13° 48 
Apparent time = 55 7" 16 


Mean time = 5° 11™ 29° 48 


Example 2 1881, November 12th, 10" 15" 7°, Bethlehem 
mean time, find the apparent time 
From the Nauticat Almanac we find 


Equation of time = — 15™ 34°71 
Mean time = 10° 15" 7°00 


Apparent time 10° 30" 41° 71 
\ 


Comparative Length of the Sidereal and Mean Solar Uni 


93 Owing to the annual revolution of the earth about the 
sun, the number of sidereal days in a year will be greater by 
one than the numbe: of mean solar days According to 
Bessel the year contains 


365 24222 mean solar days,* 
366 24222 sidereal days 


Therefore 
One mean solar day = Sie sidereal days 
305 24222 
= I 00273791 sidereal days, 
__ 365 24222 
One siderealday = 366 24252 mean solar days 


= 099726957 mean solar days 


* These values given for 1800 are not absolutely constant, the length of the 
year is diminishing at the rate of o* 595 1n 100 years 
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Let fo = mean solar interval, 
i, = sidereal interval, 
HM = 100273791 


Then 


Ly 


I, = Io“ = Jo + Io(u — 1) = Io + 00273791/0, 
I 198) 
lbo= ‘ =e = Iy(1 — “)= Ty — 00273043, 


By the use of these formulz the process 1s very simple 
It 1s rendered still more so by the use of tables II and III 
of the appendix to the Nautical Almanac Table II gives 


the quantity (; — ~) bs with the argument /,, and table ITI 


gives (u — 1)/o, with the argument Jo 
One or two examples will illustrate their use 


Example 1 Given the mean solar interval Jo = 4" 40™ 30°. 
Find the cor1esponding sidereal interval. 


Io = 4° 40™ 30° 000 
Table III gives for 45 40™ + 45° 997 
Table ILS gives for 30° + 082 


I,, = 4° 41™ 16° 079 


Example 2 Given the sidereal interval J, = 4° 41™ 10° 079. 
Find the corresponding mean solar interval. 


I, = 4° 41™ 168079 
Table II gives for 4° 41™ — 46° 035 
Table II gives for 16°079 — 044 


Io = 4° 407 30° 000 
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To Convert the Mean Solar Time at any Meridian into the Cor- 
responding Sidereal Time 


94 Referrmg to Fig 11 and formula (197), we see that if 
S represents the mean sun, then 


MPN = the mean time = 7, 
NP = the right ascension of the mean sun = ao 


Then we have @=ao+T : (199) 


The right ascension of the mean sun, @o, 1s given in the 
solar ephemeris of the Nautical Almanac, for Washington 
mean noon of each day It 1s there called the sedereal time 
of mean noon, which it 1s readily seen is the right ascension 
of the mean sun at noon, since at mean noon the mean sun 
ig on the meridian when its right ascension is equal to the 
sidereal time 

If Z = the longitude of the meridian from which 7 1s reck. 
oned, then (7+ Z) = the time past Washington mean noon 

Let Vo = sidereal time of mean noon at Washington 


Then ao = Vo + (T+ L)( ps ie I), 
and @=7T+Vo+(T4+ L(u— 1) (200) 


The last term may be taken from table III before used, or 
we may compute it by the method givenin Art 90 Wethere 
found the hourly change im right ascension of the mean sun 
to be 9° 8565 If we express (7 + L) in hours, we have 


ao = Vo + (T+ L) 9 8565 


When this operation has frequently to be performed at 
any meridian other than Washington, it 1s a little more con- 
venient to use the sidereal time of mean noon at the merid- 
1an itself 


Let V = the sidereal time of mean noon at meridian whose 
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longitude is Z Then if we consider L as reckoned towards 
the west, the Washington time of mean noon at the given 
meridian will be Z, and we shall have 


V=VotLl(h— 1), 
or V=Vo+9°8565L, L being expressed in hours 


Formula (200) then becomes 
@=V+T74+ Tue—} ; (201) 


Example 1 Longitude of Bethlehem = —6" 40° 3=—* I112, 
Mean solar time, 1881, July 4th, 9° 00" 00° 
Required the corresponding sidereal time 
From the Nautical Almanac, p 329, we find 


Vo = 6 51™ 22° 610 
— 1112 X 9°8563, or from table III, 


NA,w—DL — — 18096 
V= 6 51™ 21°514 

Mean solar time T= gf 00™ 00° 000 

Table III, (wu — 1)T + 1™ 28° 708 

Sidereal time © = 15" 52™ 50° 222 


Example2 T = 1881, July 4th, 21> 7* 3° 2, Ann Arbor mean 
time Required 0 
Longitude of Ann Arbor = +26" 43° =" 4453 


Vo 
4453 X 9° 8565, or table Ill,(@e—1L 


6" 51™ 22° 610 
+ 4° 389 

6' 51™ 26° 999 
21 7™ 3° 200 
+ 3™ 28° 145 


Sidereal time © = 4 o1™ 53°.344 


Hq ll 


V 
IT 


HW i 


Table III, (uz — )T 


172 PRACTICAL ASTRONOMY $95 


Lo Convert Std.real into Mian Solar Tune 

95. This process, the converse of the pleceding, may be 
briefly stated as follows 

first Subtract trom the given sidereal time the sidereal 
time of mean noon, we then have the sidereal interval past 
noon, viz, 9— V 

Second Convert the sidereal interval (9 — V) into the 
corresponding mean time interval, by subtracting the quan- 


tity (0 — vat — “) found in table J], N A 


The formula 1s as follows 
T=(8—V)—~(@~— v)(1 7 i) (202) 


Lixample 1 Given 1884, July 4th, 15% 52™ 50° 222 Bethlehem 
sidereal time 
Required the corresponding mean solar time 


© = 15" 52™ s0% 222 


As before, V= O 5i™a2r*srg 
O@—V= ¢ o1™ 283 708 

Table II, (6 — V(r 7) = I™ 28° 708 

Mean time’ LT = g' 00 oo 


! 


Lxample 2 Given 1881, July 4th, 45 1 58'344 Ann Arbor 
sidereal time 
Required the mean solar time 


As before, V= 6° 51™ 26>999 
O — V= 21 1o™ 318 348 
I 

Table II, (6 — 7)(1— x) = 3" 28° 145 


Settee oes eee 
Mean time L= 21" 770382 
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It 1s sometimes necessary to convert mean solar time into 
sidereal, or vice versa, in reducing old observations made 
before the publication of the sola: ephemeris in the form now 
employed Bessel’s Zadule Regiomontane furnish the data 
necessary for solving the problem for any date between 1750 
and 1850 The method of using these tables for this purpose 
is fully explained in Art 362 of this work 


CHAPTER IV. 


ANGULAR MEASUREMENTS —THE SEXTANT —THE CHRO- 
NOMETER AND CLOCK 


96 The circles of astronomical instruments are graduated 
continuously from zero to 360° With ordinary field-instru- 
ments the smallest division is commonly1o’, though sometimes 
less The large cucles of fixed observatouies are graduated 
much finer Fractional parts of a division are read by means 
of the vernier, or reading microscope 

The edge of the circle on which the division 1s marked 1s 
called the 4m The circle or arm which carries the index 
is called the alzdade 

The vernzer, also called the zonzus, 1s an arc carried by the 
alidade, and graduated in the manner described below, for 
measuring fractional parts of a division 

Let AB (Fig 14) bea portion of the hmb of acircle Each 

a oo a division 1s supposed to be one 

C D degree of the circle The arc 

ooo CD, carried by the alidade and 

i oer area aes graduated as shown, forms a 
ee vernier 

In this case there are ten divisions on the vernier, cover- 
ing a space equal to nine divisions of the limb Each space 
on the vernier is therefore shorter by 1, of one degree (equals 
6’) than a space on the lhmb_ In the figure the index coin- 
cides with the zero-point of the limb, division one of the ver- 
nier falls behind division one of the limb, 6’, division two of 
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the vernier falls behind division two of the limb, 2 x 6’ = 12’ 
etc , etc 

The method of using the vernier will now be clear by re- 
ferring to Fig 15 In this 


case the index falls between C D 
42° and 43° onthelmb The “ B 
reading of the circleisthere- “% @ 


fore 42° plus a fractional part mex 

ofadegree This fraction 1s given by the vernier as follows 
Looking along the scale until we find a line of the vernier 
which coincides with a line of the limb, we find this to bethe 
case with the one marked 4 Therefore, following down the 
vernier scale towards the zero-point, it 1s evident that 


Line30fthevernieris 6° to the night of 45° of the limb; 
Line 2 of the vernier 1s 2X 6’=12’ to the nght of 44° of the limb; 
Line 1 of the vernier 1s 3 X 6’=18’ to the nght of 43° of the limb; 
Line o of the vernier 1s 4X 6’=24’ to the nght of 42° of the limb. 


The reading 1s therefore 42° 24’ or 42° 4, the number on the 
vernier where the line of the latter coincides with a line of 
the limb, giving the tenths of a degree at once 

In general let 


d = the value of one division of the limb, 

d' = the value of one division of the vernier ; 

nm = the number of divisions of the vernier corresponding to 
m — 1 of the limb 


Then (2 — 1)d = na’, 
and d—d'=-d. ~ 2 « « « (203) 


d— ad’ 1s the least reading of the vernier We have therefore 
the following very simple rule 
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Lo find the hast reading of avernur Dervide the he ngth of one 
division of the limb by the nuneber of spaces of the urnier 

For example, suppose the Innb giaduated to 10’, and the 
number of divisions of the ve1nier-scale to be 60 Then the 
least 1eading of the vernier will be 


10° 600” 7 
60 = Ge = 10 
This is a very common ariangement 

In the vermier just desciibedl 2 divisions of the vermer 
were equal to z—10o0f the hmb  Verniers are sometimes 
made in which # divisions are equal to + 1 of the limb 


Then (x+t+1)d=nd and @d—d= d, as before 


It is to be observed that in this case the reading of the ver- 
nier p1oceeds in a direction opposite to that of the limb 

Many different forms of division and arrangement aie 
found in veiniers, but they all follow the same general princi- 
ple, a practical familiarity with which makes the reading of 
any form of vernier very simple ' 


Lhe Reading Microscope 


97 Instead of the veinier, in very fine instruments the 
alidade carries a microscope the optical axis of which 1s per- 
pendicular to the plane of the arcle This isa compound 
microscope with a positive eye-piece In the common focus 
of the object-lens and eye-piece are the micrometei-threads 
for reading the circle The micrometer (Fig 162) consists of 
a frame of brass, across which are stietched two spider-lines 
Sometimes these lines make an acute angle with each other, 
as shown 1n the figuie, sometimes they are made parallel and 
quite close togethe: The plane of the frame is parallel to 
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the plane of the circle JZ, and it is moved parallel to a tan- 
gent to the cucle by the screw G Attached to the screw and 
revolving with it 1s the cylinder FZ, graduated, as shown 10 
the figuie, for 1ecording the fractional parts of a revolution of 
the screw Thecylinder is generally graduated into either 
60 or 100 parts Suppose now the distance between two 
divisions of the circle to be 5’, and that five 1evolutions of 
the screw are just sufficient to move the cross thieads over 
thisdistance then evidently one 1¢volution moves the threads 
over 1’ If the head 1s divided into 60 parts, then each divi- 
sion of the head corresponds to a motion 
of the cross-threads over 1’ By making 
the screw sufficiently fine and increasing 
the number of divisions of the head, at 


@ 
the same time incieasing the power of 
' 4 
IB 
a 
i 
: a: 7 
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the micioscope, this division of space may be carricd to an 
almost unlimited extent For the purpose under considera- 
tion, however, we should soon reach a limit beyond which 
nothing would be gained by increasing the delicacy of the 
microscope 

For reading the entire number of revolutions of the screw 
there is sometimes a scale attached to the outside of the box in 
which the slide moves More frequently the scale is inside 
the box, placed at one side of the field of view When so 
placed it consists of a strip of metal in the edge of which 
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notches are cut, the distance between two consecutive notches 
being equal to one :evolutionof the sci ew. Every fifth notch 
1s made deeper than the others for facility in counting 
Suppose now the cross-threads to stand Opposite the centre 
notch (which is generally distinguished in some manner), and 
the zero point of the head to be exactly at the indes-mark 
The point in the field now occupied by the cross-threads 1s 
the fixed point to which all angular measurements are re- 
ferred, 1t corresponds exactly to the ze1o point of the ver- 
nier Suppose, further, the ze: o-point of the cucle to be 
exactly under the intersection of the threads Now let the 
Instrument be revolved on its axis through any angle the 
number of divisions of the cucle which Pass by this point 
of refe:ence will then be the measure of the angle 
For the purpose of fixing the idea, let the arrangement be 
that described above, viz, the circle graduated to 5’, and the 
micrometer reading to single seconds If now the revolu.- 
tion of the instrument has brought the scale into the position 
shown in Fig 17, we see from the position of the threads 
that the entire angle passed over 1s between 45° 15’ and 
45° 20’ By means of the screw let the cross-threads be 
moved so as to coincide with division 15° Then the entue 
number of evolutions of the screw will 
give the number of minutes to be added 
io 0 to 45°15’, and the fractional part of a 
b «# revolution given by the head will be 
tee a expressedinseconds Thusifthe whole 
number of revolutions were two, and the reading of the head 
53, the angle would be 45° 17’ 53” In making the bisection, 
the screw should always be turned in the same direction, to 
guard against the effect of slip or lost motion in the Screw 
Tf the thread 1s to be moved ina negative direction it should 
be moved back beyond the line, and the final bisection made 
by bringing 1t up from the other side 
98 When everything is in perfect order a whole number 
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of revolutions of the screw 1s exactly equal to the distance 
between two consecutive lines on the circle This 1s pro- 
vided for by an arrangement for changing the focal length 
of the microscope, and for moving the object-lens nearer to 
or farther from the plane of the circle This adjustment 1s 
subject to small disturbances, on account of changes of 
temperature and other causes The e1ror caused by an 1m- 
perfect adjustment 1s called the error of runs The correc- 
tion for runs 1s found by reading the microscope on two con- 
secutive divisions of the cucle If this does not correspond 
to the exact number of revolutions of the screw, the excess 
or deficiency 1s to be distributed in the proper proportion 
to measurements made with the screw 

For determining the correction a number of readings 
should be made in different parts of the circle in order to 
eliminate from the result the accidental errors of graduation 
Some observers in certain kinds of work always read the 
micrometer on both divisions of the hmb between which the 
zero point falls For example, in Fig 17 the micrometer- 
thread would be set on both division 15’ and 20’, thus eliminat- 
ing from the resulting reading the effect of runs, and to some 
extent the accidental errors of graduation and of bisection 

For insuling greater accuracy two or more microscopes 
or verniers are used When there are two they are placed 
opposite each other, or 180° apart When there are three 
or more they are placed at uniform distances around the 


circle If the probable error of the reading of one micro- 
ead 

scope be 1”, that of the mean of two will be* = = "71, 
2 


/f 


that of four will be i=" 5 
V4 


The principal value of two or more microscopes, however, 
is for eliminating the error of eccentricity 


* See Introduction, Art 14, Eq (25) 
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Eccentricity of Graduated Circles 


99 The centre of the alidade seldom coincides exactly 
with the centre of the giaduated circle This deviation 
from exact coincidence is called ¢c- 
centricily 

In order to understand the effect 
of eccentricity, let 


C be the centre of the circle, 

C’, the centre of the alidade , 

QO, the zero-point of the hmb, 

a, the point on the limb where 1t 1s 

intersected by a line joining C 
Fie 18 and C’, 

C’n, the direction of the line drawn from the centre of the 
alidade to the zero-point of the vermier when the 
telescope 1s directed to any object 


The true position of the object 1s given by the direction 
of the line C’z, while the reading of the circle gives the 
direction Cx, differing from the former by the small angle 
m'Cn = CnC’ 


Letnow CnC’ =p, Angle OCu = 2, 
CC’ =e, OCa =a 
(z= rr, 


Char Then C’Cx =n — a. 


From the tnangle C’Cx we have 
ry’ sin ~ = e sin (x ~— a), 


?’ cosp = r — e cos (2 — @), 


i sin (7z — a) 
from which tan 2 = : 


- - (204) 
I — = cos (2 — a) 
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The angle g will always be small, and the denominator of 


(204) differs but little from unity We may therefore write, 
without appreciable error, 


p= < sin (2 — a) (205) 


roo It is more elegant to expand the above expression into a series in terms 


e 
of ascending powers of 5. Equation (204) 1s of the form 


sin ZB asin £ 


cospd I—acosx’ 


from which we readily find 
sing = asin (f+ 2) (206) 


Now add sin (f + x) to both members of (206), then subtract sin (¢ ++ x) from 
both members , finally, divide the first expression by the second 


sinp-+sin(g+ex) _(@+1) sin (p+ 2) 
sing — sin(p-+ x) (@—1)sm(p+24)’ 


from which tan (f-+ 4x) = foi tan 44% (207) 


I—-@ 


Applying to this the process of development made use of in Art 74, Eq (137), 
we find 


p= asin x + 4a’ sin 2x + $a’ sin 3x, etc 


Writing for a and x their values and dividing by sin 1”, 1n order to express / in 
seconds of arc, we find 


e 


p = ——- sin (xn — a) + ——; s1n 2(n — a) + 


— 208 
y sin I ar? sin I 7 Sin 3(2—a@) (208) 


2 
37° sin I 
The first term 1s identical with (205), and will always give the necessary accu- 
racy without using the following terms 


tor Besides the eccentricity above considered there isa 
simular effect due to the play of the axis of the instrument in 
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its socket This 1s not a determinate quantity like that we 
have been considering, but when two verniers or microscopes 
180° apart are used, the effect of both will be eliminated, as 
appears from the following. 


Let x’ and 2” be the readings of the two microscopes , 
m, the true value of the angle 


Then from the first microscope 


a= n' +e" sin (z’ — a), 
Similarly, m= n+ e” sin (2 — a) 


4 


In which e” has been written for 
yr sin I 


{ 


Now 2” differs very little from 180° + x’, so that no appre- 
ciable error will be introduced by writing the second of the 
above equations 


a= n+ e” sin [180° + (2! — a)] = 2" — e sin (x! — a) 


Therefore 2 = $(z' +. 2’), from which the correction for 
eccentricity 1s eliminated In a similar manner it may be 
shown that the mean of three microscopes will be free from 
the effect of eccentricity In case of four, as the mean of 
each pair 180° apart is free from this error, it follows that 
the mean of the four will be 

The constants e”’ and a may be determined very readily by 
taking readings in different parts of the circle, but with a 
complete circle they will not be required It is only in 
the case of the sextant, where we have a limited arc of the 
circle read by a single vernier, that this becomes a matter of 
importance The application to this case will be considered 
in the proper place 
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The Scextaut 


102 In the determination of time and latitude when ex- 
treme accuracy 1s not required, the sextant 1s one of the most 
convenient and useful of astronomical instruments It 1s 
light and easy of transportation, in observing it 1s simply 
held in the hand, and consequently entails no loss of time in 
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mounting and adjusting, it 1s therefore especially adapted to 
the requirements of navigation and exploration For use on 
land the sextant 1s sometimes mounted on a tripod, which 
adds something to its accuracy When the instiument 1s 
used by a skilful observer, however, the advantage 1s not 
great In most cases where such an ariangement could be 
made use of the sextant will not be employed at all, but will 
give place to an instrument of greater precision 
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The principal features of the sextant may be seen from 
Fig 19 The graduated aic 1s about 60° in extent, hence the 
name, sextant This arc of 60° 1s divided into 120 parts, 
called degrees for reasons which will soon appear The arc 
commonly reads directly to 10’, and by means of the vernier 
to 10% Amurror, C, called the wwdex-glass, 1s attached to the 
arm carrying the vernier, and revolves with 1t about a pivot 
atthe centre A second mirror, J, 1s attached to the frame of 
the instrument, and 1s called the horizon-glass Only half of 
this glass 1s silvered, viz, that next the plane of the insti u- 
ment—an arrangement which makes it possible to see an ob- 
ject directly through the unsilvered pait by means of the 
telescope, and at the same time the image of the same object, 
or of a second one, reflected from the silvered part of the 
mirror Inorder to make these images equally distinct an 
adjusting-screw 1s provided (not shown in the figure), by 
which the telescope can be moved nearer to the plane of the 
instrument or farther fromit Attached to the frame are sev- 
eral colored glasses, £ and /, which may be brought into a 
position to protect the eye when observing the sun These 
are sometimes attached to an axis so that they can be at once 
reversed, the object being to eliamimate any error due to want 
of parallelism of the surfaces by taking half of a series of 
measurements in each position. There is also a revolving 
disk attached to the eye-piece of some instruments containing 
a number of colored glasses of different shades Other minor 
features can best be learned by the inspection of the instru- 
ment itself 

103 The principle which hes at the foundation of the sex- 
tant and instruments of hke character 1s the following Ifa 
ray of light suffers two successive reflections in the same 
plane by two plane mirrors, then the angle between the first 
and last direction of the ray 1s double the angle of the mur- 
rors In Fig 20 let 47 and m be the two mirrors supposed 
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perpendicular to the plane of the paper, let AM be the first 
direction of a ray of light falling on the muzor J, it will be 
reflected in the direction Mm, and finally from mz in the direc- 
tion m& Draw WB parallel to mE, MP pe: pendicular to M, 
Mp perpendicular tom The angle between the first and 


A 


‘Se ee set Pee pes tees tee pee tees tomy ey ioe 
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last direction of the ray 1s equal to the angle AMS The 
angle between the mirrors 1s equalto PMp We have now 
to show that AWB = 2PMp 

Consider first the mirror # The incident iay Mm makes 
with the normal the angle 


Mp! = mMp = ~MB = pMP + PMB . (@) 
Consider now M@ The angle 


mMP —- PMA = AMB + PMB (0) 
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Subtracting (a) from (4), 
mMP — mMp = AMB — pMP, 
from which 2p~MP = AMB OED 


If now the angle between two objects is to be measured, 
the instrument 1s held so that the plane of the graduated arc 
passes through both The telescope 1s then du ected to one 
of the objects, which 1s seen through the unsilvered part of 
the horizon-glass, and the index-arm 1s revolved until the re- 
flected image of the second object 1s brought in contact with 
the direct image of the first The reading of the hmb will 
then be the required angle, the graduation before explained, 
viz, each degree being divided into two, gives the angle 
between the objects, which 1s twice that of the mirrors 

104 In the prismatic sextant of Pistor & Martins (Fig 21) 
the horizon-glass 1s replaced by a totally reflecting prism 
The arrangement has this advantage, viz, that by its use 
angles of all sizes from o° to 180°, and even larger, can be 
measured, while the common form of sextant 1s not adapted 
to the measurement of angles much greate1 than 120° 

In using the instrument the prism # inteiferes with the 
rays of light which should reach the index-glass, 4, when 
the angle 1s about 140°, but angles of this magnitude may 
be measured by turning the instrument ove: and holding it 
in the reverse position If, for mstance, the double altitude 
of the sun 1s being measured, the instrument will ordinarily 
be held in the right hand, with the arc below and the tele- 
scope above If, however, the double altitude 1s about 140°, 
the instrument must be held 1n the left hand, with the tele- 
scope below and the arc above In case the head of the ob- 
server interferes, as will be the case when the angle 1s near 
180°, the difficulty 1s overcome by means of the_prism £ 
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placed back of the eye-piece so as to reflect the rays of ight 
coming through the telescope in a direction at 11ght angles 
to 1ts axis 

105 The arc of the sextant may be extended to an entire 
circumference, and the index-arm produced so as to carry a 
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vermer at each extremity The instrument then becomes 
the simple reflecting curcle As previously shown, this airange- 
ment possesses the advantage of eliminating the eccentricity, 
and to some extent the errors of graduation This instru- 
ment is used precisely like the sextant 
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Other forms of reflecting circles have been made possess- 
ing advantages in certain directions, but they do not seem 
to have met with great favor, although they are theoretically 
much more perfect instruments than the sextant, p1 actically, 
however, this superiority 1s not so great This 1s no doubt 
due in part to the fact that, except in the hands of an obser- 
ver of more than usual skill, the errors of observation are so 
great as practically to neutralize their greater theoretical 
advantages 


Adjustments of the Sextant 


100 First Adjustment THE INDEX-GLASS The plane of 
the reflecting surface must be perpendccular to the plane of the 
sextant 

To ascertain whether this is the case, place the index near 
the middle of the arc, then look into the glass so as to see 
the image of the arc reflected If the adjustment 1s perfect, 
the arc seen directly will be continuous with its reflected 
image. 

This adjustment 1s attended to by the maker and 1s not 
liable to derangement, for this reason no provision 1s com- 
monly made for correcting a want of perpendicularity It 
may be corrected when necessary by removing the glass 
from its frame and filing down one of the points against 
which it rests, or by loosening the screws holding the frame 
to the index-arm and inserting a piece of paper or other thin 
substance under one side 

107 Second Adjustment THE HoRIzon-cLass The plane 
of this murror must also be perpendicular to the plane of the 
sextant 

The index-glass must first be in adjustment, if then it 1s 
possible to place it in a position parallel to the horizon-glass 
by moving the index-arm, then the latter will also be pet- 
pendicular to the plane of the sextant To test this adjust- 


§ 108 AD]JUSI MENT OF THE SEXTANT 189 


ment proceed as follows: Bring the index near the zero- 
point and duect the telescope to a well-defined point—a star 
is best If then the indes-arm be moved slightly one way 
and then the other—the plane of the instrument beine verti- 
cal—the reflected image of the object will move up and down 
through the field If the adjustment of the two glasses is 
perfect, the two images may be made to coincide exactly, 
otherwise the reflected image, instead of passing over 
the direct, will pass to one side or the other of it Two 
small capstan-headed sciews are provided for making this 
adjustment when necessary A pair of adjusting-sciews 1s 
also provided for correcting the position of the glass in the 
opposite direction, viz, to make it parallel to the index-glass 
when the vernier 1s at zero If the direct and reflected 
image of the star are brought into exact comcidence by 
means of the tangent-sciew, the 1eading of the vernier, if 
not zero, 1s called the index error The screws just men- 
tioned are for correcting this erro: It will be found better 
in practice not to attempt this adjustment, but to determine 
the error and apply the necessary correction to the angles 
measured as will be explained hei eafter 

108 Third Adjustment The aais of the telescope must be 
parallel to the plane of the enstrument 

Two parallel thieads aie placed in the eye-piece to mark 
approximately the middle of the field they should be made 
parallel to the plane of the instrument by revolving the eye- 
piece The axis of the telescope will now be the line drawn 
through the optical centre of the object-glass and a point 
midway between these lines To determine whether this 
line 1s parallel to the plane of the instiument, select two 
well-defined objects 100° or more apart, and bring the re- 
flected image of one in contact with the direct image of the 
other, making the contact on one of the thieads, then move 
the instrument so as to bring the images on the other thread 
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If the contact still remains perfect, the line 1s in adjustment ; 
if any correction 1s required, there will be found a pair of 
screws for the purpose on opposite sides of the ring which 
holds the telescope 

The above test will be found difficult to apply, especially 
if the observer has not a considerable amount of experience 
in the use of the instrument One less difficult 1s the follow- 
ing Place the instrument face upward on a table, then lay 
on the arc two strips of metal or wood, the width of which 
must be the same and equal to the distance of the axis of the 
telescope from the plane of the instrument Now sight 
across the upper edges of these strips, and have an assistant 
mark with a pencil on the wall of the room (which should be 
15 or 20 feet distant) the place where the sight-line inter- 
sects it, then, without disturbing anything, look through the 
telescope, which has been previously directed to this part of 
the wall and properly focused, and see whether this mark 
is found in the middle of the field, 1f so, then the adjustment 
is satisfactory. 


Method of Observing with the Sextant 


109 Zo Measure the Distance between Two Stars  Dhrect 
the telescope to one of the stars, then revolve the instrument 
about the axis of the telescope until its plane passes through 
the other (taking care to have the index-glass on the mght 
side), then move the index-arm until the image of the second 
star 1s brought into the field, clamp the instrument and bnng 
the two images into perfect contact by means of the tangent- 
screw The reading of the vernier corrected for index error 
will be the required distance Unless the two stars are quite 
near each other it will be expedient to compute the distance 
approximately before attempting the observation The in- 
dex may then be set at the approximate distance, which will 
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greatly facilitate finding the two 1mages A common obscr- 
vation of this character 1s that of observing the distance of 
the moon fiom the sun or a star for determining longitude 
In the Nautical Almanac will be found given for every day 
throughout the year the distance of the moon from the sun, 
and ceitain stars and planets, which may be used for this 
purpose The index may at once be set at the approximate 
angle without any preliminary computation It the distance 
of the moon from a star 1s measured, the image of the star 1s 
brought into contact with the bright limb of the moon, the 
contact being made at the pomt where the great circle join- 
ing the star with the centre of the moon intersects the limb 
To ascertain this point the instrument must be revolved 
through a small arc back and forth about the axis of the 
telescope (supposed to be di ected to the star), the image of 
the moon’s limb will then pass back and forth across the 
field, and should appear to pass exactly through the centre 
of the star’s image, which will in general not be reduced to 
a simple point by the feeble telescope of the sextant 

This distance 1s to be corrected for the moon’s semidiam- 
eter in order to give the distance between the star and the 
centre of the moon 

In measuiing the distance between the moon and sun, the 
bright limb of the moon 1s biought in contact with the near- 
est limb of the sun The measured distance must then be 
corrected for the semidiameters of both moon and sun 

110 Measurement of Altitudes At sea altitudes are meas- 
ured by bringing the reflected image of the body in contact 
with the line of the horizon as seen directly through the 
telescope In order that the 1esult may be correct the 
plane of the instrument must be held exactly vertical To 
accomplish this the instrument is revolved or vibrated 
shghtly about the axis of the telescope, at the same time 
moving it so as to keep the image in the centre of the field. 
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The image will appear to describe an arc of a circle, the 
lowest point of which must be made tangent to the hou1zon 
by moving the index-arm If the sun 1s observed, the lower 
limb must be made tangent to the ho1izon As the altitude 
of the sun’s centre is required, the reading of the vernier 
must be corrected for index error, refiaction, parallax, and 
semidiameter Ifa star 1s observed, there will be no coriec- 
tion for semidiameter or parallax 

11xr_ For observing altitudes on land the artificial horizon 
must be used This 1s a shallow basin, about 3 inches by 5, 
for holding mercury It 1s provided with a roof formed of 
two pieces of plate glass set at nght angles to each other in 
a metal frame, for protecting the mercury from agitation by 
the wind The surface of the mercury forms a muror fiom 
which the image of the sun or star is reflected , and as if 1s 
pertectly horizontal the reflected image will appear at an 
angular distance below the horizon equal to the altitude of 
the body itself above the horizon If now the image of a 
star reflected fiom the mirrors of the sextant 1s brought into 
contact with the image reflected from the mercury, the angle 
which will be measured 1s evidently twice the altitude of the 
star 

The opposite sides of the glass plates forming the roof to 
the horizon should be exactly parallel, otherwise the pris- 
matic form intioduces an error into the measured angle It 
is possible to derive a formula for the correction necessary 
to free an observation from this source of error, but it will 
be better in practice to observe half of a senes of altitudes 
with one side of the roof next the observer and then reverse 
it, taking the remaining half in the opposite position 

The mercury must be freed from the particles of dust and 
impurities which will generally be found floating on its sur- 
face It may be strained through a piece of chamois-skin 
or through a funnel of paper brought down to a fine point 
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at the end Another method 1s to adda small amount of tin- 
foil to the mercury, when the amalgam which will be formed 
will rise to the top and may be drawn to one side with a 
card, leaving the surface entirely free from specks of any 
kind 


rrz In measuring altitudes for any purpose, a number of measures should 
be made in quick succession and the mean taken In this way the accidental 
errors of contact and reading will be greatly diminished Thus, in taking the 
altitude of the sun for determining the time, a series of not less than three alti- 
tudes should be measured on each limb Suppose the observations made when 
the sun 1s east of the meridian, and the altitudes therefore to be increasing, the 
readings on the upper limb will be made first, as follows Set the index on an 
even division of the limb at a reading ro’ or 18’ greater than the double altitude 
of the upper limb When the two images are then brought into the field they 
will appear separated, but will be approaching each other The observer 
watches until they become tangent, when the time 1s carefully noted by the 
chronometer The index 1s then moved ahead 10’, 15’, or 20’, and the same pro 
cess repeated A little practice will enable the observer to take the altitudes in 
this manner at intervals of ro without difficulty, in which case five readings 
may be taken which will correspond to an increase of 4o’ in the double altitude 
or 20’ in the actual altitude As the sun’s diameter 1s about 32' of arc, the index 
may now be moved back to the first reading, and five readings on the lower 
limb taken at the same altitudes as before In this case the images will overlap 
and will gradually separate, the time to be noted being that when the two disks 
are tangent 

If the sun is observed west of the meridian, the readings on the lower limb 
will be made first The altitudes will of course be decreasing 

113 The beginner will sometimes find difficulty in bringing the two images 
into the field together A convenient way of accomplishing this 1s as follows 
Bring the index near the zero-point and direct the telescope to the sun, when 
two images will be seen, then bring the instrument down towards the mercury 
horizon, at the same time moving the arm so as to keep the reflected image 1n 
the field until the image reflected from the mercury 1s found, when both will be 
in the field together A little practice will make this process very easy 

In observing stars care must be taken to avoid bringing the direct image of 
one star in contact with the reflected image of another Sometimes a small 
level 1s attached to the indea-arm to facilitate finding the reflected image, and 
at the same time for preventing mistakes of the kind just mentioned It may 
be shown geometrically that when the two images of any Star are brought 1n 
contact in the manner we have been describing, the angle formed with the 
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When observations are made on the sun for any purpose, 
the gradual heating up of the instrument sometimes changes 
the value of the index correction For this reason some ob- 
servers determine its value both at the beginning and end of 
such a series of observations The following example taken 
from the Astronomische Nachruhten, Band 23, No 548, will 
illustrate this, and at the same time the application of for- 
mula (209) 


First DETERMINATION SECOND DETERMINATION 

On arc Off arc On arc Off arc 

a2¢ 20” 30’ 60” 32’ 5” 31’ 15” 
20” 60” re kd 10” 
25” 50” oO” 20” 
20” 50” 0” 10” 

y= 32'21".2 7’ = 30’ 55” f= 4201" 2 Hs B1 13'"8 

T= — 431 DiS 520" 7 


Eccentricity of the Sextant 


116 As the arc of the sextant 1s limited and 1s read by a 
single vernier, the effect of eccentricity 1s not eliminated, it 
should therefore be investigated Thuis can only be done by 
comparing the values of angles measured by it with their 
known values determined in some other way The angles 
between terrestrial objects may be measured with a good 
theodolite, and the same angles measured with the sextant, 
or, what 1s better, stars may be used 

In using stars for the purpose we may proceed 1n either 
of two ways 

First, by measuring the distances between known stars The 
right ascensions and declinations of the stars will be taken 
from the Nautical Almanac (it will be best to use none 
except Nautical Almanac stars for the purpose) The post. 
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tions of the stars as they seem to us will differ from those 
given in the Nautical Almanac by the amount of refraction 
ima andé The necessary corrections must be computed 
by (194), and the apparent distances of the stars by (IV) or 
(1V),, Art 67 

Second, by measuring the altitudes of known stars. The lati- 
tude of the place of observation must be known and the true 
time Then from (II), Art 65, the true altitude of the 
star may be computed, or, if it 1s very near, the meridian 
formula (244) may be used This altitude must be corrected 
for refraction to make 1t comparable with that measured by 
the sextant Whatever plan is adopted, the angles chosen 
should be such that the measurements will be distributed 
with some approach to uniformity over the entire arc of the 
sextant 


Let 2’ = the value of the angle given by the instrument ; 
n = the true value of the same angle, 
g = the correction of zero-point for eccentricity 


Then since in the sextant the reading of the arc 1s double 
the actual angle passed over by the index-arm, we shall have, 
from formula 208, 


p= ln —(n' — 2)] = 2e” sin Gn — a), 
and for the zero-point, g = — 2e’ sina 


Subtracting, #2 — 2 = 2e”[sin (4n — a) + sin a], 
from which 2 — 2’ = 4e" sin in cos (2 — @) (210) 


When the constants e” and a are to be determined from ob- 
servation, equation (210) must be transformed as follows 
Expanding cos ({7 — a), the equation becomes 


(4e”’ cos a) sin 42 cos $n + (4e” sin a) sin’ 2 = % — nm 
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Let 4¢’cosa= +z, 


2 © 0 « (201 
Ae’sinet=y, ( ) 


z = the sum of any outstanding constant errors, 
sin 42 cos 42 = A, a known coefficient, 
syn? 42 = B, a known coefficient, 
n — n' = N, the quantity given by observation 


Then each measured angle gives us one equation for deter- 
mining the unknown quantities 4, y, and 4, viz, 


Az + By -+z=N » « (212) 


If everything were perfect, three such equations would 
completely solve the problem In order to obtain a result of 
practical value, however, a considerable number of angles 
must be measured and the resulting equations combined by 
the method of least squares 

Having determined # and y, we have e” and @ from (211) 
With these values a table of corrections 1s then to be com- 
puted by (210) 

These corrections may be computed for intervals of 10°, 
from zero up to the largest angles ever measured with the 
instiument Thecorrection for any intermediate point may 
then be taken out by interpolation 


Example * 


We give as an example the investigation of the eccentricity of sextant ‘‘ Stack- 
pole 4152,” made by Prof Boss of the U S Northern Boundaty Survey The 
observations were made 1873, August 20, at the U S Astronomical Station 
No 8 


Latitude = @ = 49° 1’ 2!’ 4, determined by zenith telescope t 
Longitude = Z = 15 41™ 18* west of Washington 
Sr oe en ee ee 
* For a full understanding of the details of this example a knowledge 1s re- 
quired of some principles which are explained later It will be advisable to 
read Chapter V before attempting it 
+See Chapter VIII 
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Eleven angles weie carefully measured, each measurement consisting of ten 
readings All except two were measurements of double altitudes of stars All 
Were north stars except one, vi. , @ Aguiie, observed on the meridian The 
north stars were in most cases observed both before and after meridian pas- 
Sage, by this arrangement any small undetermined error of the time 1s practi- 
cally eliminated 

The chronometer correction was determined by measuring the altitudes of 
ce Bootis west of the meridian and a@ Audiomede east both being observed at 
exactly the same altitude * 

The two angles which form the exception above referred to were measure- 
ments of the distances between & dadromeda and w Peyast, and @ Vise Minons 
and yv Cep/fez respectively 


lhe index correction, determined both at the beginning and end of the series, 
was as follows 


Beginning, J= — 3) 43” 
End, i= — 3 42' 5 


The following will serve as a specimen of the form of record and method of 


reduction The series of ten readings 1s divided into two parts so that one may 
serve as a chech on the other 


Double Altitude of a Urse Mazoris 


Sextant Chronometer Sextant 


Chronometer 

I 63° 25° 50° 16" r2™ ors 6 62°39 45" rg? 17™ 188 

2 I5 50 13 23 7 29 50 18 22 

3 63 © 45 I4 23 8 21 10 19 616 

4 62 57 I0 15 21 9 13 5 20 12 

5 48 IO 16 20 10 3 55 2I 9 
Means 63° 6°45" Ig 14™ 2186 62° 21’ 33’ Ig" 19™ 158 4 
Chron correction AT— 22 500 4T—22 500 
True time = 0 = 18" 51™ 318 6 18" 56™ 255 4 
From ephemeris, @ = IO 55 52 0 IO 55 52 0 
Hour angle 7 = 7 55™ 39° 6 8h oF 33% 4 

si — T1854 54" r20o° 8 a1” 


The true altitude of the star at the instant of observation 1s then computed by 
formule (II), Art 65 


* See Articles 125, 126, and 127 
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p= 49°01 2" 4 
*§ = 62°26 11'3 tand =o 282349 

t=118°54'54'°0 cost = 9 6844072 tan ¢=0 257760n 
M— 75°50° 7'4 tan dl =0 597942n cos JZ = 9 388649 


p— M124 51' 9' 8 cosec (p — A/) = 0 085856 
@ =151°38 15" 2 tan @ = 9 732274n 
h = 31°29'58' 3 —_————_ 
Refraction 7 = I 30 4 Proof 9 474505 
hi = 31°31'28'7 
eh = 63° 2'57' 4 cos § = g 665329 
Index Cor J = 3 430 cos ¢ = 9 684407n 
Computed 2 = 63° 6'40'4 ———_-—_—_. 
Measured 2' = 63° 6'45' 0 9 349736n 
—— tan(p—JL) = 0 157152n 
na—2n= — 4’ 6 COS @ = 9 944463n Code = 9 944463n 
tan 4 = 9 787312 cos k= 9g 930768 
9 87523In 
Proof 9 474505 
@= 49°01' 02" 


#6 = 62°26'11'3 tand = 0 282349 
t= 120° 8'21%0 cosf#=9 700792, tan z= 0 236128n 
M— 75°18’ 50'r tan AZ = 0 581557n cos AZ = yg 404017 


p— AL = 124° 19' 52’ 5 cosec (p — AL) = 0 083130 
as 152° 7°51" 6 , tan @ = 9 723275n 
A= 31° 7°16"5 
= 1/317 Proof 9 48/147 
kis 3r° 8'48"2 
ah'= 62° 17'36" 4 cos 6 = g 665329 
Index Cor /= 3'43" 0 cos ¢ = 9 700792n 
Computed 2 = 62° 21'19" 4 —_—_—— 
Measured 2’ = 62° 21330 9 36612Tn 


—- tan = 0 165600n 
—13"6 cosa=g 946462 cos @ = 9 946462n 
tan 4 = g 780853 cos 4 = 9 932512 
9 878974n 
Proof 9 487147 


n— n' 


II 


Mean = V=—oQ''1I 


The computation for determining the true angular distance between 


a 


* The declination, 8, 1s taken from the ephemeris 
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« Andromedae and a Pegast is also given in full 


We take from the ephemeris 
for 1873, August 20— 


2 Andiomede A= OF Mes 78 @ Pegast @& = 22% 58™ 288 5p 
6 = 28° 23' 30!'8 6 = 14° 31’ 332 
The observed distance was 20° 15’ 20" 5 
Chronometer time 20? 26" 33 6 


Refraction factor B X#X T= g60 [See Eq (187) ] 


We first determine g and z by equations (XII), then the refraction in right 
ascension and declination by (194) 


a ANDROMEDA. 


7 = 20° 26m 3° 6 
dif = — 22 50 
0= 20 3 13 6 
w= oO 1 5s: 8 
(= =~ 3) 5o™ 38° 2 
f= — 59° 39' 33° 4 cos¢=9 70341 tan ¢= 0 23262, cos # = 9 70341 
P=4g I 2 4 cole = Q 93890 cos p = g 81679 
N= 23 41 39 tanV=9 64231 sin = 9 60407 9 52020 
6 == 28 23 31 
6+N~=52 5 10 sec(6+N)= 21r50 cot = 9 89147 
g=— 48 IO ar tang = 04819n cosy = g $2405 cos g = g 82405 
8 == 49 25 46 tanz== 06742 sin s = g 88059 
Q 70464. 
9 81557 —Proof— g 81556 
From table, mean refraction = 68" 1 
Factor = g6o0 Therefore » = 65” 4 
a PEGASI 
== 20! 26™ 9396 
4/= — 22 50 
== 80: 3 13.6 
wo 22 58 28 5 
a oh 55m T4* 9 
t= — 43° 48' 44" cos/= 9 85830 tan 7=9 98199n cos ¢ = g 85830 
@= 49 I 2 4 cot p= 9g 93890 cos Pp = g 81679 
N= 32 5 2 tan V=979720 sin V = 9Q 72523 9 67509 
= 14 31 33 
6+N= 46 36 35 sec(6+M)= 16307 cot = 9 97558 
g=—36 34 5 tan g = 9 87029gn cos = 9 90479 Cos 7g = 9 90479 
== 49 39 O tanz = 07079 sin z= 9 88201 


9 78680 
9 88830 — Proof— 9 88829 
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Mean refraction = 68” 6 
Factor = 960 Therefore r= 65" 9 


By (194)— 
a ANDROMEDZ a PEGASI 
cos g = 9 82405 cos g = 9 90479 
log 7 = 1 81555 log 7 = 1 81889 
sin g = 9 87225n sing = 9 77508n 
log d6 = 1 63963n @6 = — 43" 6 log dd = 1 72368” aS=— 52"g 


28 2330 8 cos 6da@= I 59397 6) = 14 3I 33 2 
28 2414 4 15cosd = I 16198 6 — 1432 26 1 


cos Ode = 1 68783 8 
1s cosd = 112043 46 


logda= 56740 da= + 3 69 logda= 43199 4a= + 2 70 
Wy = Oo 1st 78 C79 = 2258 28 50 
a= o'1™48* 09 a = 22558™25" 80 


These values of the right ascensions and declinations of the stars are the ones 
to be employed in computing the apparent distance between the two stars by 


equations (IV): 


a= 24° 1™ 48° 09 
@= 22 58 25 80 
a’i—a=z Th 3™ 22% 29 
a’— as 5° 50’ 34 35 cos(a’— a) =9 983181 tan (a’ — a) = 9 452982 
6 = 14 32 26 I cot 6 = 586075 sin V = 9 984762 
N= 74 54 39 6 tan V= 569256 sec(V+5)= 637698n 
6' = 28 24 14 4 tan B= 075442n 
N + 6'= 103 18 54 0 cot (M + 6’) = 9 374136n — 
B=-— 490 57 59 cos B = g 808504 Proof 622460 
d= 20 II 39 8 tan d = g 565632 
I= 3 43 cos(a’ — &) = 9 983181 
m= 20 I5 22 8 cos 6 = 9 985862 
nm = 20 15 20 5 9 969043 
n—n=+ 2"3=N — 


cos B= 9g 808504 
sind = 9g 538079 
9 346583 

Proof 622460 


The value of V obtained by the original computation, and which is employed 
in our equations, 1s 2” 2 The difference is of no importance here 

NV 1s now the absolute term of equation (212) Forthe coefficients A =s1n 3, 
cos $n, and B = sin? 4 we must employ for” not the above angles, but the angle 
corresponding to the point on the limb which coincides with the vernier scale For 
example, the first measured angle of the fist series 1s 63° 2550 The limb 
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was graduated directly to 10’, these intervals were subdivided bv the vernier to 
10” The zero point of the vernier falls between 63° 20’ and 63° 30, then read- 
ing along the vernier to the point where coincidence takes place, we find this to 
be at the reading 69° 10’ of the limb It 1s therefore the eccentricity of this 
point by which our angle 1s affected, and not that of the point 63° 25’ +. 


In this way we find the point of contact for each reading of our series as 
follows 


63° 25' 50" Point of contact = 69° 10’ 
15' 50" = 6y° 00’ 
6' 45" —_ 69° 45’ 
62° 57' 10" = 70° 00’ 
48' 10" = 70° 50’ 
39' 45" = 72° 15° 

29' 50’ = 72°10. jw=17° 11’ Jsin = 9 47075 

21' 10! = 63° 30’ Zcos = g 98014 

13’ 5" = 65° 15’ A=02824 log A = 9g 45089 

62° 3) 55” = 65° 55' B=0 0874 log B = 8 94150 
Mean = 2 = 68° 47' 


Therefore from this series we derive the equation 


0 2824" + 0 o8f%4y +2 =—gQ'1 


By proceeding in a similar manner with each of the eleven angles measured, 
the following equations of condition are obtained 


0703x -+ oosoy-+2z=— 55, 
t1o4x ++ o123y-+2z2=-+ 22, 
201g9x + o42s5y-+2z=— 73, 
a3qix + o582y + z= — 175, 
28eqx-+ o874y-+z=— Qf, 
g29g5x-+ 12397 + z= — 185, 
3586x% + mis5y+2= —I05, 
39334 -+ I9gi3y-+ 2 = — 140, 
3997% + Ig96y + 2 = — 240, 
42q4x + 23577 + z= — 462, 
4423x + 2668y + 2= — 28 6 


It will be seen that the coefficients of x and y are much smaller throughout 
than those of z, while the absolute terms are relatively large It would there- 
fore be a little more systematic to render the equations homogeneous, as ¢X- 
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plained in Art 24, before forming the normal equations This has not been 
done, however 

The details of the formation of the normal equations (Articles 21 and 25) are 
as follows As the number of unknown quantities is three, we rule our sheet 


(3 + 2) 


into Sraers — 1 = 14 vertical columns (Art 25), to which we have 


added two columns for the residuals (v) and their squares (vv) These will be 
filled in after the unknown quantities have been determined 


JZ 
fe) 


IE 


00035 
00136 
o08k9 
01362 
02468 
04084 
05432 
07522 
07976 
100L2 
11801 


3867 

2420 
I 4739 
4 0967 
2 5608 
6 0957 
3 7953 
5 5062 
9 59.8 
19 6073 
12 6498 


WO OY AWA D H 


Pri rrr dati 


RY HH Re He HAH HH 


prada tar trot 


3 2469 I 3742 
D | teed 


— 1790 | 194 6aIr X LIQ7Z 1677 | — 65 5013 
cs rea é 


110 
[ac [ec] [er] [es] ab an] 


bn 


ns | NS | 


0275 |-- 0329 30 25 36 16 
0271 | — 0133 4 84 2 37 
303 | 3631 53 29 62 37 

1 0185 I 0937 306 25 328 87 
7953 QT5t 82 8r 95 28 
2 2922 2 4722 342 25 369 14 
I 5907 1 8195 110 25 126 I 
2 6782 2 9813 196 00 218 18 
4 7904 § 1096] 57600 614 38 
to 8893 11 2806 | 21 444 221 14 
7 6305 8 0865 817 96 866 84 


Qu kh & DH 


NOOO COW HO HH HH 
Ono oon NON O HS 


HOO ON) 

Pierre rd ari 
PPa Pett etd 
ttebtttittit+ 


HH 


— 31 9958 34.1412 | 4654 34 
ths and 


70 3846 
[4s] 


[as] ie 


930 84 
ns] 


The correctness of the work up to this point is now verified by substitution 
in proof-formule (44) 
Therefore the normal equations are as follows 


Tirg7x-+ 5168y-+ 3 24692 = — 65 5013, 
51684 -+ 2544y-+ 137422 = — 319958, ! 
3 24694 + 1 3742y ++ II COOOs = — 179 0000 
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For the solut.on of these equations we make use of the form given in Art 32 


[aa] 1 1197 


[2d] 5163 lec] = 3 2469 an| —6s 
eels 3 [ax] —65 5013 | Las] 70 3846 


2= 9 713323 = 0 5131409 i =% 816250n, Z= 1 847478] E 


zleel ere [4] 2544 | [4c] 13742 | [4x] —31 9958 


[ds] 341412 
2385 t 4980 —30 2323 


er 
a 
—_ 


[04 x] o1sg |[de 1] — 1244 |[dz1]— 1 70,5 [ost] 


1 6550 
2=8 20140 2= 90948 y 


2= 024638); %¢= 021880 


plat) 4 460367 [ee] = 21 0000 | [42] —179 0000 | [cs] 194 6art 
[ever] 9 4153 — 189 940, 204 1009 
“ — gi. [cor]= 1 5847 |[[e21]=104403 [est] = — 9 4798] IT 
om 4 


9733 13 7974 | —12 9485 


[cco]= 6114 |[ex2]— 28572 


[cs2] -+ 3 4687] ITY’ 
2= 9 78633 2 = 6 45592n 
lz = 0 66959,| s = — 4” 673 | 
Z ten == 1 767148 [wx] = 4654 24 |[#s]= —4930 84 Proof Formula 
au 831 76 —4lI 
_t __ 38307 4117 43 r f= ie x ber — P23}: 
“ cst \== [be tl-+-[ce 1] —[err 1 
a t pagans (wer]= 822 58 |[zs 1] — ps 4t | VII yyy ioe = [cc2]—[cn 2, : 
es £95 59 — 183 56 VII en tes[daz ht cnt|—[neer], 
——_—_$_ | Vill shel en2'—[ anal, 
lena ean [x22]= 626 99 |[ws 2] — 629 85 VIII IX [xs3]= —[an3 
cc2 


13 35 — 1621 The work 1s checked at the va- 


FS a et tee” ee ee rious stages by substitution in any 
[wz g3]= 613 64 |[ws3] — 613 64 | IX orall of the above proof-formulz 


The elimination equations (56) are here rewritten for convenience 


[ea]x + [ad]v + [als = [an] 
[55 1] v-+ [bc r]2z = [4x 1] 


By substituting in these the coefficients, the logarithms of which ate in the 
hotizontal lines marked E in the foregoing scheme, we find 


y= 47" 47, # =p 23" 12 


These values substituted in the equations of condition give the residuals v 
For the final proof of the accuracy of the entire computation we have, Eq (62), 


[v2 3] = [vz] 


The agreement, though not exact, 1S sufficiently close for our purpose, and as 
close as could be expected when the magnitude of some of the numerical quan- 
tities involved in the equations 1s considered 
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For determining the weights of x,y, and z we employ equations (76), by means 
of which we find 


pe= 6114, py = 006135, po = ot196 


The mean error of an observation we obtain by formula (88), viz, 


vt u 
ler] = 8" 7728 


Nb — 3 


emt 


The mean errors of x, y, and z are then given by equations (89) 


é e 
fy == —— = 80" 21, éy = ——= = 112" 00, éz == ——e = 1"! 22 
Vax Vpy Vs 


These quantities multiplied by 6745 give the probable errors 
Collecting our results, we have the following values of x, y, 2, with their 


probable errors 


sot 23" 1 + 52" 9, 
ypo— i475 2-755; 
s=— 4°74 7'°6 


We next compute a table of corrections, to be employed with this instrument, 
by formule (211) and (210), viz 


4e" cosa =x, 
ge"Sin a«=y, 
n— n' = 4e" sin $2 cos (fn — @) 


We find 4e"' = I49" 3, a= — 81° 6’ 


Substituting for 2 successively 10°, 20°, etc, we have the following table of 
corrections 


| 


Angle Correction Angle Correction 


°° oo 80° 
10° +07 go° 
20° 0 9 100° 
30° +o"5 I 10° 
40° —o'5 120° 
50° — 2!'o 130° 


60° —4'r 140 


S117 OTHER ERRORS OF SEXIANT 207 


Other Theoreltcal E31015 


117 In acomplete theoretical discussion of the sextant there are several 
other sources of error which require consideration The more important of 
these are the following przsmate form of the index glass, of the colored glass 
shades, and of the horizon-100f, want of perpendicularity of the planes of then 
dia and horizon glass to the plane of the instrument, inchinaton of line of collima 
tion of telescope to plane of instrument, errors of giaduation of the hab 

With a good instrument well adjusted the effect of any one of these will be 
small, although they may combine together in such 1 way as to produce a very 
appreciable effect on the value of a measured angle Not much can be gained 
however, practically by investigating in detail the forms of the corrections re- 
quired The experienced observer will avoid these errors as far as can be 
donc by careful adjustment, and then will arrange his observations with a view 
to eliminating from the results such of them as remain undetermined See 
Art 127 


The Chronometer 


118 The chronometer 1s simply a watch made with special 
care, and in which the balance-wheel 1s so constructed that 
changes of temperature will produce the least possible effect 
on its time of oscillation The test of a good chronometer 
is the umformuty of its rate from day today It 1s 1mpossi- 
ble to make an instrument so perfect that 24" as shown by it 
shall exactly correspond to one day, but its excellence 1s in- 
dicated by the uniformity with which it gains or loses 

The daily rate of a chronometer is the amount which it 
gains or loses in 24 hours 

The error of the chronometer is the difference between the 
time as shown by the face of the mstrument and the true 
time 

The chronometer correction 1s the amount which must be 
added to the rerding of the chronomete:-face at any instant 
to give the true time, it 1s equal to the error with its sign 
changed 

It 1s a convenience to have the error and rate small, but it 
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is not essential Chionometeis are made in two different 
forms, viz, box-chionomecters and pocket-chivonometers 
The fist form of instrument 1s geneially suspended by 
means of gimbals in a wooden box, in such a manner that, 
whatever the position of the box, the face of the instrument 
will maintain a hozizontal position This arrangement 1s 
uselul at sea, but for transportation on land the instrument 
must be securely fastened, as othcrwise the violent agitation 
produced by sudden shocks would beinjurious The bal- 
ance-wheel of this form of instrument oscillates at half-second 
intervals 

The pocket-chronometer 1s geneially somewhat largei 
than an ordinary watch The oscillation or beat 1s a little 
moie rapid than with the box-chronometer, thus the pocket- 
instruments of T S and J D Negus beat five times in two 
seconds 

A chronometer regulated to sidereal time 1s moe conven- 
1ent for observation on stars Wuth the sun a mean time 
chronomete1 1s preferable 

The error and 1ate will be considered more fully in con- 
nection with the subject of determining time Most chro- 
nometers require winding every 24 hours This should be 
done at about the same time each day, as if they are al- 
lowed to run much longer than the usual time a different 
pait of the spring comes into action, which may affect the 
rate Such instruments will run for 48" or more before 
stopping, so that in case the winding should be neglected 
for one day they will be found running the next, but for 
the reason just stated this should not occur 


Comparison of Chronometcrs 


11g When the etiors of several chronometers are to be 
determined at the same time, the error of one of them 1s ob 
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tained by observation, and of the others by compatison with 
this When two sidereal or tuo mean solar chronometers 
are compared together the beats will be sensibly of the same 
length, but generally the two will not beat exactly together, 
the fraction of a second by which the beat of one falls be- 
hind that of the other must therefore be estimated With 
some practice this can be done so that the error in the est. 
mation will not much exceed o* I 

When a sidereal 1s to be compared with a mean time chro- 
nomete: the error of comparison will be much smaller 
Since 1° of side eal time is equal to 0° 99727 mean solar time, 
it follows that the sidereal gains 0° 00273 on the mean time 
chronometer in one second, this gain will amount to one 
entire beat, or o° 5, 1n 183°, or approximately 3" Therefore 
practically once every three minutes the beat of the two will 
coincide Itis found that with a httle practice the ea can 
detect a discordance in the beats as long as they differ by 
o'02 or 0°03, and therefore the comparison can be made 
within this limit of error 

When a number of chronometers are to be compared with 
a standard clock, 1t may be done very conveniently by means 
of the chronograph * The clock being connected with the 
chronogiaph, the observer taps the signal-key in coincidence 
with one or more even beats of the chronometer, and thus 
the time by both clock and chronometer are recoided on 
the same sheet 


The Astronomical Clock 


120 Ina fixed observatory the clockis an instrument of 
great importance It is generally regulated for sidereal 
time The only part of the mechanism which requires notice 


a pera ee Cee EEE 


* See Art I21 
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here 1s the pendulum, which 1s made of the necessary length 
to beat seconds 

The rate of the clock depends upon the length of the 
pendulum, and since a rod of metal changes its length with 
every change of temperature, some method of compensation 
is necessary in order to keep the centre of oscillation at a 
constant distance from the point of suspension For accom- 
plishing this two different forms are used, viz, the gridiron 
and the mercurial pendulum 

In the gridiron pendulum the rod 1s composed of a num- 
ber of parallel bars, alternately of brass and steel] These are 
so arranged that the expansion of the steel bars tends to zz- 
crease the length, while that of the brass bars tends to dimin- 
ish it As these metals expand and contiact by different 
amounts when subjected to changes of temperature, the 
relative lengths of the two may be so adjusted as to maintain 
a constant length for the system 

With the mercurial pendulum the rod consists of a single 
bar of steel The “bob” 1s a cylindrical vessel of glass or 
metal filled with mercury The expansion of the 10d de- 
presses the centre of oscillation, while that of the mercury 
raises 1t Thus by making the cylinder of prope: piopor- 
tions, as compared with the rod, the necessary compensation 
is effected 

With a clock which 1s exposed to sudden changes of tem- 
perature the griduon pendulum will give a more unilorm 
rate than the mercurial, as the comparatively thin bais of 
metal will accommodate themselves to the temperature of 
the air much sooner than the comparatively large mass of 
merculy 

The density of the air as indicated by the barometer also 
affects the 1ate of the clock by its vaiiable resistance to the 
motion of the pendulum Struve found fo: the standard 
clock of the Poulkova observatory a change of o* 32 1n 1ate 
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for a variation of one inch in the barometer It 1s therefore 
very important to protect the standaid clock from sudden 
and extreme atmospheric changes In some observatories 
this is done by placing it 1n an air-tight compartment below 
the surface of the ground 


The Chronograph 


121 The chronograph is used in connection with the clock 
for registering graphically on a strip or sheet of paper the 
beats of the latter Fig 22 shows a common form of this 
instrument The sheet of paper on which the record is to 
be made 1s wrapped around the cylinder, which in this in- 
strument is 14 inches long and 6 or 7 inches in diameter 
The cylinder 1s given one revolution per minute by means 
of the clockwork The pen which 1s shown above the cy]l- 
inder is supplied with aniline ink, and being moved slowly 
along in the direction of the axis of the cylinder it traces a 
continuous spiral on the surlace 

The apparatus is placed in an electric circuit passing 
through the clock, and so arranged that the pendulum breaks 
the circuit for an instant at the beginning of each second * 
By means of a spiing which acts in the direction contrary 
to that of the electro-magnet shown 1n the figure, the pen 1s 
thus given a slight lateral motion at each beat of the clock, 
producing instead of a continuous line a line graduated as 
shown 1n the folding plate, Fig 22a. . 


* The arrangement may be such that the circuit will be closed for an instant 
at the beginning of each second, remaining open during the remainder The 
break-circuit plan is the one more commonly employed Various mechanical 


devices are employed by different makers for causing the clock to open or close 
the circuit 


212 


PRACLICAL ASTKONOMY 


KN, 


Fic 2z—The Chronograph, 


§ 121 THE CHRONOGRAPH 213 


Each of these spaces is the graphic record of one second of 
time as shown by the clock The beginning of the minute is 
marked by the omission of one of the points The instru- 
ment here shown will run 2$ hours When the paper is 
removed from the cylinder and spread out it 1s marked with 
parallel lines, each line being the record of one minute of 
clock time 

In order to make use of this apparatus for recording the 
time of the occurrence of any phenomenon, the wie which 
forms the circuit, passing from the battery through the 
clock and chronog:aph, 1s made to pass through a signal-key 
held in the hand otf the obse1 ver, and by means of which the 
circuit can be instantly broken 


In Fig 23, aa’ 1s the wire through which the circuit passes. 


When the point 4 touches the metallic plate c h 
the circuit is closed A key 1s so arranged * : 
that by tapping it with the finger this point , 


is raised and the circuit broken, this pro- ° Fic 23 
duces a mark on the chronograph-sheet similar to that made 
by the clock, and the position of which 1s the record of the 
instant when the key was pressed 

Fig 22a 1s a reduced copy of the chronograph record of 
transits of the stars 0 Aguarz, y Aquariw, x Aguaru, © Aguarit, 
a Lacertg, and » Aquarw observed with the transit-cucle of 
the Washington observatory, 1884, December 7 

Each star 1s observed over eleven threads* The 1ecoicl 
begins by striking the signal-key several times in quick suc- 
cession before the star reaches the first thread, in order to 
mark the beginning of the series, then it 1s tapped in exact 
coincidence with the star’s passage over each thread 1n suc- 
cession 


eee 


* See Art 170 
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Taking the first of the above stars, 9 Aguarzz, our chrono- 
graph-sheet gives the following record 


22" 10™ 33°4 22> 10" 47°9 
3680 50°O 
37°6 54° 1 
41° 7 55°7 
43°83 225 10” 58° 3 


22" 107 45°8 


For reading the record a scale long enough to reach the 
entire length of the sheet 1s used, the spaces of which are 
the same as those of the sheet These spaces are numbered 
continuously from o up to 60, each space being divided to 
tenths, the fractional parts of these subdivisions may be esti- 
mated 

While the paper 1s on the cylinder it 1s necessary to mal k 
somewhere on the sheet the hour and minute shown by the 
clock, this serves as a starting-point for reading the recoid 

For the puipose of determining longitude, chronometers 
are sometimes provided with a break-circuit attachment, 
when they can be used with a chronograph 1n the same man- 
ner as a clock 

The main advantages which the chronograph possesses 
over the methods employed before its introduction are, 
frst, a comparatively mexperienced observer can record 
astronomical phenomena by its use with a degree ol accuracy 
which 1t would take months or perhaps years of practice to 
acquire without it, and second, the record 1s made by simply 
pressing a key with the finger thus many more observations 
can be made ina given time than 1s possible when eve1 ything 
must be written down with a pencil. 


CHAPTER V 


DETERMINATION OF TIME AND LATITUDE —METHODS 
ADAPTED TO [HE USE OF THE SEXTANT * 


122 In aspherical triangle, when three parts are known any 
other part may be determined Let us consider the triangle 
PZS, where P 1s the pole of the heavens, Z p 
the observer’s zenith, and S a known star A 
(the word star here including the sun, moon, 
or a planet) 

If we measure the altitude of S, the side ge 
SZ of our triangleis known Thedeclination 202 
61s taken from the Nautical Almanac If 
then we know the houi-angle 7, we have the 
data for determining the latitude p If gis 
known, we have the hour-angle z by compu- 
tation, and therefore the tue local time, from " Lh 
(197) Fic 24 

We have then simply to give the solutions of this triangle 
best adapted to the diffe1ent causes which will be consideied, 
and to determine what conditions will be most favorable to 
accuracy 


Zz 
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123 By a single altitude of the sun 


Let 4’ = the observed altitude of the sun’s limb, corrected 
for index error, 


* The methods of this chapter are of course equally adapted to the use of any 
instrument for measuring altitudes 
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Ak = the true altitude of the sun’s centie, 

g — the true zenith distance of the sun’s centre = go°— 4, 
y = the correction fo1 1efraction , 

p = the correction fo parallax, 

s = the correction fo1 semidiameter 


Then h=h'—r+pHats : (213) 


gis + when the i limb 1s observed 


The required solution of the triangle may now be deduced 
from the last of equations (121), viz, 


cos g = sin gsin 6 + cos g cos 0 cos?, 
from which 


cos  — singsin 6 
oS — : (214) 
Cus g cos 0 


In some cases this equation may be conveniently employed 
for computing ¢, as when the same star 1s observed on several 
successive days at the same place sin msin 6 and cos pcos dé 
may then be considered constant for a week or more in 
ordinary sextant work The numerator will be computed 
with addition and subtraction logarithms 

As #1s given in terms of the cosine, this equation should 
not be used when the angle 1s less than 45° 

124 To place (214) in a form more generally applicable, 
first subtract both members from unity, then add both mem. 
bers to unity, viz 


cos p cos 6 : 


cos pcos 6 — sin gsind + cosa 


I cos 7 = 
T cos Pp cos 0 ? 
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from which we easily obtain 


cos , cos rs (216) 


sin $[2 + (@ — 6)] sin 5)] sin $[2 — — 2—(p— Pp — 9)] 
a 4/ Site cos Sz-L(p + 0)} cos z—(po)] 17) 


For most purposes equation (215) will give the necessary 
degree of precision 

When the extremest accuracy is required (217) should be 
used 

These equations give ¢ in degrees, minutes, and seconds of 
arc For our vurposes it must be reduced to time by divid- 


ing by 15 


Then let 7, = the chronométe: time of observation, 
AT = the chronometer correction , 
& = the equation of time. 


Then the apparent time of observation 1s ¢ (Art go) 


* Mean time of observation =7¢+ 82 = 7+ ars (218) 
from which ATPase = TJ, 


AT is the quantity required 


In the above, where the object observed was the sun, we 
have supposed the chronometer to be regulated to mean time 
If a sidereal chronometer has been used, the mean time 
(¢ + £) must be converted into sidereal time by (200) or (201) 
and the resulting value compared with the chronometer time 
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Example tI West Las Animas 
Observation of sun for time 

_  Sextant Chronometer 

oO 8S 50! oo” an 35” 728 
89 00 O 35 39 5 
10 Oo 36 35 
20 O 36 30 § 
89 30 O 36 56 5 
© 88° 50’ o” 3 37™ 55° 5 

—~ 8g O O 38 22 

10 Oo 38 48 
20 0 39 14 5 
89 30 0 39 41 0 
Means 89° 10’ 0! gh 34™ 268 3 

I — II 
Eccentricity — 45 
2A _ 89° 9 4! 
A=44 34 32 
Refraction 7 = — 49 
Parallax p = 6 


h = 44° 33' 49” 
zg=45 26 Ir = zenith distance of sun’s centre. 


We have now the data for applying formule (215) and (218) 


4A* 
p= 38° 4! oO” sec = 0 10386 99 
6 = 18 42 17 sec = 02357 43 
p—-S=I19 21 43 


z=45 26 II 
s+ (p — 6) = 64 47 54 
z—(p—6)=26 4 28 

eS 23 57 

$12 —(P —O)] = 13 2 14 


S sin = g 72901 19 9 
D sin = 9 35331 54 6 
: sin? 44 = 9 20975 

4¢ = 23° 44! 28" sin 44 = 9 60487 28 7 


t= 47 28 56 
a 3h g™ 55° | 
c= 20 50 4 3 
= 13 0 
t+#= 20 56 17 3 = mean solar time 
i= 3 37 26 3 = observed time 


AT=— 6 41 9 0=chron correction [Eq (218)] 


This value differs but little from the value assumed above If the difference 
had been large 1t would have been necessary to take from the ephemeris the 
value of 6 for this more correct time, and to repeat the computation for a more 
correct value of 47 Or, if the difference were not too great, the necessary 
correction could be determined by a differential formula 


Ti a 
* These values are written down for the purpose of computing the differential formulz in 
case itis thought desirable See Articles 128-1, 
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Colorado, 1878, July 28 9 
Mean solar chronometer Observer B 
Negus 1326 
Thermometer 78° 
Latitude p = 38° 4’ oO! Barometer 2605 
Longitude Z = 12 44™ 41° w of Washington 
Assumed 47= —6 q4I 7 INDEX Col rcc1i0N 
On Arc Arc 
31’ 50” 359-28! 45! 
31 30 28 40 
3t 40 28 40 
31! yo!’ = 359° 287 4a!’ 
Index correction = J = — 11"! 
From the refraction table we find Mean refraction = 59!’ I 
Barometer factor = 880 
Thermometer = 946 
Therefore v = 49// 2 


From the American Ephemeris we find— 


p 248, eq hor parallax 7 = 
P 327, 


p 327, semidiameter = 


g!/ 72 


6 = + 18° 42! 16" 7 
Pp 327 equation of time Z = + 


6™ [25° 99 
15/47" 7 


5 1s interpolated from the ephemeris by the method explained in Art 52 


The ephemeris 1s given for the meridian of Washington, therefore we require 


the Washington time of our observation 


Time of observation ig 
Approximate correction 47 
Approxmate local time 
Longitude 

Washington time, July 28 


Et a 


nu A 


At noon, July 29, ) 
Hourly change July 28 = — 35/7 00 
Hourly change July 29 = — 35” 77 
Therefore the correction to 6 


At time of observation 6 — 
At noon July 29 eq of time = 
Correction for 4 055 = 

yo 


3)! 37 26° 3 
6 4I 7 
20 56 I9 
I 44 41 
22 41 0 


1" r9™ o® before noon of July 29 
rh 317 

d Ox5 

18° 41’ 29/7 6 


—1" 3r7[— 35 77-+4 77X* 055] 
4" I 
18° 42! 16" 7 
+ 6™ 12° 89 
Io 
6™ 12° 99 


In taking Z from the ephemeris, second differences need not be considered for 
this purpose, though it has been done in this case 
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If asidereal chronometer had been used we should have had 
only to convert the mean time ¢ + Z into sidereal time, when 
we should have had 47 by comparing with the observed time 
asnow It may be remaiked also that in using u sidereal 
chronometer the observed sidereal time must be converted 
into mean solar time for the purpose of taking 6 and & from 
the ephemeris, since these are given for mean solai time 

In reducing such aseries as this it 1s perhapsa little better 
to reduce the 1eadings on the two limbs separately, the two 
reductions will then mutually check each other Ol course 
the altitudes must be corrected for semmuiameter If a con- 
siderable numbe1 of series have been teduced in this way 
the observer can see, by compazing results, whether his per- 
sonal equation 1s the same for both limbs 


125 By a single altitude of a star 


It will be convenient to use a sidereal chronometer when 
practicable 


Let © = the true sidereal time of observation, 
©, = the chronometer time of observation, 
A@® = the chronomete) correction 


Then ¢ 1s computed the same as above, recollecting that for 
a star the semidiameter and parallax will be mappreciable, 
we have 


z= 90° — (’ — r), 2 « « « (219) 
O=(¢+a)=90,+ 40, 
40=(¢+a)—0,. . . « « « © (220) 
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Lmzple 2 West Las Animas Colorado 1878, July 29 3 
*bservation of Arcturus for time Observer B 
Sidereal chronometer 
Negus 1590 
Sextant Chronometer 
87° 40' 18" 11™ 290 Latitude m= 38° 4'00” 
30 II 55 0 Longitude Z= 1} 44™ 418 w of Wash, 
20 I2 21 0 Thermometer 74° 0 
10 12 46 5 Barometer 25 oI 
87 00 ™3 13.0 
Means 87° 20' 00" 184 12" 20g From ephemeris, a=14" I0™ 88 2 
S=19° 48' 58" 
L — 18 
E — 42 
2A = 87° 19’ 00" 
A = 43 39 30 
r= —4 
k= 43 38 44 
z= 46 21 16 
A 
p= 38° 4’ o” sec @ = 0 10386 + 99 
‘0 =19 48 58 secd = 02651 


Gg —d6 = 18° 15’ 2' 
(ge — 5) = 64 36 18 
{q@—5)=28 6 14 


S = 32 18 9g sin S = 9 72786 + 200 
Das a ee sin D = 9 38525 + 50 5 


sin? 44 = 9 24348 
at = 24° 44' 33" 3 sin¢¢= 962174 +275 
= 49 29 7 
i 3h 17™568 5 
@=14 10 8 2 
= 17 28 4 7 = sidereal time 
served (y= 18 12 20 9 = chron reading 


40 = — 44168 2 = chron cor [Eq (220)] 


{t will be seen that the numerical work 1s somewhat less 
case of a star than of the sun 

Im case a mean solar chronometer has been used, the side- 
11 time (¢ + a) must be converted into mean solar time by 
>»2), and the resulting value compared with the chronome- 
- time 
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Example 4 West Las Animas, Colorado 1878, July 27 3 
Observation of @ Corone Borealis for ume Observer B 

Mean solar chronometer 
Negus 1326 
Sextant Chronometer 
95° 50’ 17° 3™ 1680 ©Latitude g=38° 4' 00” 
40 3 400 LongitudeL= 1°44” 418 w of Wash 
30 4 8 0 #£‘[hermometer 62° 0 
20 4 32 5 Barometer 26 It 
95 10 17 4 57 5 
Means 95° 30’ 0” 174 4m 62 From the ephemeris, a =15'29™34° 1 
I re) 6 =27° 7' 32" 
E — 52 
24=95 29 8 
A=47 44 34 
i= — 46 
h = 47° 43) 48" 
2= 42 16 12 
a* 
p= 38° 4° Oo” sec @ = 0 10386 +- 99 
6=27 7 32 secO = 05061 + 45 
—6= 10 56 28 
z-+(p— 6) = 53 12 40 
z—(p— 6) = 31 19 44 
S = 26 36 20 sin S = 9 65113 252 
D=15 39 52 sin D = 9 43137 45 0 
sin? 4¢ = 9 23697 
4¢ = 24° 32’ 43” sin 44 = g 61848 +277 
t=49 5 26 
f= 3". 16™2T" 7 
@M@=15 29 34 1 
6=18 45 55 8 = siderealtime This isnow converted into mean 
solar tume by equation (202) 
V= 8 21 15 7 = sidereal time of mean noon from ephemeris 
@—V=I10 24 40 
Il 42 3 Table II, Appendix to Ephemeris 
M S time = 10 22 57 
Chronom =17 4 62 
4ixz— 641 84 


126 Conditions most favorable to accuracy in determining time by a single 
altitude 

As our data will always be liable to more or Jess uncertainty 1t becomes a 
matter of great practical importance to so arrange our observations that smal] 
errors in the quantities regarded as known shall have the least effect on the 
computed value of 7 


* These quantities are written down so that we mayemploy them in computing the differen 
tial formulz when desirable (See Articles 128-131 ) 
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As we require equations (121), we rewrite them here for convenience of ref- 


erence 
cos kcosa = cos dcos¢sing—sindcos@, (é) 


cos Asina = cos 6 sinf, (Ff) (121) 
sinh =cosécostcosm-+sindsin pm (g) 
To determine the effect upon t of a small error in the measwued altitude Differ- 
entiating (g) with respect to 4 and ¢and reducing by means of (/), we readily 
find 


a= 


-ah (221) 
cos P sin a 


From this we see that for a given latitude g a small error dA in the altitude 
will produce the lcast effect when sina has its greatest value, viz when the star 
is on the prime vertical Also, that for a constant positive erior @/ the error 


( west 


( east 
therefore be eliminated by observing both east and west stars 


(221) also shows that a7 will be least when cos g1s greatest, that 1s, when 
@ is small, the most favorable part of the earth s surface for this kind of deter- 
mination being the equator 

Effect of a small ersor wn the assumed latitude p Differentiating (g) with re- 
spect to g and ¢ and reducing by means of (¢) and (/), we find 


mas tan @ cos or 222) 


from which 1t appears that when the Star is near the prime vertical d7 1s rela- 
tively small If the star 1s on the prime vertical, d¢ 1s zero, as tan @ 1S then 
infinite 

If the star 1s not observed on the prime vertical, dz will disappear from the 
mean of two observations at the same distance east and west of the meridian 
Also, we see that an error dp will have the least effect on ¢ when the latitude 1s 
near zero 

In the same way we may discuss the effect of a small error in 6, but as no 
stars will ever be likely to be used for this purpose whose declination 1s uncer 
tain to any appreciable amount, this 1s not practically a source of error 

127 From this discussion we see that a determination of time should always 
depend on observations of stars both east and west of the meridian, the obser- 
vations should be made at as nearly the same azimuth as possible east and west, 
and if two stars are employed it will be better if the declinations are nearly equal 

dh may be regarded as including all of the undetermined errors of the instru- 
ment—see Articles 115, 116, and 117—as well as constant errors of observation 
and refraction 


produced in # will be + when the star 1s of the meridian, and may 


Differential Formula 
128 The numerical values of the differential coefficients of ¢with respect to 
gm, 6, and 24 are often convenient where the time has been determined 1n the 
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manner just explained Sometimes values of g, 6, or 24 are employed in the 
computation which are afterwards found to require small corrections If these 
are so small that the second and higher powers may be neglected, the necessary 
correction of the hour angle may be found by the differential formula Other- 
wise the computation must be repeated 


Let 4g, 45, 42h = small corrections to the values of the latitude, declina- 
tion, and double altitude employed, 
4? = the resulting correction to the hour-angle 


Then, neglecting terms of the second and higher orders, 


Tt 
t= iso + Saas Sa (2s 


The differential coefficients may be computed by the formule of the previous 
article, but they are not convenient since they require a knowledge of the azi- 
muth 

129 For practical purposes a more convenient process 1s the following, 
where the numerical values of these coefficients are expressed in terms of the 
differences of the logarithms employed Taking logarithms of both members 
of (215), we have 


2 log sin 4¢ = log sin S + log sin D + log sec p+ log sec 6, (224) 


where S= 4[s+ (p — $)] = 190° — 422 4+-4(p — S), (228) 
D = i[2 — (p — 8)] = igo” — 424 — Up — 8) 
First differentiate (224) with respect to 2k and 4z We find 
2dZ7sin \f  disn S dS ad2hkh , di sin D @D d2h 
dit ~~ dS azh ait +p d2h adit 
ads aD I 
From (225), wah = ali = eer 
ai sin 4Z aisin § = 
Therefore we nave, writing ae Aisin 42 and “Ze = Alism § ; 
at ie _ 4lsin S+ 4?sin D 6 
d2h 44] sin 42 (226) 


The quantities 4/7 sin S, 4/sin D are the rates of change of the loga- 
rithms for the values of S D, etc,employed It requires, therefore, very little 
time to take these fiom the tables while computing 7, as we have done in the 
examples in the foregoing pages 

Thus, inexample 1 we have found 4/sin S=19 9, which 1s the change expressed 
in units of the last decimal place of log sin S produced by a change of r'in S§ 
In practice the / sin of the angle 5’ less than S 1s subtracted from that of the 
angle 5’ greater, and the difference divided by 1o This isa little more accu- 
rate than to take the difference between consecutive logarithms 
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In our example S = 32° 24' 


Zsin 32° 19’ = g 72803 
Z sin 32° 29° = 9 73002 


Difference for 10° = 199 
Difference for 1! =4=19 9 
In hike manner we have found 4isnD= 546 
Alsin +i = — 287 
dt gg +546 _ 
Therefore, by (226), a, + 649 


A correction to the assumed value of 24 may result from a variety of causes, 
such as the employment of values of the refraction, parallax, index error, or 
eccentricity, which are only approximately correct, or from errors in the pre 
liminary computation 

Suppose the value of 24 employed 1n example 1 was found to require the cor- 
rection 424 =1' Then the resulting correction to the hour angle would be 


it 


At= 619 X = 2 596 


at 
130 For the value of +; we differentiate (224) with respect to ¢ and 6, viz , 


do 
2a/ sin tt _ di sec 6 dd ,adisnS dS d | disnD dD do 
att ——“‘ié«~d#S; att dS dd dit “aD ds att’ 
as I 
and from (225), = 5: > = as = 


dt _2Aisecd — Alsin S+ 4isin D 
dé 242 sin 42 (227) 


Substituting the numerical values of 47sec 6, 47sin S, etc, given in exam- 
ple 1, we find 


Therefore 


@ _86 —t99 +546 _ 
ad — 574 = 


If now, for example, the 6 with which the reduction 1s made were found to 
require the correction 46 = 1', we should have 


— 754 


60! 
4t= S48 = Pe eS 02 


dt 
131 For ie we differentiate with respect to g and ¢, viz , 


2disintt  aismS dS dp , al dsnDdD dp , al dl sec p ap 
att = gs dp dyt' aD ap ae ae ap axe 
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aS _! La 
Also, ie ; Tp 2 

dt 2Aisecp+ 4/sinS — 4/snD 

le cae cede dey a oR re 8 
Therefore eo ea (228) 


For our example 1 we have by this formula 
dé _198 +199 ~ 546 _ 
ap 574 a 
and a correction of 1 to the assumed latitude produces a corresponding cor 
rection to the time of 


260, 


vw 


Ati=— 260 — = — I* 04 
4 


Probable E1101 

132 By means of formula (226) we may reduce the time of each altitude to 
the time of the mean altitude for the purpose of comparing the individual meas 
urements and computing the probable error The application to example I 
will sufficiently explain the process 

The mean value of 24 1s 89° 10’ so that each time will be reduced to the time 
corresponding to this altitude Further, as one half the readings were made on 
the lower limb and one half on the upper limb, we must add to the latter and 
subtract from the forme: the time required for the sun to move in altitude over 
an arc equal to the sun’s semidiameter, or1in double altitude a space equal to 
the diameter 

Thus we have—see example I— 

Semidiameter of sun = S = 15' 47" 7, 


Diameter of sun = 31’ 590 
at 
t —_ = 
From previous article, aa 649 
Therefore reduction for semidiameter = 649 X cL a ze = 82° OL 


The reduction 1s now as follows 


Timo operas Ach A? Soneceee Observed Reduced v 
2h diacheter Time Time o-—e 


Upper | 88° 50’ de + 5189) + r™ 22%0 [32 35™ 12880 [3h 357m 25° 9 — 4 
89 0 ro|-+ 26 o 35 39 5 75 \|+12 
89 Io ° ° 36 325 a 5 |— 8 
8g 20 — 10/— 26 0 36 30 5 26 5 |+ 2 
89 30 ~20|— 51 9 36 56 5 26 6 |-+ 3 

Lower! 88 so |+20/+51 9|/ —2z 220 5 2 —_ 
89 o |+10/+26 0 ; 33 a of es _ 
89 I0 ° ° 38 48 260|— 3 
89 20 — 10| ~~ 26 o 39 14 5 2 5/+ 2 
89 30 |— 20|/— 51 9 39 41 0/3 37 27 1 /+ 8 


Mean 3" 377 26"3 [vv] = 404 
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Then by formule (27), probable error of single observation = 7 = ° 43, 
probable error of mean =% = *14 


The reader must not fall into the error of supposing that this quantity repre 
sents the actual probable error of a determination of time by this method, since 
no account 1s here taken of the relatively large corzsfant errors to which observa- 
tions of this kind are liable The subject will be considered more at length 
hereafter (See Art 156) 


Corrections for Refraction and Motion in Declenatron 


133 The refraction of the atmosphere and the sun’s motion in declination 
affect the computed value of Jt by small quantities, which it may be considered 
desirable to take into account in a more refined discussion 

Correction for Refraction Since refraction decreases with the altitude, it fol- 
lows that when the sun’s altitude increases by a given quantity—10’ for example 
—as measured with the instrument, the actual space passed over 1s greater than 
10’ by the difference of refraction for the first and last position Thus, instead 
of simply 424 as used in our formula, we should employ 424 + 2Ar, Ar be- 
ing the difference between the refraction for altitude 4 and that for h-+ 4h 

For our example we find for the mean altitude of the sun, viz , 44° 34’, 


Change in refraction corresponding to 10’ altitude = 0” 30 = 24r 


Therefore the correction to 4¢ corresponding to 424 = r0' 1s 


ft 
30 
649 X = : 


* O13 


This must be added to the computed interval, viz, Zz = 25° 96 


A't = 25° 973 


134 Correction for Sun's Motwn in Dechnation Since the sun’s declination 1s 
not constant, but 1s ever increasing or diminishing the time required for the 
altitude to change by a given amount will be slightly modified by this cause 

For our example with 424 = 10’ we find 4¢ = 25°97 Referring to the 
example, we have found the hourly motion in declination to be — 35'' 7, there- 


fore in the interval 25" 97 the change 1s — " 26 
By formula (227) we have found for this example sid =— 754 
acs vt 6 
Therefore correction to dt = — 754 X Ts = + * 013 


Theefore the final value of 4¢ corresponding to 424 = 10’ 1s 25* 986 


at ™ 


“te 


ee ee ee a. a eee eens, Fe eS ey 
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If botn limbs are reduced together, as in our example, the reduction for sem1 
diameter should be corrected for motion in declination, but not for refraction, 
since both limbs are observed at the same altitude 


Determination of Tine by Equal Altitudes 


135 By a star observed at equal altttudes east and west of the 
meridian 

Method of observing When the star 1s at some distance 
east of the meridian (the nearer the prime veitical the 
better), measure with the sextant a series of five or more 
altitudes in the manner already explained (Arts I11, 112, 
and 113), then, a short time before the star reaches the 
same altitude in the west, set the vernier at the reading 
of the last altitude and observe the same number of alti 
tudes as before at the same icadings Some observers 
prefer to take only one reading east and then lay the in- 
strument where nothing will disturb it until it 1s time for 
the west observation In this way both observations are 
secured at absolutely the same altitude so far as it depends 
on the reading of the instrument, but there is the objection 
that only one reading can be made, which more than neutral- 
izes the advantage No correction for index e:ror, refrac- 
tion, or parallax 1s required 

Now, as the declination is constant and the altitudes the 
same, the numerical values of the hour-angle measured east 
and west of the meridian will be equal Suppose a sidereal 
chronometer used Let 


©’ = the chronometer time of the first observation, 
©” = the chronometer time of the second observation, 
A® = the chronometer correction 


Then the sidereal time of the star’s meridian passage equals 
its right ascension @ 
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For the first observation a= 6’+ 40 +442, 
For the second observationa = 0”+ 40 —7 


From which 40 =a — }(0’ + 6”) (220) 


Exauple1 1856, March tgth, equal altitudes of Arcturus 
east and west of the meridian were obsel ved as follows 


East of meridian, O’ = 11" 4™51°5 
West of meridian, 0” = 17 21 300 


3(O' + 0") = 14 13 10 75 
From ephemeris, @=14 9 7 II 


Therefore 40 = — 4" 3°64 


136 If a mean time chionometer 1s employed, the sidereal 
time of the star’s culmination (which is equal to the right 
ascension) must be converted into mean time, and this com- 
pared with the mean of the observed timcs as betoie 


Example2 1856, March 15th, equal altitudes of Spica were 
Observed as below, the time being noted by a mean time 
chronometer 


Latitude gm = ~ 33° 56 
Longitude 2 = — 1" 13™ 568 from Greenwich 
CHRONOMETIR SrxTANT CIRONOMPTER 
East Double Alt West 
Io® 20" of 104° 0 2) gom 388 
20 28 Io 40 I0 § 
20 55 20 39 42 
T' = 10% 20" 278 §3 7" = 2" 40 T0817 


H7-+ 7") =12 30 I9 O 


From ephemeris, (= M= 13 17 37 92 

Then—Art 95—from ephemeris v= 23 32 53 22 
Q— i= 13 44 44 70 

Table IJ, ephemeris, — 2 15 12 


Mean time = 13 42 29 58 
47 + 7") = 12 30 19 00 
Therefore d/ =-++ 1 12 10 58 


t 
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137. By equal altrtudes of the sun. 

This method 1s less simple when applied to the sun, for the 
reason that the sun’s declination cannot be considered con- 
stant for the interval of time between the morning and after- 
noon observations The mean of the observed times will not 
therefoie be the time of meridian passage as In Case of a star 
The correction due to this cause 1s called the equation of equal 
uititudes To determine its value we proceed as follows 


Let 46 = the hourly change in declination taken from the 
Nautical Almanac 
Then 246 = the total change in O1n the time 7z, 
6t = change produced in # by the increment tAd of 6 


Then since ¢ = /(¢), 
t+ d¢ = f(6 + 240), 


and neglecting terms of higher order than the first, 


di 
o¢ = as tAd . ° (230) 
Z 
To determine 7 we differentiate the last of equations (121) 


with respect to ¢ and 6, viz, 


at __sin g cos 6 — cos gsin 6 cos? tang tando 


ee ed eee 


as cos pcos 0 sinZz — gin¢g tan? 


Therefore substituting this value in (230), and dividing by 
15, as Of 1s required in seconds of time, we find 


tanp tand|, 40d 
~~ |= f tanz_| 15 (231) 


Now suppose a mean time chronometer used, and let 


T’and 7” = chronometer times of eastand west observation 
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Then will 


¢ — 6¢ = the hour-angle of the AM observation; 
¢ + 6¢ = the hour-angle of the P.M observation, 


E = equation of time 


Then E£=T7’ +474 (¢ — 6¢) from AM observation, 
E=T"+4T—(¢-+ 6) from PM observation 


From which 


AT =E-(KT/ +7") — 64 (232) 


Example 3 1886, March sth, atthe U S Naval Academy 
the sun was observed east and west of the meridian as 


follows 


East, 7!’ = 15 8™ 26° 6 
West, 7" =8 45 41 7 
‘= 7" —_ 7 ') _ 3h 46™ 37° 5 
= 57 9 
= 3° 810 


U7’ 4+ T") = 4h57™ 4 15 
o¢=-+ 15 18 
A=-+1r 35 {1 


ED 


AT = — 4° 45™ 13° 86 


A 


Latitude 9 = 38° 59’ 
Longitude Z = — 2™ 16° 

from Washington 
From ephemeris, 6 = — §° 46! 


Equation of time & = -+ I1™ 35° Ir 
Ad = + 58" 10 


tan @ = 9 9081 tan 0 = 9 0042n 
sin 7 = 9 9243 tan z= 1900 
9 9838 8 8142n 
*4 = 1 1696 *B = 1 1980 
log f= 5809 


log 465 = 1 7642 
log ay = 8 8239 


_— 


log 6¢ = 1 1812 


138 Equal altitudes of the sun observed in the afternoon of 
one day and the morning of the day following 
In this case the mean of the observed times plus the neces- 


* See tables of addition and subtraction logarithms 
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sary corrections will be the time of the sun’s passing the 
lower branch of the meridian, or midnight 


Let 7’ = the sun’s hour-angle, reckoned from the lower 
branch of the meridian 


Then 7“ = 7¢-+ 180°, sinz = —sin?’, tan ¢ = tan 2’ 
Therefore for this case (231) becomes 


_ tang , tand],, 46 
= | an ? tan > | 15’ - + (233) 


and the clock correction will be given by (232), as before, 
except that for Z we write 12° + £ 


Examph 4. 1856, May 3d The altitude of the sun being 
observed on the afternoon of the 3d and the morning of the 
4th as follows, required the co1rection of the chionometer 
at midnight 


T! = 6%54™ ro8 3 Latitude south = @ = — 43° 21! 
7T'’=21 9 175 °&zLongitudeW of Wash = J =-+ 9! 1™ Jo 
oy ae Bh a iy ey adc From ephemeris, 6 = ~=g° 15/ 
t’ = 106° 53! AS = -+- 43" 76 
t'= 75 126 Equation of time & = — 3" 188 67 
7" + T') = 14" 1 43°9 tan P = 9 9750n tan 6 = 9 4356 
6f= 22 2 sin ¢/ = 9 9809 tan ¢#’ = 51792 
rh+A=1r 56 41 33 —___—_ ae a 
Se 9 9941% 8 O177n 
4AT=— 2" 4™4o0'4 A=10764 Bri ilig 
log ¢= 8528 


log 46 = 1 6411 
log ys = 8 8239 


as (Eee 


log (— 62) = 1 34697 
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139 The chief advantages possessed by the method of 
determining time by equal altitudes are the following the 
computation 1s very simple, and no corrections are requued 
for parallax, 1efraction, semidiamete1, or instrumental errors, 
nor 1s a knowledge of the latitude requied, except very rough- 
ly, whenthesunisemployed The disadvantages aie the diffi- 
culty and olten impossibility of obtaining the obse1 vations at 
exactly the same altitude, owing to clouds or other hinder- 
ances , also, the changes which often take place in the re- 
fraction between the morning and afternoon A correction 
for this last mentioned source of error may be computed by 
means of a differential formula, but it has not been thought 
necessary to develop it here 


Latitude 


140 We have seen (Art 63) that the astronomical latitude 
of any place is equal to the declination of the zenith of that 
place, or tu the elevation of the pole above the ho1izon The 
distinctions bet ween the different kinds of latitude, as defined 
In zirt 73, must be bornein mind Weaze at present only 
dealing with the ast onomzcal Jatetude as there defined It1s 
perhaps unnecessary to state that all formule derived will 
be applicable to either north or south latitude, care being 


: north 

taken to use the proper algebraic signs out latitudes 
plus 

and declinations being fe 
First Method 


t4r By the zenith distance of a star observed on the meridian, 
Resuming the last of equations (121), 
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cos ¢ = sin psin 6 + cos g cos 4 cosé, 
we know that when the star 1s on the meridian, 
i= 0, cosz#= I 


Therefore we have 


cos z = cos (gy — 9), 
+z=Qp—6 and p=Oie (234) 


By referring to the figure, ES = 0, 2S = 2, and we readily 
see that in the above formula the sign will be + for a 


star aon of the zenith 


Fic 25 


The same formula apples to a star S” observed below the 
pole. If we reckon the declination on that branch of the me- 
ridian which contains the observer’s zenith, or, what is the 
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same thing, 1f we replace 6 in formula (234) by (180° — 9), it 
then becomes 


o=(18° —d)—¢4. i a, ae (235) 


Second Method 


142 Bya circumpolar star observed at both upper and lower 
cubnination 
From (234) we have— 


For upper culmination g = 6 — 8; 
For lower culmination g = 180° — 6 — 2 


The mean of which gives p= 90° — e+ 2’). (236) 


The method has this advantage, viz, that the latitude 
determined in this way does not require a knowledge of the 
place of the star, 1t 1s therefore especially adapted to the 
determination of the latitude of a fixed observatory, where it 
1s desirable to make the results independent of what has been 
doneatother places As willappear hereafter, when extreme 
accuracy 1s required there will be a small correction neces- 
sary for the change in 6 between the first and second observa- 
tion The result is also affected by whatever error there 
may be in the tabular value of the refraction used 

The following example will illustrate both the above 
methods 

187s, November 11th, at the Washington observatory the 
zenith distance of Polaris was observed as follows: 


Upper culmination g = 49° 45' 222, 
Lower culmination 2’ = 52° 27’ 20” 0 


236 PRACTICAL ASTRONOMY § 143 


From the Nautical Almanac we find for the declination of 
Polaris at the time of upper culmination at Washington 


Nov 11 4, 6 = 88° 30’ 2// 8 

2= 490 45 22 2 

Therefore, formula (234), p= 6 — z= 38° 53! 40" 6 
Also for lower culmination, Nov 119, 6 = 88 39 30 


zi = 52 27 20 oO 


Then formula (236) gives p = 180°— 6 — 2! = 38° 53! 37! o 
The mean of these values gives us P = 38° 53/ 38" 8 
By the second method we have 


QP = 90° — F(z + 2’) = 38° 53/ 38 g 


Third Method 


143 By an altitude of a star observed in any position, the tune 
being known 


Q, the sidereal time, is known, a, the right ascension, and 
6, the declination, are taken from the Nautical Almanac. 


We then have t=@O-—-a 


This will be given in time, and must be multiphed by 15 
to reduceit toarc We then have 


sink = sin gsind -+ cos g cos 6 cosZ, 


in which gis the only unknown quantity 


For solving the equation introduce two auxiliaries, dand D, 
determined by the equations 


dsinD= sin 6, - (a) 
acosD = cosé cos z (a’) 


The above equation then becomes, by substituting the value 
of d from (a), 


cos (gp — D) = sinksin D cosec 6 
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Dividing (@) by (@’) to determine D, we have the following 
formule for determining » 


tan D = tan 6 secZ, 


cos (pg — D) = sinf#sin D cosec 6 (237) 


D is taken less than go°, + 01 — according to the algebraic 
sign of the tangent (gp — JD), beng determined in terms of 
the cosine, may be either -+ or — There will therefore be 
two values of the latitude which will satisty the above condi- 
tions Practically an approximate value of the latitude will 
always be known with accuracy sufficient for deciding this 
ambiguity 


Example On March 4th, 1882, I observed the following 
double altitudes of Polaris with a Pistor & Martins prismatic 
sextant and artificial horizon 


Sextant Clock 
79° 12’ oO Iou 43™ 4° 
IQ 50 43 56 
IO 30 45 2 
Io 5 45 50 
Q 50 47 45 
— —_——_——— _ From Nautical Almanac 
Means 79° 10! 39" Io® 45™ 78 4 a= 2 15™6 
Index correction J —1I 20 AQ +15 & = 88° qi’ 6! 2 


2h! = 79° o! gai! (3) = Io? 45™ gs 9 

h' = 39 34 485 @= 115 60 

Refraction mT OF t= gh G40" 289 
h= 39 33 388 ¢= 142° 30! 43” 5 


O= 88°41’ 6" 2 tan = I 6391390 cosec 6 = Oooorl44 
#= 142 30 43 5 cos = 9 8995369 

D=— 88 57 23 6 tan D = I 739602Ixz sin D = 9 9999270” 
A= 39 33 38 8 sin Z = g 8040688 


cos (p — D) = 9 804IIIIn 


p—D= 129 33 55 
P= 40 36 31 


of 
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In this example there 1s no ambiguity cos (g — D) being 
negative, the angle must be 1n the second or third quadrant 
If we had taken it in the third quadiant we should have 
found g=141°-+ As pis never greater than go”, this value 
is in any case excluded 


144 Effect of Errors in the Data upon the Latitude determined by an Altetude 
of a Star 

Differentiating equation (g), Art 126, regarding 4 and @ as variable, and 
reducing by equation (¢), we readily find 


I 
COS @ an (238) 


ag = — 


From this we see that a small error in the measured altitude will have the least 
effect on the latitude when the star 1s on the meridian 
Again, differentiating the same equation with respect to and ¢, and reduc- 


ing, we readily find 
dp = — tan acos gat, (239) 


from which it appears that the effect upon @ of a small error, d#, in the hour- 
angle will be least when a@ 1s zero or 180° 

It appears, therefore, that the latitude will be determined with greater accu- 
racy the nearer the star is to the meridian When the star 1s very near the 
meridian the method which follows will be preferable 


Fourth Method 


145 By circummeridian altztudes When the latitude 1s 
determined by the altitude of a star obse1 ved on the meridian, 
the accuracy 1s greater than in any other position, and at the 
same time the computation 1s extremely simple Wecan, 
however, only measure one altitude when the star 1s on the 
meridian, and frequently at the time when the observation 1s 
made we shall not know the chronometer coirection with 
sufficient accuracy for determining the exact instant when 
this observation should be taken If, however, altitudes are 
measured near the meridian (how near we shall discuss later), 
the observed altitudes may be reduced to the meridian alti- 
tude by a simple computation It will thus be possible to 
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make a considerable number of measurements instead of rely- 
ing on one alone When this method 1s applied observation 
is begun if possible a few minutes before culmination, and a 
series of altitudes measured in quick succession so as to have 
about the same number on each side of the meiidian 

Altitudes measured in this manner are called czrcumme- 
ridwan altitudes 

It 1s not essential, however, that the series should be 
symmetrical with respect to the meridian, the method 1s 
equally applicable to the reduction of one or more altitudes 
taken on eithe: side of the meridian if sufficiently near 


Let 4 = any altitude of a star corresponding to the hour- 
angle Zz, 
h, = the altitude when the star 1s on the meridian , 
g, = the zenith distance = 90° — 4, = 9 — <) 
Then 


sin 2 = sin psin 6+ cos gcos 6 cosZ 
Let us write for cos ¢1ts value, 1 — 2 sin" $7. 
Then the above equation becomes 


sinh = cosz = cos (py — 6) - cospcoosdz2sin’Zt (2) 


Let us write cosgcosé2simiz=y .- (5) 
Then (a2) becomes cos z= COS%,—J, «+ (c) 
or e= f(y) 


This expression may now be expanded into a series in terms 
of ascending powers of y, and when # 1s small the series will 
converge rapidly if z, 1s not too small 

Maclaurin’s formula applied to this case 1s as follows 


s=nt(Z+Gh+Gizve © 
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Differentiating (c) and observing that when y= 0, ¢= z,, 
we find the following values of the differential coefficients 


(<2) I (54) _ ss Cat 4, a@*z 1+ 3 cots, 
dy) sin 2,’ a 


ay sin‘z, ’ dy’ —s sn'g, 


Substituting these values in (d@) and restoring the value of 
y, we find 


cos 9 cos 6 z cos @ cos 6\? 
z=28,+ stchlat aaah ea sin’ 4z — lee cot 2, 2 sin‘*4z 
sin 2, Sin &, 
cos g cos 6\8 : 
a — #(I +- 3 cot’ z,)2 sin°$z (240) 
0 


In this equation 2 sin’ 47, 2 sin*4z, etc , are expressed 1n terms 
ofthe radius The equation must be made homogeneous by 
int1oducing the divisor sin 1” where necessa1 y 


cos @ cos 6 2sin*4z 
Let ee a 
Sin 4, sin I 
2sin*4z 
Ae cot s = B ’ ‘smi’ = “a, (241) 
2 sin’ 47 
A+ 300t'4) = C, ZRH _, 


Then we have 
p=OteF Am+ But Co : (242) 


146 This computation 1s made very simple by the use of 
table VIII, where ™ and x are given with the argument z ex- 
pressed in time (the last term, Co, 1s seldom used) 

As A and B will be constant for the entire series, we shall 
have, 


If 4, 2, 4%, etc, 4,, are the observed zenith distances, 
M,, M,,1,, etc , m,, the Corresponding values of m taken 
from the table, 
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My) Moy Nyy CtC, 2, the corresponding values of 2, 


p=O+2,F Am, + bn, 
o=O+24,F Am, + Bn,, 


go=O+t4, - Am + Bu, 


The mean of these equations will then be 


pas 4 2tat Pie gm + Hy 


2 pmtht Es (245) 
be 

147 It will be observed that an approximate value of the 
latitude 1s required for computing A When the obsel va- 
tions extend on both sides of the meridian a sufficiently close 
approximation may always be obtained by taking the largest 
measured altitude and calling this the meridian altitude, 01, 
better, take the mean of this in connection with that imme- 
diately preceding and following it If the altitudes are all 
measured on one side of the meridian, or if for any reason a 
value of m has been used which proves to be considerably 
in error, 1t may be necessary torepcat the computation of 4, 
using for @ the value found from the first computation In 
that case only the co1rection Am need be computed in the 
first app1 oximation, and only three or four altitudes reduced 


148 Let us now examine separately the terms of equation (2.40) in order to 
see how far from the meridian the observations may be extended without intro- 
ducing into the resulting latitude inadmissible errors 

Taking the last term, viz, 


2sinStz _ 


cos @ cos 6 
eu, —_- = Ca, 
sin I 


8 
primes eee z 22 
sos oes) a(-+ 3 cot?) 


for any given values of g and 6, we can compute the value of ¢, for which this 
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quantity will have any value, as, for instance, 1" We readily see that when 
the zenith distance of the star 1s large the observations may be extended much 
further from the meridian than when itis small The following table gives the 
hour-angle, for which this term has the value 1’! for different values of @ and 6 
Thus, referring to the table, we see that 1f @ = 40° and 6 = 0, then ¢ = 4o™, 
or, in this case, the error committed in neglecting this term amounts to 1” only 
when the starus 40o™ from the meridian If p = 40° and 6 = 23° about the 
maximum declination of the sun, then ¢ = 20" 


LIMILING HOUR ANGLE AT WHICH THE THIRD REDUCTION AMOUNIS [fo ONF 
SLCOND 


‘ Declination same sign as Latitude | Declination different sign from Latitude 
atitude 


| | 
7o°| 60°! 50° 40°) 30°| 20°] 10°} 0%) 10% ak 30° 40°) 50°; 60°] 70°} 80° 


mene | ee | oe | eee | mee | oem | ec | comers |) ee eee [eee | eee 0 pee | 


2k 59 | 75 | 96 
20 m8 | 73 | 5r | 35 | 23 | 12 | oO | tr | 20 | 2 | 37 | 46 | 56 | 67 | 82 


30 107 | 64 | 42 | 26 | 14 | © | r2 | 21 | 29 | 37 | 46 | 55 | 64 | 75 


4o 95 | 54 |32 }10] © | 14 | 23 | 32 | 40 | 47 | 56 | 64 | 73 
50 82 | 42 |19 | oO | 16 | 26 | 35 | 43 | 5r | 50 | 67 | 75 
60 67 |} 27 | o | ity | 32 | 42 | 5t | 59 | 67 | 75 | 82 


64 


Let us now consider the term 


Ot Zo = Bb 


(= @cos 6 \'c 2sint+t 
sin (@ — 96) sin 1! 


In a precisely similar manner we can compute the I:miting values of ¢, within 
which this term is less than 1’ The table 1s computed in this way , from it 
we find that in the first of the above cases ¢ = 16™, 1n the second, ¢ = g™ 


LIMITING Hour-ANGLE AT WHICH THE SECOND REDUCTION AMOUNTS 10 ONF 


SECOND 
Declination same sign as Latitude Declination different sign from Latitude 
Latitude 0 

80°} 70° a 50°} 40°] 30°! 20°} 10°} 0°} 10°] 20°! 30°] 40°] 50°] 60°! 70°! 80° 
0° 67™) 399™) 27™, 21™) r6™) x2™) Sm) sm) om) cml gm) yom! 16m) 91m 27™) 39™) 67™ 
1 54 (33 |24 127/13 | 9 | 5 | O | 5] 8] 12} 15 | 1g | 24 | 32 | 48 
20 48 | 29 | 20 | 14 | 10 5.1 oO | 5 8 | x2 | 15 | 18 | 23 | 29 | 40 
30 43 |}26 |t7 |rr | 6 | © | § | g | za | x5 | 18 | 22 | 28 | 37 
40 38 |22 |t3 |} 7 | © | 6 | xo | 13 126 | 19 | 23 | 28 | 36 
50 33 WwW} 9 | of] 7 | rr | rq | 27 | 2r | 24 | 29 | 37 

2 
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If we are able to choose our own times for observing, we can always make 
our measurements so near the meridian that these terms may be neglected 

As vis much within the error of an ordinary sextant measurement, the 
limits may be extended somewhat beyond those of the table without serious 
error We may, in asimilar manner, determine for what values of ¢ Co or Bn 
will have the values 0” 1, 0’ o1, or any other value 


Lower Culmination. 


149. When the star 1s observed near the meridian at lower 
culmination, the hour-angles should be reckoned from the 
lower branch of the meridian This 1s equivalent to substi- 
tuting 180° + ¢ in the formula in place of ¢ We then have 


cos g = sin gp sin 0d — cos P COS 6 cos é. 
Writing, as before, cos = I — 2 sin’ $7, 
this becomes 

cos s = — cos(g + 9) + cos pcos 6 2 sin’4z 


Expanding this as before, and remembering that for lower 
culmination we have, from (235), 


zg, = 180° — (p+ 9), 
and therefore cos z, = — cos (p+ 9); 


we readily obtain 


cos mcosé 2sin’4¢ , [cos pcos 5\" 2sin* $7 
aa a z sini” ( a os") ° ‘sin S ) 
or z,= 2+ Am- £n, (245) 
and p= 180° — 6 —(#+Am + Bn) (246) 


This formula might have been obtained from (240) exactly 
as (238) 1s from (234), viz, by simply changing 6 into 180°— 0. 
The hour-angle 1s obtained by simply taking the difference 
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between the chronometer time of observation and of culm. 
nation.* 


Let a = star’s nght ascension = sidereal time of culmination: 
46 = chronometer coi rection, +- when chronometerisslow. 
Then (a@ — 40) = chronometer time of culmination 


If then 6’ 1s the chronometer time of any obse vation, 
t= 0 — (a — 46) (247) 


formule for Latitude by Corcummeridian Aliztudes of a Star. 


= 90° — (kh —7), 
t= 0’ —(a— 460), 


Ax LSP OOS 6 B= A’ cot z,; 


sinz, ’ 
II 
__ 28in’ $e es 2sin‘ 42 (HI) 
m= sin 1”? “= "sin i”? 
p= 0 + (¢ — Am-+ Bn), upper culmination , 


Pp = 180°—46 — (¢ + Am-- Bn), lower culmination 


Example of Latetude by Curcummertdian Altitudes 


1873, August 20 & Aqguzle observed for Latitude 


Observer Boss 
Instruments Sextant and Sidereal Chronomete: 


Assumed latitude g = = 4’ 1 
Assumed longitude 7 = + 1) gym 7g8 
Chronometer correction 49 = — 22 50 
From ephemeris, right ascension of stir c = Tg" 44" 978 5 
Therefore chronometer time of culmination =a@—J% = 39 an 7 27 5 
Star’s declination 6 = 8' 32’ ir’ 5 


—— —a _ 


* Tf the rate of the chronometer 1s appreciable it must be taken into account 
For the simplest manner of doing this see Art 152 
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RP = 49° o1 Cos P = g 8168 log A* = g gq92 
6= 8 32 2 cos 6 = 9 9952 cot 2 = 0688 
Zo = 40 28 8 cosec 2 = 1876 ——_-—_—— 
A= 9gg91 *log B = 0 0680 


B= 1 169 aaa 

The observations and method of reduction are shown in 
the following tabular statement, which will be sufficiently 
explained by reference to formule (XIII) 


Sextant 
: come h Shronometer 
99° 5’ 35" | 49° 32' 475 | 208 1™ 355 | — sm cote 
IO 33 5 2 57 4 50 


UUMNNUUN UU 


I 67" 8 67" 7 tr OL a Or 49° 33 55” 2 4 6 
2/46 0] 46 Oo} oI roy 51 0;88 
3\24 2/24 2 56 7/31 
4|IIl Ij} 1 I 68 6;88 
5} I 2] I 2 66 2|64 
6) 3 3 60 3) 5 
“1 3 81 3 8 58 8 |10 
8} I0 6] 10 6 60 6 8 
9120 4| 20 4 52 9] 69 
IO} 40 5|40 5 49 33 68 0 | 82 


Mean 4 = 49° 33’ 59" 8 [vv] = 343 35 
Index error =4/=-— I 51 5 r= 39 
Eccentricity =42 => — Io I ro=1 3 
Refraction = 47 3 


* It is easy to see in advance than the term Bz 1s inappreciable in this case 
Jt 1s introduced here to illustrate the method 
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Corrected altitude = 49° 31’ 10" 9 
Zenith distance z= 40 28 49 I 
Declination O= 8 32 11 gy 


Resul. ng latitude p= 49 11 0 52179 


If 1t 1s not considered necessary to reduce each observa- 
tion separately, the work 1s abridged somewhat by the fol- 
lowing process [see Art. (146)] 


Mean of 2h = 99° 7’ 145 
Index Z=— 3430 
Eccentricity £=— 20 2 
Corrected 2k=99 3 11 3 
k=49 31 35 6 Mean of m = 22" 6 = m' 
Am = + 22 6 
Refraction =— 47 3 Am' = 22'.6 
Corrected = 449 31 I0 9 
Zenith distance ¢ = 40 28 49 I 
Declination 6 = 32 II 4 
Latitude P=49 I 05 


150 In the formulz which we have derived for circum- 
meridian altitudes we have supposed the declination prac- 
tically constant during the interval of observation 

With the sun this 1s not the case , but the same method may 
be used if we take for 6 the mean of the declinations corre- 
sponding to each time of observation, or, what is practically 
the same, the declination corresponding to the mean of the 
times It is, however, better to reduce each altitude sepa- 
1ately for the purpose of estimating the accuracy of the final 
result and as a partial check against error of computation 
If formule (XIII) are used, the declination must be inter- 
polated for the time of each altitude, this considerably aug- 
ments the labor of reduction This additional labor may be 
avoided by the method which follows 
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Gauss’ Method of Reducing Circummeridian Observations of 
the Sun 


15r In this method the hour-angle 1s reckoned from the 
point where the sun 1eaches his maximum altitude instead of 
from the meridian The meridian declination may then be 
used in reducing all of the observations 


Let 6, = the sun’s meridian declination, 
6 = the declination corresponding to hour-angle #; 
46 = hourly change in 6 given in the Nautical Al- 
manac, + when the sun 1s moving N , 
¢ = the hour-angle given in seconds of time 


6) 
Then a6oo = the change in 6 1n one second, 
46 
and d= 6, +? 3600 . (248) 
Also, since 6 = /(#), 
é6=0 Ee 2 
= 0,-- #7 (249) 


by neglecting terms of higher order than the first. Then 


dS cosgmcosd : z 
BAe a pe ae 2 Sin 47, etc (250) 


The peculiarity of the process 1s in the method by which 
the small term ¢ sad is taken into account For this pur- 
pose we determine the value of ¢ corresponding to the max1- 
mum value of 2 by placing : equal to zero and solving for ¢. 

Take the equation 


sin Z = sin g sin 6 -+ cos g cos 6 cos ?. 
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ale 
Differentiating with respect to 4, 6, and ¢, and placang 5, 


we have 


: as 
cosh = (sin g cos 6 — cos p sin 0 cos 2) we 


— cos ~cosésint=o. (25! 


As ¢ will be very small, no appreciable error will be itt res 
duced by making cos ¢ = 1, when the above equation reaclily 
gives 
a cos pmcosé ey 
at ~ sin (p — 6) 9"? (25 


In this ¢ 1s the hour-angle of the sun corresponding to tlie 
maximum altitude Todistinguish it from the general vaaltie: 
of ¢ call it y, and as it is small we may write 


ad cos pcosé 


a sme, 7 y. Reeet 


ao 
Substituting this value of @ 3% equation (250), it becomes 
Co) 
Gt A EOS tinue. daca: 


Since.¢ will always be small when this method is used, let 114% 
write 


sin $7 = 42, whence 2sin’4¢ = i7 


Then 2 sin’ $¢ — ty = ¥(f — aty + 4’) — 4y 
= 3 — 9)" ~ by’ 


Passing back from the angles to the sines and making the 
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terms homogeneous by introducing the divisor sin 1”, equa- 
tion (254) becomes 


cos pcos dé 2sin’*sy 


=gtod ee 
? ae ar SIN 2, sin 1” 
cos pcos dO 2sin’?$(¢#— y) 
SIN 2, sin 1” - (255) 


cos pcos 6 2sin*4y 
sin 4, sin 1” 
the solution of the problem as given by Gauss it was neg- 
lected Its computation only requires one additional loga- 
rithm, and is therefore very simple, but in reducing sextant 
work it 1s perhaps an excess of refinement to retain it 
We now require a convenient formula for computing y 
Equation (253) may be written 


The term 1s always very small, and in 


i sin 2, ao 
yis sin t= COS P COs O a? oe (256) 
since y will be required in seconds of time 

If we replace dad by the number of seconds of arc which 6 
increases 1n one hour, and @ by one hour expressed in seconds 
of arc, we have 


a5 Ad 
at %4000° 
Then from (256) 
sin 4, 206265 sin Z 


+= cos pcos 6 13 X 54000 COs pcosé Ae 25405 (257) 


AS 
I = [9 40594] - - (258) 
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446 
It will frequently be accurate enough to take y = om 


yis added algebraically to the chionomete: time of cul- 
mination, the result 1s the chronometer time of maximum 
altitude The difference between this and the chronometer 
time of observation 1s (¢ — y) 


Formule for Latitude by Curcummeridian Altitudes of the Sun 


6 A6 
oe ae 46 = [9 40594] 7, 
t= te, G- N= P—(E-A4T+9), | exw 
2 sin" 4(z— y) Saas sin‘ 4(¢ — 9). 
nore eine e ~  sni” ? 


P=2z+6,+2* —Am+t Bn 


Correction for Rate of Chronometer 


152 If the times are recorded by a chronometer which has 
a large rate, the hour-angle used 1n formule (XITI) and (XIV) 
may require acoriection This correction can be applied in 
a very simple manner, as follows 

Suppose first a star to be observed by a sidereal chro- 
nometer which has a daily rate 6@, + when the chronometer 
1s losing Then 24 actual sidereal hours correspond to 248§—6@, 
as shown by the chronometer, and all hour-angles given in 
units of chronometer time will be im error in a like ratio 


Let ¢ = any hour-angle as shown by the chronometer, 
é” = true value of the hour-angle 
eee 


* x may always be neglected without serious error when S9 18 Not too small 


ee 
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rag 24" 86400° 
Then Ss a ca as 
Z 24"— 60 86400°— 60’ 
ay I 
€ “Tf $6 = * (259) 
" — 86400 


Then in formula (XIIJ) we shall have with practical accuracy 


sin+/ sindz= 7’ ZC, 
sin’ 47’ = & sin’ 32 


The factor # or log & may be conveniently tabulated with 
the argument vate, and as it will be constant in any series 
of observations, 1t may be combined with the factor 4, which 
will then be computed by the formula 


6 
A = LSPS (260) 


sin 2, 
kis given in table VIII, C 

If a star 1s observed with a mean time chronometer whose 
rate is 67, the factor 7% will convert the chionometer inter- 
vals into mean time intervals, we then 1equire the factor 
y*® = 100273791 to convert these mean time intervals into 
sidereal intervals The formula for computing A will then be 


, cOSs P cos 0 


A= ht (261) 


where log w= 0011874 

If the sun 1s observed with a mean time chronometer the 
intervals of the chronometer corrected for rate will not 
correspond exactly to the solar intervals, as these will be 
apparent time intervals 


* See Art 93 
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If we let 6£ = the increase of the equation of time in 
one day, then (one apparent sola: day) = (one mean solar 
day) — 62, and 6T — 6E =the chionomcte: rate on ap- 
parent time £ will then be given by the formula 


I 
Pi Bote ae 4 6 
a 86400 


Finally, if the sun 1s observed with a sidereal chronometer, 
I 
we must introduce the factor ii to convert the sidereal inter- 


vals into mean time intervals 
I 
The log = 99988126 
The formule for the four Cases are then as follows. 


k z 


= B' _ —_ 
ie 0 or = bE]! 
oe ~ 86400 S6400 
6 
Star with sidereal chronometer, 4 = 2 [OS P 60S 


SIN So 


cos pcos 6 ¢(XV) 
Star with mean time chronometer, 4 = [o 002375 |4 ——e. 
0 


cos pcos 6 
Sun with mean time chronometer, 4 = 4! 2S P COS O 


S1N Zo f 


Sun with sidereal chronometer, 4 = [9 997625)’ —2 cos 6 


Nl Zo 


&and &' are taken from table VIII, C 


Example Determination of latitude by circummeridian altitudes of the sun 
1869 July 24th Des Moines, Iowa Observer Harkness 


Instruments Sextant and Mean Time Chronometer 
The declination equation of time, etc , are taken from the ephemeris for the 
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instant of the sun’s meridian passage at Des Moines = 1" 6™ 16* apparent 


time at Washington 


Assumed Latitude @P= 41° 35'5 
Longitude ZL=-+ 1 6™ 165 
Chronometer coirecton 27 =— 6 18 89 
From ephemeris 6= 19 46' 16’1r 
Jdo= — 3I 94 
Equation of time A= 6™ 12° 0 
Semidiameter = 15' 47'2 
Equatorial hor parallax = 8 44 


Computation of 4 and B 


QP = 41° 355 cos = g 8738 
d= 19 463 cos = 9 9736 
Zy = 21 492 cosec = 4208 
A =1 893 log A = 2772 


B=895 


Computation of y Computation of x* 


Constant log = 9 4059 2sin?ty __,, 
PS ie or 
log 45 = 1 5043n sin I 
log = = 9 7228 oe =" .o2 


log y= 6330n 
= a3 


For the chronometer time of culmination we have 


Equation of time £= 
AT 


J 


Chronometer time of max alt = 


The difference between this quantity and the observed time 7 1s the quantity 


(¢ — y) 


log A* = 0 5544 


COL 2g = 3975 


log B= 9g5I9g 


InpEx Error 


On arc Off arc 

29' 5" 33° 60” 
10 40 
io) 50 


29’ 8" 3 33) 50" 


£=+2' 20" 8 
ob 6™ 1280 
618 89 

4 3 


— ars 


6" 24™ 168 6 


* In reducing sextant observations x may always be disregarded 
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The observations and reductions are now as follows 


Chro- 
paca he nometer |#—y | m | Am | 2 |Bn Tee 


——as 


-_ Le |S | A 


1)236°17/45/168° 8/52// 5] 6h gmMex8 5 16%25" 1/529’ rlroo1’ 6| 68 16/7 x 68°%25/28// o 


Upper limb< 2 20 IO Io 5 8 32 115 44 61486 5] 920 9] s8is 2 20 7 
3 22 20 II £0 9 9515 7 11448 6! 849 2] 4814 3 T4 9 
41135 2310 |67 41 35 70 15 3/74 5 3/389 6 737 5] 37/3 3/67 5349 2 
Lower limb 5 25 10 42 35 10 55 3 |13 2x 3/350 1| 662 7| 30/2 35 0 
6} 29 30 44 45 612 70|12 9 6i290 5) 549 I 7 
aa See eae oP SR ab 
Mean 4 O = 68° 2s’ar'2 =O =6y° 53' 45" 6 
Semidiameter S = — 1 47 2 + I5 47 2 
Refraction a 2r 6 — 2I 8 
Parallax poet 3 1 + 3 2 
Index cor 4J=-+ 1104 + I 10 4 
Eccentricity 42 = + 14 8 + 14 8 
Corrected hi = 68° 10’ 40" 7 68° ro’ 39" 4 
Mean A = 68° 10’ 40" o 
Zo = 2I 49 20 
6 = 19 46 16 


Resulting latitude gp = 41° 35' 36” 


The observations of the above Series, 1t will be noticed, 
were all taken before the sun reached the meridian, and so 
far irom the meridian that the term Buz has a very appreci- 
able value It 1s a little better to take the observations near 
the meridian when practicable, as then small e1:01s in 47 
will produce less effect on the resulting latitude (See Art. 
144 ) 

The above observations may be reduced by the method 
of Art 146 if it 1s not considered necessary to compare the 
individual results The labor 1s considerably less, as will be 
seen by the following 


Mean of chronometer times = 6" g™ 4788 
AT=— 618 8 9 

True mean time = 23 51 389 

Longitude from Washington Z = tT 6 16 


Washington mean time O57 549 
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The declination of the sun is now to be taken from the ephemeris for tk 
mean time of observation, instead of the instant of meridian passage as in t] 
previous method 

Thus = 19° 46’ 23" 8, 

 — 6™128 oO 


This value of & 1s now the mean time of the sun’s meridian passage F 
the chronometer time we have 


E= oF 6" 1280, 
AT=—6 18 84g, 
Chronometer time of the sun’s meridian passage = 6 24 209 
Chronometer 
7 t mn tt 
6h ym 5185 = =r6M 29°4 = 5833. 7 69 
8 320 115 489 491 0 59 
9 95 15 Ir 4 452 9 49 
10 II 3 Tf 9 6 393 6 38 
. Io §53 413 256 353 9 31 
! 612 70 12 13 9 203 7 21 


Means m' - 419" 8 a’ = 44 
Am' = 7194 7 Ba = 3-5 


The number of observations on the two limbs being the same, the ser 
diameter will be eluminated by taking the mean of the individual values 


Mean of sextant readings = 24 = 135° 53' 00" 8 
Index correction = J=—+ 2 20 8 
Eccentricity Dee 29 7 
Corrected reading = 138° 55' 51" 3 
| h= 67 57 55 6 
| Refraction = 2I 7 
Parallax p=t 3 2 
+Am=-+ 13 14 7 
| —fin=- 3 9 
Corrected altitude = 68° 10' 479 

Z = 21 49 12 

6= I9 46 24 

Resulting latitude P= 41° 35' 36" 
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The rate of the chronometer was Of bye 
The daily increase of the equation of time 6/7 f- 3 
O/ af - 1 


Therefore the log 2 -= 9 gygoky = (See Alt 182) 
The correction for rate 1 therefore absolute ly inappreciuable 


lath Method 


153 By Polaris observed at, any hour-angle We have ale 
ready seen (method third) how the latitude may be obtained 
by an altitude of a star, observed im any position. We have 
also apphed the formule deduced to a series of altitudes of 
Polanis. 

A more convement formula than the one there used 1s abe 
tained by expanding the expression for the latitude anto a 
Series in terms of ascending powers of the polar distance. The 
latter, in case of Polaris, bemg at present only about 1° Sti, 
the series will converge rapidly, and a very few terms give 
an approsimation sulliciently accurate for every practical 
purpose 

Let b= 90° — 6 = the polar distance: 

_pP 


— ht oe ols 


Then # is the correction which is to be apphed to the meas- 
ured altitude—corrected for refraction —to produce the lati. 
tude 2 can never be greater than 4 

Substituting these values in 


sin # = sin gy sin db -t- cos g cos 6 cos z, 
it becomes 
sin 4 = sin (4 — x) cosp-+ cos (hk ~ 4)sinp cost (a) 


Expanding sin (4 — +) and cus (2) by Taylor's, and 


ee 
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sin g and cos g by Maclaurin’s formula, we have, as far as 
te1ms of the order f* and 2’, 


sin (A—#) = sink — x cos h— 42’ sink + 42° cosh-+ gyx* sin A, 
cos (k—x)=cosh+ x sin h— 42 cosh — tz’sin h+ gpx'cosh, 
sinp=p—itP. 
cosp=1— 3p tah 


Substituting these values in (2), we readily obtain 


“= pcoost — $(2" — 2%p cost + p*) tank 


+ 4(a* — 32'p cost + 3p" — p' cos 2) (3) 

+ sa'—4r°p cos 2+ 62'p’—4rp' cost") tank 
Which contains all terms in gand «, from the first to the 
fourth orders inclusive 4 must now be determined from 


(6) by successive appioaimations For the first app1oxima- 
tion let 


x=pcost (c) 
Substituting this value in the second term of (4) and retain. 


ing terms of the order #’, we find for the second approxima- 
tion 


x=pcost—p' sin’ ¢tank . «- @) 


Substituting this value in the second and third terms of (3) 
and retaining terms of the order #*, we find the third ap- 
proximation, viz, 


x=pcost—fp sin’ sé tank+ 4p cos7sin’é (2) 
Similarly for the fourth and final approximation, 


x=pcost—sp’sin’é¢tank+4p° cosé sin’? 
— $p*sin‘ ¢ tan’# + x p'(4—9 sin’ Z)sin*Ztan 4.(f) 
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As « and p will be expressed in seconds of arc, the series 
must be made homogeneous by multiplying g’ by sini”, 2° by 
sir” 1”, and g' by sin? 1” 

Then the expression for the latitude 1s 


p=h—pcost+4y’'sini’ sin stank 
—tp'sin’ 1’ cos¢sin’ ¢+ 29' sin’1” sin‘ ¢tan’ 
—zxyp sin’ 1” (4 — g sin’ #) sm’ Zz tan # (263) 


Let us now examine separately the last three terms of 
(263) in order to see when they may be neglected 
Let us wiite the last term equal to w, viz, 


wu = xy P' sin’ 1” (4 — g sin’ Z) sin’ ¢ tan £ 


Foiming the ditferential coefficient of « with respect to 4, 
placing 1t equal to zero in order to determine what value of 
¢ will make wa ma,imum, we find 


sin f cos ¢(2 — gsin’ 7) = 0, 
from which 
sinz=o0, cost¢=oO, sin’ 7 = 2 


The last of these corresponds to a maximum, as will be 
found by substituting this value in the second differential 
coefficient 

The maximum value of this term 1s then found to be 
(p~ being 1° 20’) 


z’ = 0’ ool! tan / 


It will therefore always be inappreciable 

The next tem, viz ,$' sin’ 1” sin‘ ¢ tan® 4, 1s a maximum 
when sin¢ =I 
| Uts greatest value 1s therefore 0” 0076 tan® 4 
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This term will then be only 0’ of in latitude 48°, and o’’ 1 
in latitude 67° It may therefore always be neglected when 
the instrument used 1s the sextant 


Writing v = 4p sin’ 1” cos Z sin’ Z, 


a 
forming = placing it equal to zero, we readily find that v 


1s 2 Maximum when sin’¢ = % The maxmum value of this 
term will then be 0” 333 If then we diop this term with 
those which follow, the error introduced in this way will 
seldom amount to half a second, and will generally be much 
smaller as the maxima values of the different terms occur for 
different values of ¢ 

Therefore for determining the latitude by Polaris by sex- 
tant observation, 


t= 6’ — (a — AO), 


p=h—prost+t [438454]2’ sin’ ¢ tan £ eye) 


Let us apply this method to the example solvedin Art 143 
We have given— 


Trom Nautical Almanac By Observation 
as bis" 6%0 h= 39° 33 38" 8 
6 = 88° 4r' 6" 2 © = roP45™ 74 
Therefore p = 4733.8 40= +15 


Therefore ¢ = 142° 30’ 43'' 5 


constant log 4 38454 


log p = 3 675210 logp’ 7 35042 

cos f = 9 899537n sin? z 9 §6866 

tank 991704 

First correction — 1°2'36"2 log = 3 574747n ————— 
Second correction ++ 16 6 log 2d cor =1 22066 


Therefore mg = 40° 36’ 31 6 
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We find the third correction to be 0” 24, which makes the 
value of g agree exactly with the value before found (Art 
143) 

Tables have been prepared with the design of abridging 
this computation, but the direct application of the formula 
is so simple that tables are of no great advantage, especially 
if the third and fourth corrections are not required 


Correction for Second Differences 


154 When a series of, say, ten altitudes 1s observed, if the measurements 
are made in quick succession, so that the arc of the circle in which the apparent 
motion of the star takes place does not differ appreciably from a straight line, 
then the mean of the observed altitudes will be the altitude corresponding to 
the mean of the times If, however, the deviation from a straight line 1s ap 
preciable, this mean altitude will require a correction which may be obtained as 
follows 


Let 4, to, ts, ?, be the times of observation, 
hy, ha, hs, h, be the observed altitudes, 
Zz z z 
Bec Ape ph, . a) 


Ao = the altitude corresponding to the time %, 
At = th — hi, from which fo =mA+ 4h, 


A ty = ty) — fa, fo = it Ato, 
2 0 2 0 2 + 0 ) 
4) fee %=A+ 44, 
Then Ao = fit), Ay = (A) ; Aig = f(t) ) 
from (2), Ay = feo = 41t;) e Ay = fro —= A tp) - 8 © ww 8 (c) 
Expanding these expressions by Taylor’s formula, we find 
ako I d*hy ——:2 - ahy _ i PhoAro 
fy = hn — 7 4a 3 a ho = lat 7 oh Sm 
ahy I a*htyp—— 9 ae ao _ I akg —_—a 
BR go Nea ae sh a oats A | a) 
aho I aho = ahy I a*ho — eo 
fin = bn — Fe Sint 5 OG ee shat 5 Ata 2 ah A 
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The mean of these values will be 


hk _Ayt hat + ha dhy At, + 4ta+ + Jt, 
2 tt SS Oe 
% 


aty 22 


9 
—ie An + At ms + At, (264) 
0 


Th 
From the values 47;, Zéa, etc , by (4), the term multiplied by on will be zero, 


but as the quantities “Ah At, , etc , will all be plus, the term multiplied by 


2 
a will not be zero. It should always be taken into account when large enough 


to be appreciable 


a*h 
To determine a We differentiate the equation 


sin 4 = sin p sin 6 -+- cos pcos 6 cos /, 
when we readily find 


9 
Bho _ (2 gp cos 6 score: cos @ cos 6 


2 
dt, cos fo cos Ao sin’ fy tan / (265) 


And since cos 4 = sin 2, this equation becomes 


iLL A fy + A® sin? ¢ h 
we cos % + A®* sin* % tan 2 : (266) 


The quantities 47,, 4t, etc , will be expressed in seconds of time, they must 
be reduced to arc by multiplying by 15 Also, 154 Z;°, etc , must be multiplied by 
sin rt” in order to make formula (264) homogeneous The last term will there- 


fore be multiplied by $(15)’ sin 1”, the logarithm of which 1s 6 73673 — 10 
Therefore formula (264) becomes 


ye bit ths 
Pe fen oi i 


% 


es Lae, Fig + + Zi," 


[6 73673] = (267) 
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As an example, we may apply formula (267) to the observations of Polaris 
given in Art 143, where we have 


4ij = 12384 ©4t,? = 152276 


4%,= 70 4 Ata = 50980 
At = 5 4 Ats = 29 2 
Ath=— 42 6 Ate = 18148 


Atj=—157 6 ts = 248378 
Mean = 9401 5 log = 3 9732 
ah 
By formula (265), with the data given in Art 143, log a = 8 2898 


\ 


constant logarithm = 6 7367 


Seal 


Correction = —o" Io log = 8 9997 


We may in a manner precisely similar derive the correction to be applied to 
the mean of the times to obtain the time corresponding to the mean of the 
zenith distances this may be more convenient In certain cases 

The necessity for applying a correction for second differences may generally 
be avoided by dividing a long se11es of observations into two or more parts, 
neither of which shall embrace an interval of time long enough to require such 
correction This proceeding has the advantage that in reducing the two halves 
of the series separately they will mutually check each other 


155 The methods of determining time and latitude which 
have been given in this chapter are especially adapted to 
the requirements of the explorer The observations can 
geneially be obtained more conveniently at night, and both 
time and latitude will be required From the observed time 
the longitude will be obtained, as will be explained more 
fully hereafter As we have already shown, the time will be 
best determined by observing two stars, one east and one 
west of the meridian, both as near the prime vertical as prac- 
ticable 

The latitude will generally be most conveniently deter- 
mined in the northern hemisphere by observing Polaris 
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north, and another star south, by circummeridian altitudes 
Ther with the best attainable approximation to the latitude, 
the time can be computed by the method of Art 125 With 
this value of the time the correct value of the latitude may 
then be determined by (XIII) and (XVIJ), and if this differs 
much fromthe assumed latitude the time must be recom. 
puted In extreme cases it may be necessary to 1ecompute 
the latitude, but with proper care this need not often occur 

As a survey of the line of travel is generally made by 
means of a compass and odomete: (which 1s a little instru 
ment for recording the number of revolutions of a cait- 
wheel), the observer always knows his position approxi- 
mately The same process, essentially, is followed at sea, 
where the approximate place of the vessel 1s always known 
from the “dead reckoning,” which 1s the course as indicated 
by the compass and log 

The methods of this chapter aie those which are most con- 
venient and useful in practice On land, where the observer 
has a certain degree of choice as to time of observation and 
methods, and where the results must have a considerable 
degree of accuracy to be of any value, it will seldom be de- 
sirable to employ otheis At sea, however, the case 1s some- 
what different It sometimes happens that the determina- 
tion of the place of the vessel 1s of the greatest importance 
when, from cloudy weather or other causes, obse1 vations 
cannot be obtained which are suitable for the employment 
of the methods of this chapter Further, a high degree of 
accuracy 1s not requued for puiposes of navigation Vari- 
ous methods of determining the place of a vessel are there- 
fore given in works on navigation, in o1der that the mariner 
may be 1n a position to utilize any data which he may obtain 

It can readily be seen that by varying the conditions a 
great variety of solutions of the problem may be obtained 
Some of these are exceedingly elegant from a mathematical 
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point of view Such, for instance, 1s the method given by 
Gauss for dete: mining both the time and latitude from obser- 
vation of three stais at the same altitude Thusit 41s the 
common altitude, 0, 6’, 6” the declinations, 7, ¢-+ A, ¢ + 2’ 
the hour-angles of the thiee stars respectively, we have 


sink =singsinod -+ cos @cosd cos/, 
sin = sin gy sin 0” + cos pcos 6” cos(¢+A), (268) 
sink = sin p sin 6” +. cos pcos 6” cos (¢+ A’) 


Three equations from which ¢ and gp may be found Further 
than this, as theie are three equations, we can also determine 
# from them, so that the altitude need not be measured at 
all, but only the instant of time observed when each star 
reaches the altitude 2 If, however, the altitude 1s measured 
by the instrument, this p1ocess shows the error of the instru- 
ment, thus giving us one equation for determining the eccen- 
tricity by Art 116 

If thiee altitudes of the same star are measured, a similar 
p10cess gives us three equations for determining the latitude, 
hour-angle, and declination of the star 

Also, 1t 1s evident that two measured altitudes either of the 
same star or of different stais will give two equations of the 
lorm of (268), from which the latitude and hour-angle may 
be dete1mined * 

A. variety of cases may also be considered in which the 
measured quantity s the azimuth of a star, or three different 
altitudes of the same star and the differences of the azimuths, 
or the data may be varied in many ways, but these solu- 
tions are of little practical value 


a ees 


* For a solution of this problem graphically, see Captain Sumner’s New 
Method of Determining the Place of a Ship at Sea 


$156 PROBABLE ERROR OF SEXTANT OBSLRVATION 265 


e 


Probable Error of Sextant Observations 


156 In all instrumental measurements the error of the result obtained con. 
sists of twu parts fst, that due to the observer and secosd, that due to instru- 
mental and other sources with which the observer has nothing todo Whenthe 
instrument employed 1s the sextant, the latter consists for the most part of the 
various undetermined errors noticed in Articles 114-117 In any given series 
of observations these affect all alike, and therefore nothing 1s gained in this 
direction by increasing the number of individual measurements 

With the first class, however, the case 1s different These form the accidental 
errors of observation, and, as they occur in accordance with the law of least 
squares, their effect diminishes with an increase in the number of measure. 
ments 


Let #y) = the probable error of the mean of a series of observed altitudes, 
A, = the error due to the observer not including personal equation, 
#, = the error due to instrument and causes other than the observer 


Then, by Art 16, Ros VA Ry (269) 


Thus if the observer could do his part perfectly, he could never diminish the 
probable error of a single series below J, 

The values of Xo, Ay, and As for a given instrument and observer may be 
determined by methods which we have alieady employed 

Thus (Art 132) we have found for the probable error of the tame determined 
by a series of ten double altitudes of the sun, Ai = + *14 Thecoiresponding 
error in the double altitude 24 1s found by the differential formula, viz , 


42h = aa) ip 
dt 
and for this case we have found dd = 6 
d2h 49 
Therefore 42;A— T4 X_15 = 3/2 = R,!! 
O49 


From the latitude observations (Art 149) we have found 2! 6 = A! 


By a discussion of the ninety individual measurements of altitude employed 
in the investigation of the eccentricity of the sextant (example, Art 116) Prof 
Boss finds the prob ible error of a single measurement of double altitude to be 
+ 14'', and of the mean of ten measurements + 4/'4 = #, From the solu 
tion of the equations of condition of the same example we found for the probable 
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error of a single equation Rap = 5/9 Therefore by equation (269) Hy = 3// 93 
Thus the instrumental probable error 1s nearly equal to the observer’s probable 
error of a mean of ten measurements 

If now we assume the probable error of asingle measurement to be + 14” 
as above, we have for the observer’s probable error of the mean of # measure- 
ments, by equation (25), 


" 
Ri = ote 
Vn 
196 
and the total probable error Ry) = sa +15 45 
Ii m=1, Ro =14"'5, m=—=i10, Ryo =5 9, m= 50, Ro = 44, 
m=5, R= 7 4; m= 20, Ryo = 50, m=: 100, Ay = 42 


Thus it appears that with a skilled observer almost nothing 1s gained by ex 
tending the number of observations of a given series beyond ten Instead, 
therefore, of multiplying observations in the same circumstances, when accuracy 
is desired, the circumstances must be varied with a view to eliminating the in- 
strumental errors 

Thus for good results a determination of time or latitude should never depend 
tra single series, no matter how carefully made or how elaborately the insfru- 
mental errors have been investigated Latitude should be determined by both 
*orth and south observations, giving both equal weight, no matter whether 
determined from an equal number of measurements or not In Jike manner 
time should be determined from observations both east and west combined with 


equal weights (See also Harkness, Washington Observations, 1869, Appendix I, 
page «I ) 


CHAPTER VI. 
THE TRANSIT INSTRUMENT 


1537 When the time is required with extreme accuracy, 
as in a careful dete:muination of longitude, the methods of 
the preceding chapter are not adapted to the purpose The 
instrument used will then be the tiansit 

The common form ot transit inst1ument consists essentially 
of a telescope attached to an axis perpendicularly As it 
revolves with the axis the line of collimation produced to 
the celestial sphere desciibes a great cucle The instrument 
is geneially mounted so that this great circle 1s the meridian, 
and it 1s used in connection with the sidereal clock or chro- 
nometer for determining the instant of a star’s transit over the 
meridian If our clock 1s accurately regulated to show side- 
real time, such an observed transit gives us at once the star’s 
right ascension, the latte: being, as we have seen, the same 
as the sidereal time of culmination If, however, we observe 
a star whose right ascension 1s already known, this process 
gives us the erior of the clock The field-transit mounted 
in the meridian, with which we are at present more par- 
ticularly concerned, 1s always used for this latter purpose 

Theoretically the instrument may be used in any vertical 
plane It 1s sometimes used in the plane of the prime ver- 
tical for finding the latitude, or 1n a fixed observatory for 
finding the declinations of stars When speaking of the 
transit instrument simply we understand it to be mounted 
in the meridian 
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Description of the Instrument 


158 The ransit instrument designed for a fixed observa- 
tory, where it 1s permanently mounted, is much larger and 
more complete than one designed for use in the field, where 
it must be transported from place to place The transit- 
ciicle of the Washington observatory, for instance, has a 
telescope of twelve leet focal length, the aperture being eight 
and one half inches, 1t 1s mounted on massive piers of marble, 
which rest on a foundation of masonry extending ten feet 
below the surface of the ground 

Figs 26, 27, 28, and 29 show different forms of the field- 
transit used by the coast and other government surveys 
Fig 261s a very common foim The telescope 1s 26 inches 
focal length and 2 inches aperture It 1s provided with a 
diagonal eye-piece for observing transits of stars near the 
zenith, the magnifying power being about 4o diameters As 
may be seen from the figure, the frame folds up so that the 
entire instrument may be packed in a single box of compara- 
tively small dimensions The frame rests on three foot- 
screws by means of which 1t 1s levelled, the final adjustment 
in this direction being made by a fine screw at the right end 
of the axis, as shown in the figure At the opposite end isa 
screw, or pair of screws acting against each other, by means 
of which the final adjustment in azimuth 1s made The two 
lamps at opposite ends of the axis are for illuminating the 
field The axis being perforated, the light enters it, falling 
on a small mirror at the intersection with the telescope, by 
which it 1s reflected down the tube to the eye-piece The 
threads of the reticule then appear as dark lines in a bright 
field With some instruments there 1s only one lamp with 
two the unequal heating and consequent expansion of the 
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two pivots 1s to a great extent avoided, also the inconvenience 
of changimg the lamp froin one side to the other when the 
instrument 1s reversed 

The two small circles attached to the telescope below the 
axis are called finding-circks, they aie used tor setting the 
telescope at the proper elevation The) are about 6 inches 
in diameter The alidade carries a level, as shown in the 
figure The index is generally adjusted so as to read zero 
when the telescope is horizontal If then the vernier 1s set 
at the meridian altitude of a star and the telescope 1evolved 
until the bubble stands in the middle of the tube, the star 
will he seen in the middle of the field when it passes the 
meridian One cicle could be made to answer every pur- 
pose, but 1t would 1ead differently in the two positions of 
the axis, and this would be likely to prove a fruitful source 
of annoyance The instrument is 1eveised by lifting the 
axis up out of the supports by hand, turning it around and 
carefully 1eplacing it 

159 Fig 27 shows a larger and more complete instiu- 
ment designed for longitude work The focal length of the 
telescope 18 46 inches, apeiture 2% inches Magnifying 
powers varying from 80 to 120 diameters ale used A 
special apparatus 1s provided for reversing the instrument, 
which will be understood by 1eference to the figure The 
cam woiked by the crank below the frame raises the axis 
out of its supports, when it 1s turned a1 ound and again low- 
ered into its place One of the findeis has two levels at- 
tached, one the ordinary finding-level, the other a much finer 
one for use in determining latitude, as will be explained 
hereafter 

160 Fig 28 1s a somewhat common form of transit, one 
end of the axis being made to take the place of the lower 
half of the telescope A reflecting piism is placed at the 
intersection of the telescope with the axis, which bends the 
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rays of light at an angle of 90°, the eye-piece being at the 
end of the axis 

The instrument shown in the figure may be used as a 
transit, zenith telescope, or azimuth instrument, and is very 
convenient for use 1n positions where it as not practicable to 
have two or thiee separate instruments It has, besides, the 
advantage that, for stars of all zenith distances, the observer 
occupies the same position with the common form of instru- 
ment the position of the observer 1s sometimes uncomfort- 
able, which 1s prejudicial to accuracy 

161 Fig 29 shows another form of instrument, made for 
the Coast Survey by Fauth & Co of Washington This 
form was first proposed by Steinheil (Astronomische Nach- 
yichten, vol xxix page 177) Here a separate tube for the 
telescope 1s dispensed with entirely, the axis being made to 
serve this purpose by placing the object-glass at one end and 
the eye-piece at the other The reflecting piism is placed 
in front of the objective, as shown 1n the figure, and almost 
in contact with it The tube is placed horizontally and in 
the prime vertical When the reflecting surface of the prism 
is adjusted at the proper angle, the image of any star may be 
made to transit across the threads of the reticule, precisely 
as in the other forms of instruments 

The instrument shown 1n the figure has a focal length of 25 
inches, and 21nches aperture It 1s fitted with the appliances 
necessary to adapt it to use as a zenith telescope It 1s very 
compact and portable, and 1s therefore particulaily aclapted 
for use in a rough country where transportation 1s difficult 

The portable transit instrument 1s mounted when practi 
cable on a piei of brick or stone, set into the ground deep 
enough to insure stability Where such a foundation 1s not 
available a log sawed off square and firmly planted in the 
ground answers avery good purpose The observatory may 
be a shed made of boards or a canvas tent 
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The Retzcule 


162 This consists of a number of spider-lines arranged as 
shown 1n the figure The middle line 1s 
placed as neaily as may be so that a line 
joining 1t with the optical centre of the 
object-glass shall be perpendicular to the 
axis 

In field-nstruments a very thin piece 
of glass ruled with fine lines is often used, 
and is found more satisfactory in some Fic 30 
respects than the spider-threads In the larger instruments 
intended to be used with the chronograph there are some- 
times as many as twenty-five lines, in the smaller instruments 
there are usually five or seven—always an odd number The 
two horizontal lines are for maiking the centic of the field 
The instrument should always be set so that the sta: will 
pass across the field midway between them 


The Level 


163 Every transit instrument Is provided with a delicate 
striding-level It 1s supported by two legs, the bottoms of 
which are V-shaped The length 1s such that these V's rest 
on the pivots of the axis when the level is placed in the posi- 
tion shown in Figs 27, 28, and 29 The tube—which 1s 
neatly filled with alcohol or sulphuric ethe1—is apparently 
cylindrical, but in 1eality has a curvature of laige racius 
The bubble of ait which 1s allowed to 1emain in the tube will 
ways occupy the highest point, and so any change in the 
relative elevation of the two ends will cause a change in the 
position of the bubble It may theiefore be used not only 
for deter mining when the axis 1s ho1izontal, but, by ascei tain- 
ing the angle corresponding to a motion over one division of 
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the graduated scale, we may by reading the two ends of the 
bubble determine the small outstanding deviation from per- 
fect adjustment The level when so used 1s a very delicate 
instrument for angular measurement 

164 To find the value of one division of the level Thisis 
most easily accomplished by the use of a little instrument 
called a Jevel-trzer, which 1s simply a bar of wood one end of 
which rests on two pivots, while the other is supported by a 
micrometer-screw. 


Let d = the distance between two consecutive threads of 


the screw, 
L = the length of the bar between the points of sup- 
port, 
y =the angle corresponding to one revolution of 
the screw 
ad 
Then ae PET : (270) 


Suppose the scale of the level to read from the middle in 
both directions Tall the two ends of the level E and W. 
The readings in the direction W. may be considered +, 
those in the direction E, — Let the level be placed on the 
bar of the ti1er, and both ends of the bubble read, then let 
the micrometer-screw be turned so as to cause the bubble to 
move from its first position, and the two ends read again 


Let ¢ and w be the readings of the bubble in the first 
position , 
e’ and w’ be the readings of the bubble in the second 
position, 
d, the value of one division of the level, 
v, the true angle through which the bar has 
been moved, as given by the micrometer- 
screw 
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Then 4(w — e) will be the reading for the middle of the 
bubble in the first position , 
$(w’ — e’) will be the reading for the middle of the 
bubble in the second position 


v= Siw’ — e') — (w — 8), 


2U 


from which Z = (w —e)— we) ‘ (271) 


The operation should be 1epeated many times in different 
parts of the tube to insure greater accuracy in the final re- 
sult, and to test the tube for irregularities 

The tollowimg example of determining the value of one 
division of a level 1s given by Schott, of the Coast Survey, 
for bievity only one half of the series is given here 
Coast Survey Office, December 8, 1868 Determination of value of one division 


of level B, belonging to Transit No 6 Value of one division of level-trier 
= 0" 99 


Change®for 
to divisions 
of Tner 


Tempera- 
ture 


I gh 39” 
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The numbers in the last column but one show that the 
level is not uniform, but there appears to bea gradual change 
of curvature from one end towards the othe: With sucha 
level the extreme divisions ought never to be used If we 
take the mean of the quantities in this column we find 


10 divisions of level-trier = 99 = 9875 divisions of level 
Therefore I division = 1/003 


The determination should be repeated at different tempera- 
tures to ascertain whether change of temperature affects the 
culvature of the tube 

All fine levels are furnished with an air-chamber for 
regulating the length of the bubble When using the level 
this should be kept at about the length which 1t had when 
the value of the scale was being determined 

The value of the level may also be determined by placing 
it on a finely -graduated ciicle and 1eading the circle with the 
bubble in different paits of the tube Thus by means of the 
mural circle of the Washington observatory I found the 
value of one division of the level of a zenith telescope to be 
1” 059, with a probable error of 0” o18 

165 Adjustment of the Level of the Transit Instrument 

The level is used for testing the horizontality of the axis, 
therefore when it 1s placed on the axis the tube should be 
parallel to the latter If such 1s the case— 

Furst The bubble must be in the middk of the tube when the 
axis 1s hortgontal Place the level on the axis, and bring the 
latter approximately horizontal, read the scale, reverse the 
level and again read the scale. If this adjustment 1s pe1fect 
the reading will be the same in both positions, otherwise one 
half the difference of the two readings must be coirected by 
raising or lowering oneend of the tube The screws for this 
pul pose are shown on the right in Fig 27 Repeat the pro, 
cess until the adjustment 1s satisfactory 


§ 167 ADJUSTMENT OF THE INSTRUMENT 279 


Second The vertical plane passed through the axis must be 
paralikl to that passed through the tube Let the level be te- 
volved or 10cked 1n both directions around the pivots of the 
axis If the reading changes 1n consequence of this motion 
the adjustment 1s not perfect Lhe duection in which the 
adjusting-sc1ews must be moved will readily appear from the 
motion of the bubble The fitst adjustment should after- 
wards be examined, as 1t may have been disturbed by this 
Operation 


Adjustinent of the Instrument 


166 First The threads of theretwul must be in the common 
Focus of the object-glass and eye-piece First adjust the eye-piece 
by sliding 1t in and out of the tube until the position is found 
where the threads are most distinctly seen (Amark should 
then be made on the tube of the eyc-piece so that 1t may be 
at once set to the proper focus, 01 acollar may be fitted to it 
so that when it is pushed “home” it will be in focus) The 
instrument should then be turned to a distant terrestrial ob- 
ject, or a star, and the tube carrying the threads sct so that 
the image will remain constantly on one of the threads when 
the eye 1s moved to one side or the othe: of the eye-piece 
In some small instruments the threads are fixed at the princi- 
pal focus of the objective by the makei, with no provision for 
fuithe: adjustment * 

167 Second The threads must be parallel to a plane per pen- 
dicular to the axws of the wnstrument Direct the telescope to 
a distant well-defined point, and bisect it with the middle 
thread, move the telescope up and down through a small 
angle (the axis having been previously levelled) If the 
thread is vertical it will bisect the object th1oughout its en- 
tire extent 

With some instruments there 1s an arrangement for revoly- 
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ing the reticule and consequently foi perfecting this adjust- 
ment, with others there 1s none In any case care should 
be taken to observe all transits over the same part of the held 
when a small deviation from true verticality will not bea 
source of erro! 

168 Third To adjust the line of collimation ODhtrect the 
telescope to a distant terrestrial point, and bisect it with the 
middle thread , then carefully 1eveise the telescope, and if 
the thread does not then bisect the object, bring it half way 
by means of the adjusting-sc1ews found on each side of the 
tube which contains the reticule The operation must be 
repeated until the adjustment 1s satisfacto1y 

Instead of a distant terrestrial point various instrumental 
devices have been used, particularly in fixed observatories. 
One of these 1s the collimating telescope, or collimator as it 1s 
called This isa small telescope placed north o1 south of 
the transit instrument, so that when the telescope of the latter 
is horizontal the observer may look through the eye-piece 
into the object glass of the collimato: A threacl in the prin- 
cipal tocus of the latter will then 1ppear precisely as if seen 
fiom an infinite distance, since the rays of light coming fiom 
the thiead through the object-glass will all emerge in parallel 
lines <A sharply-defined image of this thread wall therefore 
be found at the principal focus of the transit telescope, and 
as the thread itselfis only a few fect distant, this image will 
not be disturbed by atmosphe1ic undulations as in the case 
ofa distant mark By using two collimatois, one noith and 
one south, the adjustment may be made without reversing 
the instrument, this process, however, cannot be conven- 
1ently applied to a field-instrument 

The mercury collimator 1s also much used with the fixed 
instruments of observatories This is simply a basin of 
mercury placed directly under the telescope, so that when 
the latter 1s placed vertical with the objective down the 
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obseiver can look thiough the eye-piece into the mercury. 
The threads will then be seen 1n the field, together with their 
images reflected from the mercury The axis having been 
carefully levelled, the thread and its :eflected image will co- 
incide if there is no erior of collimation If the collimation 
has been previously adjusted by the collimating telescope, 
this process may be employed fur measuring the inclination 
of the axis, it 1s not, however, a suitable method to employ 
with the portable instrument 

169 Fourth To adjust ‘the instrument in the plane of the 
meridian The transit 1s used in connection with the sideieal 
chronometer The observations will be made for determining 
the er1orof the chronometer, this 1s, therefore, presumably 
not known with any degree of accuracy 

If nothing whateve: 1s known of the chronometer error, 
it may in certain cases be advisable to determine 1t approxi- 
mately by the sextant, or by the altitude of a star measured 
with the vertical cucle of an engineer’s theodolite Sucha 
preliminary determination will very seldom be necessary 

As the approximate time may therefore be known by some 
process, we first take the best value available Suppose, for 
simplicity, the chronometci to be set for this approximate 
time—or, 1n other words, that to the best of our knowledge 
the time shown by the chronometer 1s correct We then 
take from the Nautical Almanac the nmght ascension of a close 
circumpolar star, and as this 1s equal to the sidereal time of 
culmination, we direct the telescope to the star, level the axis, 
and at the instant when the time shown by the chronometer 
equals this right ascension bring the middle thread of the 
reticule on the star, using the fine-motion screw at the end 
of the axis foi the final adjustment The inst:ument will now 
be approximately in the meridian We next level the instru- 
ment carefully by the fine-motion sciew at the end of the 
axis, and select from the almanac a star which culminates 
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near the zenith for determining a more correct value of the 
time, o1 of the chronometer correction As all vertical cir- 
cles pass thiough the zenith, by selecting a star which passes 
as near as possible to this point we dete: mine a very close 
approximation to the true chronometer coirection, even 
when the instrument has a large azimuth error It is better 
to use two stars for this pu: pose, one culminating noith of 
the zenith, and one south (as it will very seldom be possible 
to find a star culminating exactly in the zenith) If the 
operations already desciibed have been carefully attended 
to we shall now know our chionometer correction within a 
second, which will be accurate enough for perfecting the 
adjustment in the meridian by anothe: circumpolar star 


Let 10 = the value of the chronometer correction just 
determined, 
a = the 1ight ascension of any star 


Then aw — 40 = the chronometer time of culmination 


When the chronometer indicates this time, the star must be 
carefully bisected by the middle thread, the axis having been 
previously levelled It the ubserver does not yet feel sufh- 
cient confidence in the adjustment, the operation must be 
repeated for a closer app! oximation 

The cucumpolar stars most suitable for this adjustment 
are the four standard stars of the Nautical Almanac, viz, 
a, 6, and 4 Ursze Minoris and 51 Cephei Besides these the 
ephemeris for 1885 and following years gives a number of 
other stars near the pole reduced to apparent place for inter- 
vals of ten days 
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Methods of Observing 


170 The immediate aim of the observe 1s to obtain as 
accurately as possible the instant of time, as shown by the 
clock or chronomete1, when the star ciosses each thread of 
the reticule These times may then be reduced by a method 
to be explained hereafter to the time over the middle thread 
If then x 1s the probable e11or of a transit observed over a 
single thiead, and the numbe1 of threads obseived, the 


2 
probable e:ror ot the mean will be en 
} 


[here are two methods of observing tiansits, viz, the eve 
and car method and the chronographic method The latter 
method 1s more accurate except with an observer of long 
experience, and 1s now used almost universally in fixed obser- 
vatories Itis also employed in the held when the tine 1s 
required with great accuracy for longitude woik 

In other cases, when the portable inst:ument 1s used, the 
obsei vations will be made by the eye and car method, which 
isas follows A few seconds befoie the stai to be obsei ved 
reaches the thread the observer takes the time from the 
ch1 onomete: and watches the sta: as 1t approaches the thread, 
at the same time counting the beats of the chronometer 
When the star crosses the thread the exact instant 1s noted, if 
the thread 1s crossed between two beats, 
the fractional pait of a second 1s esti- 
mated to the nearest tenth This estt- 
mation 1s made more by the eye than i b 
the ear, thus, suppose when the obser- 
ver counts 10° the staris at a, and when 
11° at 6, the distance from @ to the 
thiead will be compared with the dis- nes 
tance fiom a to 2, and the ratio will be expressedintenths In 
this case the time will be 10°4 A skilful observer will seldom 
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be in error by so much as ,%, of a second in estimating the 
time over a single thread for a star near the equator 

By the chronographic method the observer registers the 
instant when the star 1s on the thread by simply pressing the 
key which closes or breaks, as the case may be, the galvanic 
circuit * This instant 1s recorded by a mark on the cylinder 
of the chronograph, and may be read off at leisure As the 
observer is not obliged to count the seconds as in the other 
method, the threads may be placed much closer together 
and a large: number of 1eadings taken .A practical limit 
will, however, soon be 1eached beyond which nothing will 
be gained in accuracy by increasing the number of thieads 

Formerly the large transits of the Coast Sui vey were pro- 
vided with twenty-five threads arranged in five gioups, or 
tallies of ve threadseach Of late this number has been re- 
duced to thirteen, the central tally containing five threads, the 
two on each side three each, and the two extreme tallies only 
one each The middle threads of the tallies are at equal dis- 
tances and may be used for eye and ear observation, while the 
middle tally is convenient for observing close circumpolar 
stars, which may be best observed by the eye and car method 


Mathematical Theory of the Transit Instrument 


171 We have shown how to adjust tks :nstrument and 
place it in the plane of the meridian With whatever care 
these adjustments are made, there will always remain small 
outstanding e11ors, the existence of which will affect the 
observed time of a star’s transit The amount of these errors 
must then be determined, and the necessaly corrections 
applied to the observed time to reduce it to the tiue time of 
meridian passage 


eee 


* See Art rer 
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We shall call a line passing thiough the centres of the 
pivots and produced indefinitely the rotation axis Also, 
the line drawn through the optical centre of the object-glass 
and perpendicular to the rotation axis 1s the collzmatton axis. 
When the instrument is revolved this line describes a great 
circle of the celestial sphere, the poles of which are the points 
where the rotation axis pierces the sphere When these 
poles are known the position of the circle itself 1s known 


Let 90° — a = the azimuth of the point where the west 
end of the axis pierces the sphere, 


6 = the altitude of the same poin: 


Then @ will be the deviation of the axis f10m the true east and 
west position, plus when the west end deviates to the south ; 
and 41s the deviation from the true horizontal positioa, plus 
when the west end 1s high 


Let 90° — m = the hour-angle of this point, 
#2 = the declination 
Let x, y, # be the 1ectangular co-ordinates of this point 
1eferred to the horizon 


Then 4, 90° — a, and 4 will be the polar co-ordinates, and 
we have * 


x = 4 cos 4 cos (90° — a) = 4 cos bsina, 
y= Acosésin (g0° — a) = 4 cos boosa| (272) 
zg 4 sin 6 


Let x’, y’, 2’ be the rectangular co-o1 dinates referred to the 
equator 


* See equations (110) 


286 PRACTICAL 1STRONOMY S171. 


Then 4, (90° — 7), and # aie the polar co-ordinates, and 


zx’ = 4 cos 2 cos (90° — m) = Acoszsinm, 
y’ = Acosnsin (go° — m) = 4 cosxcosm, }» (273) 
z = Asin 2 


The formulz for transformation of co ordinates will be * 


be 
2 = —zx«cosp+2zsmn — 


xz’ =xesin p+ 2CoOs @, 
| (274) 


Substituting for x, y, gand x’, y’, 2’ their values, and dropping 
the common factor J, we have 


cos 2 sin7m = cos dsinasin p + sin dcos 9, 
COS 2 COS 7 = COs 6cosa, (275) 
sin z == — cosésmacosg-+sindsin Pp 


Equations (275) give mm and x whena and 64 are known 
No hmit has been placed to the values of a, 4, m, and x, which 
may therefore be of any magnitude, and consequently the 
instrument in any position By careful adjustment, how- 
ever, these quantities may always be made very small, and 
there will therefore be no appreciable error in writing the 
quantities themselves for their sines, and whiting to the 
cosines unity Therefore 

For the transit wnstrument in the meridian, 


m=—=asin p+ bcos 9, 
z=—acosp+ésng ; (276) 


From these we readily derive 


ee Ara a 
6=mcosp+ansin p 


(277) 


* See equations (112 ) 
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172 Now let r = the east hour angle of a sta when seen 
on the middle thread , 
¢ = the ertor of collimation, plus when the 
star 1eaches the thread too soon ‘ 


Now let the stat when on the middle thiead be referred to 
a system of rectangula: co-o1dinates, the plane of #, y being 
the plane of the equator, the axis of « being perpendicular 
to the rotation axis 


Then 6 — the star’s declination 1s the angle formed with 
the plane of x, y, by the radius vector, 

1 — m= the angle formed with the axis of # by the pro- 

jection of the :adius vector onthe plane of x, y 


Then x = Acos 6 cos (rt — m@), 
y = 4cosé sin (rt — | (278) 
ga 4sin 6, 


y being reckoned towards the east 

Let the star be now referred to a new system of co-ord- 
nates in which the axis of # coincides with that of the last sy s- 
tem, the axis of y being the rotation axis of the instrument 


Then ¢c = the angle formed with the plane of +, z, by the 
radius vector , 

6, = the angle formed with the axis of #« by the pio- 

jection of the radius vector on the plane of 4, 2 


Then xz’ = Acosccoso,, 
y = Asine, (270) 
zg’ = 4cosc sin 0, 


a 


* The star 1s supposed to be observed at upper culmination 
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In these two systems the axes of 2 coincide, the axes of 
y and 2 make the angle z with those of yand z Therefore 


a ae, 
y =ycosn — #sin 2, P (280) 
a Sinz + z2coS 2 


—H 
—_ 


Combining (278), (279), and (280), we have 


cos ¢ cos 6, = cos 6 cos (tT — m), 
sin¢= cos 6 sin (r — m) cosz—sinOsinz,} (281) 
cos ¢ sin d,= cos 6 sin (r — m) sin z+ sin 6 cosxz 


With these equations, as with (275), no restrictions have 
been placed on the quantities involved, and they will se1ve 
for computing t when wz, z, and ¢ are known When these 
quantities are small, as with the instrument adjusted in the 
meridian, the second of (281) becomes 


c= (rt — m)cosd6 —asmnd, 
from which r=m+xtand+csecé . (282) 


This 1s Bessel’s formula for computing the hour-angle of the 
star when it passes the middle thread of the reticule In ap 
plying it, the unit in which wz, 2, and ¢c are expressed must be 
the second of time 

If we substitute in (282) the value of 77 from the second of 
(277), VIZ, 


m— bsec p — ntan g, 
we have r= dédsecp-+x(tand — tan p)+csecd (283) 


This 1s Hansen’s formula for computing r We see from it 
that when 6 = 9g, the term in » vanishes and r depends on } 
and ¢c alone Fiom thisit follows that those stars are best 
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suited for determining t—and the: efore the clock correction— 
w hich culminate near the zenith 


Substituting in Bessel’s formula the values of # and z 
from (276), we readily find 


_ sin (p — 0) cos (p — 6) c 
= cose Gos cosa 284) 


Which 1s Mayer's formula, and 1s the one best adapted for 
use with the portable transit 

We adapt these formulze to the case of lower culmination 
by changing 6 into 180° — 6 


Now let a = the apparent right ascension of any star, 
@ = the observed clock time of the stars passing 
the middle thiead, 
A@ = the clock correction 


Then a=@+ 40417, 
40 =a—(O+7) (285) 
In which z may be computed by either (282), (283), or (284) 
If the star 1s observed at lower culmination, a becomes 
r2' + a. 


Correction for Diurnal Aberration 


173 Aberration 1s the apparent change in a star’s posi- 
tion caused by the progressive motion of hght combined 
with the motion of the eaith itself The displacement is in 
the direction of the earth’s motion, and the tangent of the 
angle of displacement 1s equal to the component of the veloc- 
ity of the earth perpendicular to the line of sight divided by 
the velocity of light 

Aberration 1s considered under two heads, viz, annual and 
diurnal aberration, the former resulting from the earth’s an- 
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nual motion in its o1bit, and the latte: from the 1evolutinn on 
itsaxis Thesubject will be tieated in asubsequent chapter as 
tully as will be neccssa1y for our purposes At present we 
shall only consider the azurual aberration 
Let & = the diurnal aberration of an equatorial star at the 
time of transit The velocity of hght is 186,380 miles per 
second A point on the earth’s equatoi has a linear motion 
ot o 2882 mile per second, in consequence of the diurnal rev- 
olution of the earth Therefore the linear velocity of a point 
whose latitude 1s g will be 0 2882 cos pg Then 
i 
= iis ay cos p=" 319 cosp=* 021 COS MP (286) 
If the star’s declination 1s 6, the effect upon the sta1’s 
hour-angle being #’, we have, by applying Napier’s 
first 1ule for right-angle triangles to the triangle shown 
oe 33 1n the figure, 


sin £ = sin #’ cos 0, 
or ki = ksec 5 = *021 cos g sec 6 (287) 


As this will cause the star to appear too far east, the ob- 
ser ved time of culmination will be too late and the correc- 
tion must be subtracted 

The coriection for diurnal aberration may be combined 
with the collimation constant by making 


c = ¢ — *021 cos @ (288) 


As observations are made in both positions of the axis, it 
1§ necessary to distinguish betweenthem This may be done 
by noting the position of the clamp, whethei it 1s east or west 
If then the sign of cis determined for clamp west, the alge- 
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braic sign must be changed when the position 1s clamp east 
It must be remembered that the algebraic sign of the abe- 
ration does not change when the instrument 1s reversed, so if 
this correction has been combined with ¢, c’ will 1n one case 
be the sum of the two, and in the other case the difference 


Equatorzal Intervals of the T. hreads 


174 When the transit of a star over one of the side threads 
is observed, we may 1egard the distance of this thread from 
the collimation axis as its error of collimation, and proceed 
with the reduction precisely as in case of the nuddle thread. 
It is simpler in practice, however, to determine the angular 
distances of the side threads from the middle thread, when 
the times may all be reduced to the time over this thiead 
This angular distance when expressed in time is evidently 
the time required toran equatorial star to pass from the side 
thread to the middle thread 


Let 2 = the equatorial interval for any thread, 
J = the interval for a star whose declination 1s 6 
Thenz-+ c = the collimation erior for this thread, 
x + J = the hour-angle of a star when seen on this thread. 


The second of equations (281) may be written 


sin (r — m) = sine sec w sec 6 + tan # tan é, 
and for the side thread 


sin (r + J — m) = sin(z-+¢) sec msec 6 + tan ztand 
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By subtraction, 
Sin (7 + 7 — m)— sin (r — m)=[sin(z +c) —sin¢] seczsec 6, 
which becomes 
2 cos (4/7 -+ 7 — m) sin $/ = 2 cos (42 +c) sin 42 sec z sec 6 


Since 7 — mand m are very small quantities, the above 
may be written 


snf=sinzsecd .... . (289) 

For all stars not nearer the pole than 10°, 
f=z2sec 0 ~ + « « « (289), 
When JZ is observed and z is required, the equations become 
sinz = sin/ cos 6, a. (290) 
2 =Jcosd : (290), 


When the star 1s nearer the pole than 10°, formule which 
are practically exact are obtained as follows z may always 
be written for sin z, and (J — 4/*) fo. sn Z Therefore 


z2== (1 — 4/") cos 6. 
But cos/=1—4#4/* and = (cos/jt=1— dV’, 
therefore we have 
z=Icosé Ycosl.... . . (2901) 
I=zisecd'Ysecl ..... .« (291) 
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The following table gives log ‘/ cosZ and log °sec7 with 
the aigument /1n time 


— —_ Ss 


S| oe eaaeie Be aa | 
I log Vcos J log Vsec/ |} 7 llog V/cos/ llog ¥sec/\| 7 loz ¥/ cos F | 


log *yY sec 7 
{ 


1™ | 9 99999 © ca000 || 16") 9 99965 © 00035 || 31") 9 g9%b7 | 0 00133 
2 99 OI 17 960 O40 32 858 142 
3 99 Oo1 18 955 045 23 849 15r 
4 98 02 19 950 ©50 34 840 160 
5 97 03 || 20 945 o55 || 35 $31 169 
6 95 05 2i 939 o61 36 82r 179 
7 93 07 22 933 067 37 811 189 , 
8 gt 09 23 927 073 38 800 200 
9 89 Ir 24 Q21 ©79 39 789 2II 
Io 86 14 25 or4 086 40 778 222 
xt 83 17 || 26 907 093 || 4= 767 233 
12 80 20 27 899 IOI 42 756 244 
13 17 23 || 28 892 108 || 43 744 250 
I 2 2 884 116 4 732 268 


175 Suppose the reticule to contain five threads 


Let Z= the time of a star’s passing the middle thread, 
2, ta) ty 2, %, = the times of passing the separate threads, 
Z,) 2j)24)* 24) 2, = the equatorial intervals 


The star 1s supposed to pass the threads 1n the above order 
when the clamp 1s west When the position 1s clamp east, the 
order will be reversed, becoming 2,, 2, 2, 2,2, At lower 


culmination the o1der will be the reverse of that of upper 
culmination 


We shall have T =:7,--:4, sce 0 
= 7, +2,sec o 
t,-- 4; SEC 0" 
=f. 424, sec 0 
= 7,-+ 2, seco 


* When the reduction 1s to the middle thread, zs = 0 
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The mean 1s 


ZzA+4A+4 tats + % +2,* +12 +4+4 
SS ee 
5 5 
or T = T, + 42sec 6 for clamp west, 
T= JT, — 42sec 6 for clamp east 


sec 0; (292) 


Instead of reducing the obse1ved times to the time over 
the middle thread, we may reduce them to the time over an 
imaginary thread, the time over which is the mean of the 
times over the five threads, or Z, of the above formula 
The equatorial intervals and error of collimation are then 
determined with reference to this mean thread instead of the 
middie thread ‘This method is more convenient than the 
preceding, as 42 then vanishes and the equatorial intervals 
are not required when all of the threads are observed 


Reduction of Iutperfect Transits 


176 A transit 1s imperfect when the time over one or more 
of the threads has not been observed Formula (292) applies 
equally to such a transit, by simply dropping the terms 
corresponding to the threads which were notobserved Thus 
suppose the first two threads were not observed, the formula 
will then be 


z z 
T= PATA REET see 8 


Correciton for Rate 


177 If the rate of the chronometer is large, 1t may be 
necessary to take it into account in reducing imperfect 
transits 


* When the reduction 1s to the middle thiead, 73 =o 
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Let 67 = the hourly rate of the chionometer 


Then if z 1s given in seconds, we shall have 


oT 
T= t+rsec6(1— 2) (293) 


Thus if a star 1s observed with a mean time chronometer, 
6T = g° 830 and (293) becomes 


T=t+2zsecd X 099727, | as (294) 
or T=t-+2sec 6 [9 99881] } 


Determination of the Constants 


178 We may dete:mine the time of the stars passing the 
meridian, and consequently the clock correction, from for- 
mulze (284) and (283) when we know the values of a, 4, and ¢, 
or from foi mulze (282) and (285) when we know m, x, and ¢ 
The determination of these quantities will therefore now 
be considered 


The Level Constant, 6 


Place the striding-level on the axis and read both ends of 
the bubble, 1everse the level and 1ead again 


Let wand ¢ be the :eadings of the west and east end in 

first position, 

w' and e’, the readings of the west and east end 1n sec- 
ond position, 

d, the valye of one division of the level expressed in 
time, 

, the error of the level due to any want of perfect ad- 
justment 


we ee a 


a 
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Then if there were no error the inclination would be equai 
to the reading of the middle point of the bubble, or 


b= td(w—e)+ 2, 
b = td(w' — e’) — 4, 


the mean of which 1s 


b= Tw + w/)—e +e) (298) 


The level 1s often reversed two or more times for greater 
accuracy Whatever the number of reveisals, the inclination 
is given by the formula 


= fiw — 2], (296) 


where Wand & are respectively the means of the east and 
west readings 


Inequality of Pivots 


179 The above expression for 4 is obtained by applying 
the level to the outer surface of the pivots, 1t therefore gives 
the true inclination of the rotation axis only when the diam- 
eters of the pivots are equal If they are unequal this value 
of 6 requires a correction determined as follows 

Fig 34d is a cross section of one of the pivots, with the V 
of the level B, and of the instrument 4 Suppose the clamp 

a 


Fic 342 Fic 346 
west Formula (298) gives the inclination of the line B'B, 
that of C’Cisrequred Suppose the V of the level to have 
the same angle as the V of the instrument 
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Let B and £’ be the inclinations as shown by the level for 
clamp west and east respectively, 
6 and 0’, the true inclinations of C’C, 
f, the constant inclination of A’A, 
p, the angle ECC’ = C’CF 


For clamp west, 6 = B +4, b= mA (a) 
For clamp east, 6 = BD’ — pg, = B+p 


By subtraction, 0’ —d= B’ — B — 2p = 24, 


BB’ —B 


Lat (297) 


Which determines the value of In order to be reliable it 
must be derived from a large number of readings of the level 
in both positions of the axis It will then be a coriection to 
be added algebraically to the inclination as given by the level 
for the position clamp west, or 


6= 8 + pfor clamp west, 


b' = B — p for clamp east (2) 


If the angle of the level V 1s not equal to that of instrument V, the angle ZCC' 
will not be equal to C’'CF and we proceed as follows 


Let 22 = the angle of the level V, 
22, = the angle of the instrument V, 
rand? = the radu of the pivots, 

a = BC in the figure, 

ad, = AC in the figure, 

ZL = length of level = C'C, 

p=angle £ZCC', 

pi = angle C'CF, 


the notation in other respects remaining as before 
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Then for end next the clamp d= — : =a 
sinz SIN 2 
x a 
Then forendremotefromclamp d = ' d;'= 
sinz SIN 24 
ad'’—d *+r—-r y—?r 
eS Spang Oe 6 eee | 
dy'—a, ry — +r y¥—r 
sin fi =“ = Fann’ fu 7 ging) sin 15” (2) 
fi _ sinz 
Dividing (@) by (c) we have Pere (¢) 
Then 6=B-+4, 6=fB-—y, 


S=B'—-p~, F=Ptn, 
o—b=8'—~ B-— w=2p, 


B'—B 
2 


=p +h, 
Substituting the value of 4, from (¢) and reducing, we readily find 


re B'— B( sin 2, 
— sin 2-+ sin 1 


(297): 


Example The following readings of the level were made 
for determining the inequalities of the pivots of the transit 
instrument of the Sayre observatory 


Clamp East Clamp West 

E WwW E Ww 
Direct, 144 I51 128 162 
Reversed, 127 167 146 149 


(+e) =271 318=wt+w 274 311 
By formula(295), B’ = +1175, B=-+ 925, 


£and JB being expressed in terms of one division of the 
level. 
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The angle of the level V was equal to that of the transit, 
therefore, by (297), 
Bi —SB 


aaa eae 062 


By a-considerable number of readings made at different 
times the following values of » were obtained The first 
and thud columns show the angle of elevation of the tele- 
scope, the second and fourth the corresponding values of 


clamp east, 


Mean of 13 values p = ¥F 062 clamp west 


The value of one division of the level is d = 174, therefore Z* = * o11 


180 The diameters of the pivots may not only be unequal, 
but the forms may be uregular This is tested by reading 
the level with the telescope placed at different zenith dis- 
tances If inequalities are found to exist, atable of correc- 
tions for different zenith distances from zero to go° on each 
side of the zenith may be formed 1n case it 1s necessary to use 
the instrument in this condition If the corrections are large 
enough to be appreciable, however, the instrument should 
be put into the hands of an instrument-maker for 1epairs 

18x A little instrument designed by Prof Haikness, and 
called by him the “spherometer-caliper,” 1s very conven- 
1ent for measuring the inequalities and irregularities of pivots 

Fig 35a 1s a front and 354 a side elevation The same 
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letters refer to both figures The foundation-plate 4 carries 
two cylindrical guides, dd, which aie connected at their lower 
end by the bare Into the foundation-plate 1s screwed the 
brass piece 7, to which 1s cemented the thick circular glass 
platec The two V’s, aa, are also firmly screwed to the foun- 
dation-plate The brass plate /shdes fieely up and down 
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Tre SPHEROMETER CALIPER 


between the guides dd, being kept in place by three loops, 
two of which pass around the nght-hand guide and one 
around the left, as shown in the figure The brass rod g, 
which passes through the piece # and the plate ¢ without 
touching either of them, 1s firmly attached to the upper end 
of the plate 7 and moves with it, while to the lower end of 
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J is attached a second short brass rod which passes freely 
through the bar ¢ and carries the nut 4 

In using the instrument, the plate 71s depressed by means 
of the nut 4 until one of the pivots whose irregulatity is to 
be measured passes freely under the V’saa Then the V’s hav- 
ing been properly adjusted upon the pivot, 41s loosened and 
the flat edge of the aperture in /1s pressed against the under 
side of the pivot by the spring z The elevation of the 10d 
g above the glass plate 1s then measured by means of the 
spherometer This consists of the micrometer-sciew shown 
in the figure, which 1s supported by the small t11pod s, the 
legs of which rest onthe glass plate By means of this screw 
small differences in the elevation of the rod g, and conse- 
quently of the size of the pivots, may be readily measured 


Let 2v = the angle of the V’s aa, 
nz = the difference between the readings of the screw 
on the two pivots, 
R=the linear distance between two consecutive 
threads of the screw, 
L = the distance between the V's of the transit instru- 
ment, 
p = the inequality of the pivots expressed in seconds 
of time, 
y = the radius of the pivot to be measured, 
C = the distance from the upper surface of the glass 
plate to the angle of the V’s 
Then the vertical distance from the upper surface of the 
glass plate to the flat surface of the aperture in / will be 


C tay st. ¢ gig (a= (298) 


sinw | sin 2 


Similarly for the other pivot 


c+ n(n) (299) 
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The differenceis (7 — r’( 


1 + sin a (300) 


sin UY 


This is evidently the difference in the elevation of the end 
of the rod g when the second pivot is substituted for the 
first, that is, the difference between the two micromete: 
readings Therefore 


I+ sin v 
¢—r)( Fn) = aR, 
nR sin v 
r—Y=Tiene S. tate es ao Sy ABO) 


Then from ¢, Art 179 


nR I 
o= (Saran ~ + + + (302) 


This instrument 1s especially to be recommended in ex- 
amining the pivots for irregularnties, as by measuling 
different diameters of the pivot the exact form may be 
determined If iriegulazities exist they may be detected 
by the level, but it will not show which pivot 1s irregular 


The Collsmation Constant, ¢ 


182 A transit instrument of the better class 1s provided 
with a micrometer,* the movable thread of which 1s parallel 
to the threads of the reticule and so nearly in the same plane 
that both are in the focus of the eye-piece at the same time 


* For description of micrometer see Art 97 
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With this arrangement the error of collimation may be 
measured directly as follows 

By means of a distant terrestrial object ‘The position being 
clamp wist—suppose—direct the telescope to a distant ter- 
1estrial pot, and by means of the micrometer measure the 
distance of its image as seen in the field from the middle 
thread, then reverse the instrument and measuie the distance 
again. If the object appears on the same side of the thread 
in both positions, the error of collimation will be half the 
difference of the measuted distances, if on opposite sides, 
half their sum 

In determining ¢ in this way care must be taken not to 
mistake its algebraic sign This sign may be determined 
practically by remembering f10m which side of the field a 
star at upper culmination appears to enter If then for 
clamp west the thread appears nearer that side of the field 
than for clamp east, c will be plus for clamp west, and minus 
for clamp east 

183 By the collimating telescope* The thread or cross- 
threads of a collimating telescope may be used 1n the same way 
as a distant terrestrial object foi measuring the collimation 
constant, and with the advantage that there will be no appre- 
ciable atmospheiic disturbance, the mark being only a few 
feet distant With two collimating telescopes, one north and 
one south of the instrument, the error may be determined 
without reversing the instrument As this method 1s only 
of practical value with the large instruments of an obsei va- 
tory, it will not be explained further here 

184 By the mercury collmator* If the telescope 1s 
directed vertically downwards, the middle thread may be 
seen directly, together with its nmage reflected from the 
mercury If the axis 1s horizontal the constant ¢ will be one 


ee a 


* Art 168 
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half the distance between the d.rect and reflected images, 
which may be measuied as before 
If the axis 1s not horizontal, 


Let 4 = the elevation of the west end, 

M=the micrometer distance of the thread from its 
image, positive when the thread itself 1s on the 
side from which a star at upper culmination 
appeais to enter 


Then 41M —c— 3B, 
c=iM+t+odb.... (303) 


By reversing the instrument and again measuring the 
distance of the thiead from the reflected image we can 
dete:mine both 4 and «¢, or if ¢ has been determined by the 
collimating telescopes we can determine J without 1eveising 
the instrument 

185 By a close circumpolar stcr With the portable in- 
strument it will be found more convenient to dete: mine the 
collimation constant by observation of a star in both posi- 
tions of the axis, as follows 

Observe the transit of a slow-moving star over one or 
more threads—including the middle thiead or not—then re- 
verse the instrument and observe the tiansit over the same 
thieads, now on the other side of the field With one of the 
four circumpolar sta1s of the Nautical Almanac theie will be 
plenty of time to 1everse the instrument duting the inte val 
over two consecutive threads It 1s advisable to read the 
level for each thread ; 

The times observed are then to be reduced to the times 
over the middle thread (or the mean thiead, as the case may 
be) by means of the equatorial intervals, which must be well 
determined. 


S 186 THE AZIMUTH CONSTANT 305 


Let T = the clock time over the middle (o1 mean) 
thread for clamp west, 
7’ = the clock time over the middle (or mean) 
thread for clamp east, 
band 6’ = the level constants in the two positions, 
ATand 47 = the clock coriections at trmes Zand 7’, 
AT, = the clock correction at time Z,, 
6T = hourly rate of clock 
Then AT =47,+ 67(T — 7,), 
AT = 47,+ 67(T — 7,) 


Then applying Maye1’s formula, (284) and (285), 


ClLW a= ee 
aps COR KD 0 eit cin cere earn ange ee ie ' 
0 
CLE «=T44746T(T—T)-+asm(p —6)secd {> * 
+ 4’ cos(p —6)sec 6 — ¢ sec 6 — 021 cos psec O J 


Subtracting the fi1st of these from the second, we readily find 


c=3(T — T)cosd +47 — T)dTcosd 
+ #4 — 4) cos (p — 9) (305) 
This formula 1s applicable to lower culmination by chang- 


ing J intv 180° — das usual In most cases the term in 07 
will be inappreciable 


The Azwunuth Constant, a 
186 This can only be determined by observation of stars. 


Let two stars be observed which diffe: as widely as possible 
in declination 


~~ woe 
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Let Zand Z’ be the times of observation reduced to the 
middle (o1 mean) thread, 
6 and 0’, the declinations of the stars, 
aand a’, their 11ght ascensions 


Then equations (304) will apply to these stars, except that in 
the second we shall have a’ and 6’ in place of a and 4, and 
the sign of c 1s not changed 

Let us write 


t#=7+67(7T—7,)+ 46 cos(p —6)secd +csecd 
— °O21 cos psec Oo, 
t= T’+ 67(T'— 7,)+ 4 cos (p — 0’) sec 6’+ ¢ sec 6” 
— °O21 cos psec 0’. 


That 1s, we place ¢ and # equal to the sum of the known 


quantities in the second members of the equations Equa- 
tions (304) then become 


¢ +47,+ asin (gy — 0) seco; 
+ 47,+ a4 sin (g — 6) sec 0 


a 
a 


ll 


? 


From which 
_ (ec? — ov) — (' — 2) 
= sin (gp — 6’) sec 6’ — sin (g — 9) sec 0’ (306) 
which reducss to 


_ (a —a— (7! — £) 
~ cos p(tan 6 — tan 6”) 


(307) 


The greater the denominator of this fraction the smaller 
will be the effect upon a of errors of observation If two 
circumpolar stais are observed, one at upper and one at 
lower culmination, the denominator of (307) becomes 


cos g [tan 6 — tan (180° — 6”’)] = cos g (tan 6 + tan 6”) 
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This combination is therefore most favorable for the pur- 
pose Ifthe rate of the clock and the stability of the instru- 
ment can be relied on for twelve hours, the same star may 
be observed both at upper and lowerculmination This will 
not be practicable, however, with a portable instrument If 
two stars are observed at upper culmination, one should be 
near the pole and the other near the equator 

If # and 2 are required, they may now be computed by 
(276), or we may proceed as follows 


To Determine n Directly 


187 Using the same notation as in the determination of a, 
and applying Bessel’s formula, (282), 


a=T7+47,+67(7 — 7,)+u+utand +csecd 
— *O21I COS @ SEC O,/ 
a= T+47,4+ 67 (7 — 7, +mu+ntan 6’ + c¢ sec 0 
— *o21 cos msec Oo, 


placing the known teims of the second members equal to 
¢ and 7’ respectively, viz, 


¢=T7+67(T — 7, +csecd — *o21 cos psec 9, 
#=7+67(7 — 7+ sec 0’ — *021 cos p sec O"," 


the above equations become 


a 


a’ 


¢+47,+m-4+xtan 6, 
¢#+A7,+ m+n tan 0. 


From these we derive 


_ (e — a) —(@’ — 2) ’ 
= “atmo 80 + * 308) 


oe 
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Then 7 1s given by the second of (277), viz, 
we = bsecp—xutan Pp (309) 


The conditions favorable for an accurate determination of 
n are evidently the same as in the case of a 


Recapitulation of Formule for Transit Instrument om the 
Meridian 


Zeos 6 tos /, 


Equatorial intervals = 
= Jcos 6 


r 

z 
Reduction to middle J=2z sec d Vsec J, 
(or mean) thread, fJ=121se6 
b 


Level constant, = Cw — £) 


Collimation constant, ¢ = \(7'— 7)cos6 +4(7'— 7)5Tcosd 
++ 1(5—b)cos(p—3) ¢ (XVID) 
(a’ — a) —(¢ —* 


Azimuth constant, 6S ees 
cos Gitind — lan Oo ) 


Clock correction, AT=ae—| 7-+a a lag ) + 03( 8) 


COS O LOS O 
L ¢ § OAT cos «yp 
cos 6 cos O 


For reduction by Bessel’s formula we have the following 


jp ee SD) 
—~ tano’—tand ’ 
m= bsecgp —ntan Q, (XVIII) 
ATz=za—([T+m-+ntand-+ecsecd 
—* O21 Cos p sec 0] 


Tiansit Observations 


To illustrate the application of (XVII) let us reduce the following observa 
tions, made at the Sayre observatory 1883, October 16 Thetrinsitis asm ul- 
sized instrument of 26 inches focal length, aperture 2 inches, magnifying 
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4 
power 4o diameters The reticule contains five threads, number consecutively 
from 1 to 5 forclamp east As will be seen, the level was generally read two 
or more times in each position 


1883, October 16 


Polaris * Level Level 
6 = 88° ar’ 23 8 Clamp West Clamp East 
Clamp west Vo 53™ 34° E w E w 
IVr 5 31 149 14 5 130 167 
III r 17 25 130 16 6 15 3 145 
Clamp east IVI 29 3 14 6 147 130 16 8 
VI 40 55 130 16 5 14.7 I50 
——$—$ —__—___—_ 14 7 11.7 13 I 16 8 
Mean clamp W 1* 17™ 23° 4 129 16 6 14 8 149 
clampE I 17. 7 2 130 16 8 
a=1 17 28 83 I5 2 14 3 
Mean = 13 912 15 588 13.983 15 783 
tAh=-+ 838 fi’ = +- goa 
B Arietis y Andromedz 
5 = 20° 14' 5 6 = 41° 46’ 1 
I 45" I 9° 3 
II 25 II 3I 2 
III 19 8 III 52 9 
IV 37 I IV I4 8 
V 1" 48™ 54° 5 V rh 57™ 37" 
T=1 48 Ig 78 T=1 56 53 04 
Q@=TI1 48 I5 35 a=1 56 48 81 
a Arietis &' Ceti 
6 = 22° 54’ 8 6 = 8° 18'2 Level 
I 88 g I 23° 9 E Ww 
II 26 2 II 40 9 147 15 3 
ITI 43 9 Ii] 56 9 I25 179 
IV I 9g IV T3 4 147 157 
V 2b r™ 19% 2 V 22 7™ 29% 9 127 178 
T=2 0 44 02 T=2 6 87 00 1365 16675 
@Q=2 0 39 54 @Q=2 6 52 35 A=+1512 


* Instrument reversed for the purpose of determining the value of ¢ 
tB=3|Y—-Z]) b=d B 
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5 Ursz Minors, s p 


y Trianguli 6 = 103° 47’ 8" 
I 528 V 
II Il 9 IV 38° 4 
III 3I I III 2" 27™ 478 3 
IV 50 8 iI 54 9 
V2 g8g I 3 5 
T=2 10 31 I4 T= 2 27 46 85 
a=2 10 26 83 a@=I14 27 40 14 
§ Ceti y Ceti 
6 = — 0° 106 6 = 2° 448 Level 
I 5° 3 I E w 
II 2r 8 Il 689 12 6 179 
III 37 9 III 23 150 157 
IV 54 IV 39 4 12 6 179 
V 25 34™ 108 9 V 2" 37™ 55°9 5X 158 
T=2 33 37 98 T=2 37 23 12 13 825 16 825 
2=2 33 33 35 a= 2 37 18 54 f’ = + 1500 
o? Arietis 47 Cephei 
5 = 14° 35' 9 5 = 78°57’ 18" Level 
I 373 2 T 248" 1 E w 
II 54 2 II 49 27 8 150 154 
Ill I0 9 III 50 51 5 13 6 173 
IV 27 8 IV 52 18 15 0 15 3 
V 2 45™ 44° 9 V 2" 53™ 42% 137 170 
T=2 45 II oo T=2 50 52 06 14 325 16 25 
a=245 6 57 Q=2 50 50 4! f' = + 962 


The values of the apparent right ascensions and declinations are taken from 
the American Ephemeris, and are written down 1n connection with the observed 
transit of each star « must be taken from the ephemeris with extreme accu- 
racy, but generally 6 will be sufficiently accurate if given to the nearest minute 
of arc 

Let us first compute the values of the equatorial intervals of the threads by 
the first of formule (XVII), taking for this purpose the observations on 47 Cephee 
The numbers in the first column of the following table are obtained by subtract- 
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ing the observed time of transit over each thiead from the mean of the times 


over all the threads 
further explanation 


The quantities in the following columns will require no 


cos 6 = g 28235 


I log J llog YcosZ*| logz 
+ r71* 06 | 2 23315 | 999999 | 1 51549 | + 32°77 
+ 84 26 | 192562} 9069999 | I 20796) 4-16 14 
+ 56 | 9 74819 903054) + iI 
— 85 94 | 193420] 999999 | 1 21654 | — 16 46 ’ 
— 169 94 | 2 23029] 999999 | 1 51263 | — 32 56 


From a considerable number of transits the following values of the equatorial 


intervals were finally obtainea 


Clamp east 2, + 32° 628 
tg -+ 16 226 
zg + 080 
t4— 160 357 
28 — 32 588 


log == I 51359 
I 21021 
8 90309 
I 21370 
I 52305 


We can now use these values for reducing the incomplete transits of Polans, 


5 Urse Minors, and yp Cet 


In cases where the transit 1s observed over the five threads the arithmetical 


mean 1s taken 


Let us compute the reduction of Po/arzs in full 


log z log Ysec /* log l 


Clamp west 
I 51305 
I 21370 
8 90309n 

Clamp east 
I 21370n 
T 51305” 


00078 
00020 


3 15471 
54396, 


2 85477 
3 15471 


00020 
00078 


Clamp west, mean 


zh 
Clamp east, mean I 17 


cos 6 = 8 35913, 
log sec 6 = 1 64087 


Time reduced to 
Mean Thread 


+- 23™ 47° 9 


rh 17" 21"o 


285477 | Ir 55 8 


3 5 


Ir 55 8 
23 47 9 


I 
I 


17™ 23° 4, 
7 2 


rr ND 


* See table, Art 174 
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The value of J used in taking Vsec J from the table 1s obtained by subtract- 
ing the times of transit over threads / and /V respectively from the time over 
the middle thread Thus we have from the observation 


Ly == 235™ 41°, Jy = 11™ 54° 


The quantity marked f or #', 1n connection with the observations, 1s the 
inclination of the axis in terms of one division of the level, uncorrected for in 
equality of pivots 

Prom the first level-reading we have 


f=-+* 838, 
*%=-+4 062 

Corrected, B=+t 900, d= 174 
Therefore 6=+ 157 


The value of J used for those stars in connection with which the level 1s not 
directly read is obtained by interpolating between the observed values Thus 
we have— 


B corrected 


STAR B for p b 
Polaris, clamp west + 838 goo + § 157 
Polaris clamp east + 900 838 146 
8 Arietis 167 
y Andromede 188 
@ Arietis 209 
E' Ceti 230 
y Triangult + 1 512 I 450 252 
5 Urse Minoris, s p 252 
6 Ceti 251 
y Ceti -++- 1 500 I 438 250 
6? Arietis 204 
47 Cephe 962 goo 157 


For computing the error of collimation ¢ we have, from the observed transits 
of Polaris, 


Clampeast 7’ = 1717" 7°2 b= =: 146 @= 40° 36' 24" 
Clamp west 7 =1 17 23 4 b= 157 6= 88 41 24 
T'—-T=- 162 @8—-b =— o1 gp-F=—48 5 0 


fe acme a A a 


* Example, Art 279 
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log 7" — T) = 0 908492 log 4(2' — 6) = 7 74036 
cos 6 = 8 35913 cos (p — 6) = 9g 82481 
sum = 9 26762, 7 565I17% 
Nat No — 1852 Nat No — 0037 
t 
Therefore ¢ = F * 1889 clamp ae 


In applying the formula of (XVII), the term 4(7' — 7) 67 cos 6 has been 
disregarded, asin this case itis inappreciable It 1s convenient to combine the 
correction for diurnal aberration with ¢ 


} 


Thus, 1f we write c = ¢ — * 021 cos g, 


U 


‘we have in this case c’ = + #173 clamp east, 
‘= — * 205 clamp west 


The last but one of (XVII) will now give us the azimuth constant a 

We have seen that the best result 1s to be expected when we use the observed 
transits of two circumpolar stars, one at upper and the other at lower culmina- 
tion We therefore determine this constant from 5 Urse Afinoris and 47 Cephez 

Referring to the derivation of the formula fora@(Art 186), we have for ¢ and 7’ 


t= 7'+ 46 cos (mp — 4) sec d +2' sec 6, 
“= 7 + b' cos (pg — 6’) sec 6’ + ' sec 6’—" 
the term in 6 7—the rate—being inappreciable 
The computation 1s then as follows 


5 Ursr7 Minoris, $ P 


6= 103° 47' 8" log sec = 0 62290n = log C 
P= 40 36 24 
g—-O=— 63 IO 44 log cos = 9 65438 
Sum = 27728, = log B 
b= 08 252 log 6 = g 4oryo 
és 1973 log ¢' = 9 23805 
Bo=— 477 log Bb = g 67868» 
C’ =— 726 log Cc’ = 9 86095” 
T = 2" 25™ 46 85 
Bi+ Cc = —I 20 
¢=2 27 45 65 
47 CELINE! 
o = 978" .89 18" log sec = 0 71765 = log C 
P= 40 36 24 
gp— &' = — 38 20 54 log cos = 9 89446 


Sum = 61211 = log B 


| 


we 


eu Wie ee 


—_ 


=. 
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= of157 log 4 = 9 19590 
é=+ 173 log ¢ = 9 23805 
Bb=+ 643 log Bb = g 80801 
C= 903 log Cc’ = 9 95570 
T' = 25 50™ 52° 06 a’ = 25 Bo™ 508 4I 
Bb + C' = +155 Q@=2 27 40 14 
t= 2 50 53 61 ai —a= 23 10 27 
Nat tan 6’ =-++ 5 1231 ?—t= 23 7 96 
Nat tan 6 = — 4.0758 (ai—ay—-(-—A= + 2 31 
tan 6 — tan 6’ = — 9 1989 log = 0 96373x 


cos pm = 9 88036 
log denominator = 0 84409n 
log [(az’ — a) ~-@ — 2A] = 36361 


a= — ® 331 log @ = 9 51952” 


We may now compute the clock correction AT from the last of formule 
(XVID), using for thts purpose the observed transits of the zenith and equatorial 
stars We require first the values of the coefficients 


4g se = Oy pa ole) and Pitas 
cos 6 cos 6 cos 6 


If the instrument 1s to be much used at any one place, as in an observatory 
for determining the local time, it will be very convenient to tabulate these 
quantities with the argument 6 On pages 220-227 of the U S Coast Survey 
Report for 1880, Schott gives tables of these factors to two decimal places, with 
the double arguments 6 andz = 9 — 5, by means of which the factors may be 
found for any latitude and declination within the limits of the table If such 
tables are not at hand, acomputation with four place logarithms will give the 
necessary degree of accuracy The work may be arranged as follows 


Star B Arietis y Andromedze 
& = 20°14’ 5 sin(@—d)=9 5416 S= 41°46'r sin(p~—d) = 8 307n 
gp = 40 36 4 cos 6 = 9 9723 = 40 36 4 cos 6 = 9 8726 
g—S = 2021 g cos(p—4) =9 9720 g—S=—1 9 7 cos(p—5) = 9 9999 
A=+ 37! log 4 = 9 5693 =— 027 log A = 8 434n 
B=+ 999 log B = 9 9997 B=-+1 341 log R= 1273 
C=-+ 1 066 log C= 0277 C=-+1 341 log C= 1274 
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The determination of 4 7 1s then as follows 


STAR A B C | Aa | Bb | Ce’ T a Ar | a 

6 Anietis + 37| 1 00 | 1 07 |— 12/-+ 17 + 18{1h 48™ 19% 78]1% go™ 15° 35)— 4 66 — 8 
y Andromedz -- 03} I 34 | 1 34 or] 25] 23/r 56 53 o4|t 56 48 81)—- 4 72— 2 
oa Arietis 33) 103 | 108 |— 11 22 1giz2 0 44 02|4 OF 39 54 4 78 t 4 
&/ Ceti 54, 85 | ror |— 18| 20| 17/2 6 57 ool2 6 52 35| 4 64-10 
ee 1s] 119 | 120 |— o5| 30, 21\2 10 3r 14/2 10 26 8,| 477 i 3 
Ceti 65| 76 | 100 |/— 22| to] x72 33 37 98/2 33 33 35) 47777 4 
y Ceti 6t| 79 | £00 |— 20) 20) 17/2 37 23 12/2 37 18 541 475 +1 
oa? Arietis 45} 93] 223 |— 15] 19] 182 45 11 OOl2 45 6 57| 465-9 
Mean A/ = —4" 744 + 022 


The column headed w contains the residuals from which the probable error 
is found by formula (27) or (28) 


Application of Formule (XVIIT) 


These formule will not often be used for reducing observations made with 
an instrument of this class, but for illustration we may apply them to the above 
observations 


Computation of n We use the transits of 5 Uss@ Minoris and 47 Cephet 


t= 7 +c'secd = 2h am 468 85 — *§ 73 6 = 103° 47) 8” 
f= T'+csec&’ =2 50 52 064+ 90 6'= 78 57 18 
a’ = 2" 50m 508 4I tand = 385 1231 
Q=2 27 40 14 tan 6’ = — 40758 
a- a= 23 10 27 
?—¢= 23 7 96 tan 6— tand’ = + 9 1989 
(? —a)-—' —)= + 2 31 
Therefore ~ = + * 373 
For § Anietis = -+ 167 Therefore 2 = 46sec p — # tan p= — * LOO 


Then we have, 


6 Arietis, T = 1 48™ 19% 78 
9 


WH — 10 
m tan 6 +- 14 
¢e' sec 6 + 18 


a 148 135 47T=— 4°65 
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Personal Equation 


188 When the results of transit observations made by dit- 
ferent observers are compared, it 1s found that they differ 
generally by small but nearly constant quantities One 
observer perhaps acquires a habit of noting the transit too 
early by a fraction of a second, while another will note it 
uniformly too late This difference is called the personal 
equation It 1s customary to speak of the 7e/a¢ive and the 
absolute personal equation, the forme: being the constant 
difference between the right ascensions, or clock corrections 
deduced from observations made by two different observers, 
and the latter the difference between the absolute value of 
the quantity and that obtained by an observer who notes the 
time uniformly too early or too Jate When 1esults obtained 
from observations of two different observeis are to be com- 
pared, as in the determination of longitude, the personal 
equation should always be determined and the necessary 
correction applied 

The existence of a large personal equation is not an indt- 
cation of a poor observer, but perhaps the contrary Thus 
the noted observers Bessel and Stiuve found that in 1814 
their relative personal equation was zero, in 1821 1t was 
o® 8, while in 1823 1t amounted to an entire second thus ind1- 
cating the gradual formation of a fixed habit of obse1 ving on 
the part of both Also m 1823 the relative personal equa- 
tion between Bessel and Argelander was 1° 2, a surprisingly 
large quantity 

The personal equation also depends to some extent on the 
instruments employed and the method of obseivation It1s 
generally much smaller when the chronograph 1s used than 
when the eye and ear method 1s employed Bessel found 
that when he used a chronometer beating half-seconds he 


MM 
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observed transits 0° 49 later than when he employed a clock 
beating seconds 

There are various methods of determining the personal 
equation, those most commonly employed being the follow- 
ing 

First Method et one observer note the transit of the star 
over the first two or three threads, and the other observer its 
transit over the remaining threads The observed times are 
reduced to the middle (or mean) thiead by means of the 
equatorial intervals, and the difference of the reduced times 
will be the relative personal equation 

A considerable number of stars should be observed in this 
way, each observer leading alternately Among the various 
methods used, this 1s considered one of the most reliable 

Seconda Method Thetwo observers may each use a differ ent 
instrument and determine the clock cori ection separately, ob- 
serving the same list of stars When the instruments which 
the observers are accustomed to use differ conside1ably in the 
arrangement of the threads 01 1n other 1espects, this method 
may be superior to the former, as each observer may use his 
own instrument and make his obscivations delberately and 
in his usual manner 

Third Method By a personal-equation apparatus Various 
mechanical devices have been constructed for measuring 
both the relative and absolute personal equation Prof Hil- 
gard describes two machines of this kind in Appendix 17, 
Coast Survey Report 1874 An instrument designed by 
Prof Eastman has been in use at the Naval Observatory for 
a number of years, for a description and drawing of which 
see Appendix I, Washington Observations, 1875 These all 
consist of a mechanical device for causing an artificial star 
to pass across a field of view arranged to appear as nearly 
as may be like that of the transit instrument The observer 
notes the time of transit across the threads either by the 
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chronographic or the eye and ea: method, while the machine 
by an electric arrangement records the time automatically, 
constant differences between the actual time of transit and 
that recoided by the maclune being eliminated by causing 
the star to cioss the fieldin both duections The difference 
between the automatic 1ecoid and that of the observer is his 
absolute personal equation 

Prof Eastman gives the following examples of the relative 
personal equation deduced on the same night by this instiu- 


ment and by method first 


By By Ap 
Stars paritus 


October 25, 1875, Professor Eastman—dAssistant Skinner 0* 251 o* 227 


November 5, 1875, Professor Eastman—Assistant Paul 174 173 
December 6, 1876, Professor Eastman—Assistant Paul 035 O52 
December 31, 1877, Professor Eastman—Assistant Frisby O52 044 
March 13, 1878 Professor Eastman—Assistant Frisby O52 054 
March 23, 1878, Professor Eastman—Assistant Paul 107 092 


This close agreement between the rcsults obtained by two 
methods so entirely different must be regarded as exceed- 
ingly satisfactory 

The observer’s physical and mental condition 1s sometimes 
found to exert a marked influence upon his personal equa- 
tion It 1s therefore very desirable that while prosecuting 
observations where great accuracy 1s essential he should main- 
tain as far as possible his ordinary habits of mind and body 

In the more accurate longitude work of the Coast Survey 
the effect of personal equation 1s eliminated by the observers 
exchanging stations when the woik 1s about half fimished 


Probable Error and Weight of Transit Observations 


189 The probable error of an observed tiansit consists 
practically of two parts jirst, the probable error of the 
observer 1n noting the time of the stars passing the threads, 
independent of his personal equation, and secondly, the vari- 
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ous errors which together form what is known as the cad 
nation error Among these latter are those due to atmos 
pheric displacement, outstanding instrumental errors, inieg- 
ularities of the clock 1ate, and changes 1n the peisonal equa- 
tion The culmination error 1s not diminished by increasing 
the number of threads of the reticule 

The fist part of the probable erior, which for piesent 
purposes we may call the personal error, may be dete: mined 
by comparing together the individual values of the equa- 
torial intervals deduced from a laige number of obsei vations, 
using for the purpose the formula 


r = 6745 \/ —_ 


m being the whole number of determinations 

Let « = the probable crioi of the observed time of an 
equatorial star over one thread 

Then, since the equatorial interval 1s the difference of two 
observed quantities, each of which has the probable error «, 
we shall have (Eq 29) 


y= Vei'+e, 
oes ee [vv] 
from which f= a 67454 / = (310) 


As the result of the discussion of a large number of obser- 
vations made with the different instruments of the Coast 
Survey, Schott gives,* for the larger instruments, 


é = ¥( 063) + (036)'tan?d,. . . (311) 


* Coast Survey Report for 1880, p 236 
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and for the smaller inst: uments, 
e = ¥( 080)? + (063) tan’ 6 (312) 


From these equations the probable error for a star of any 
declination may be computed, and consequently the weight, 
by (33) The following table 1s from the Coast Suivey 
Report, the weight of an equatorial star being unity 


For large portable transits | For small portable transits 


—— 


6 Ursz Minors 
5rt Cephe 

@ Ursze Minoris 
AX Urs Minors 


In the application of the multipher /g it generally suffices 
to employ but one significant figure 


Relatiwe Weights of Incomplete Transits 


190 Let ¢ = the probable error of the transit of an equa- 
torial star over a single thread , 

é, = the probable culmination erroi , 

7 = the probable e11or of the transit observed 
over 2 threads, both sources of e110r being 
considered 


f 
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e 
Then P= eit (313) 


Schott concludes, from the examination of 588 individual 
values of the nght ascensions of 36 stars observed at the 
U S Naval Observatory, that for the larger instruments of 
the Coast Survéy 7 = 0*%051, and for the smaller instru- 
ments y=o0%060 When assigning to «¢ the values 0° 063 and 
o' 080 fiom (311) and (312), 1t 1s found that «, = + *o49 and 
+ *056 respectively Then let 


NV = the whole number of threads, 
p = the weight of an observation over z threads, 
Unity = the weight of an observation over all of the threads 


Then, (33), p= S ee (314) 


Substituting the above values for ¢ and ¢,, we have— _ 


I 
For the larger instruments » = gr tts (315) 


+ 
=| 


For the smaller instruments ~ = 1 Jae. Gs ae He ABIS) 
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Let V = 25 1m (315) and g in (316) respectively, we find 
the following values of g for the values of z indicated 


I 
2 
3 
4 
5 
6 
7 
8 
9 


It appears, therefore, that the gain in accuiacy obtained by 
increasing the number of threads soon becomes practically 
insignificant Bessel thought that no practical advantage 
resulted f1om the use of more than five threads 


Reduction of Transit Observations by Least Squares 


191 When the time 1s to be determined by a series of 
observations with the portable transit inst: ument, the method 
of least squares may be applied with advantage in case the 
1esults are required with extreme accuracy This will be 
the case paiticularly where the time 1s required for longitude 
determination, and where the clock coirection, the azimuth 
and collimation constants, and sometimes the rate, are all to 
be determined from the same series of obse1 vations 

An obseiving list should be prepared beforehand, embrac- 
ing stars adapted to the determination of these quantities 
We have seen that stars which culminate near the zenith are 
best adapted to the determination of 47, also that circum- 
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polar stars observed at upper and lower culmination are 
best for the determination of @ One half the stars should 
be observed in each position of the axis for the purpose of 
determining ¢ 

It is a very good arrangement to divide the stars into 
groups of about five or six’ stars, each group to contain 
two circumpolar stars, one at upper and one at lower 
culmination, the remaining three or four stars being near the 
zenith or between the zenith and equator It 1s not advis- 
able to include the close circumpolar stars in such a group 

The instrument having been carefully adjusted, the observa- 
tions will be conducted as follows 


Ist Read the level 

2d Observe the first group of five or six stars. 
3d Read the level 

4th Jeverse the instrument 

sth Read the level 

6th Obseive the second group of five or six stars 
7th Read the level 


This may be regarded as a complete series, as 1t contains 
everything necessary for determining all of the unknown 
quantities If considered desirable, a third and fourth group 
maj be observed in the same manner If thee 1s time be- 
tween the stars of the gioup, more level-readings may be 
taken, but if the mounting 1s reasonably firm, the level 
corrections for the individual stars may be interpolated from 
those at the beginning and end 

If there are no imperfect transits, a knowledge of the 
equatorial intervals will not be required , otherwise they may 
be determined from the suitable stars of the series just ob- 
served It must be remembered that im transporting the 
instrument from one station to another the relative position 


324 PRACTICAL ASLROAOM) § 191 


of the thieads 1s lable to be disturbed This difficulty 1s 
avoided by the use of the glass reticule, the distances of the 
lines of which may be dete: mined once for all 

The reduction 1s then as follows 


Let A = sin (g — 6) sec 6, 
B=-cos(p — 9)sec 6, 
C= seco, 
AT, = the clock correction at time Z,, 
67 = the hourly rate, 
a = the stars’ apparent right ascension 


We can always infer from our observations a value of 47, 
which will be very near the true one, and as the labor of 
computation will be diminished by making the numerical 
values of the unknown quantities as small as possible, we may 
assume an approximate value of this quantity, and determine 
a correction to this assumed value 


Let 9S = the assumed value of the clock correction , 
4 T, = S89 —- 4 


Then « 1s a small unknown correction to 
Introducing this notation into Mayer’s formula, 1t becomes 


Tt9te+toéT(T—T,)+Aa+ Bb+ Ce—*o2!1 Ccosgp=a@ 
In which x, 67, 2, and ¢ may be considered unknown quan- 
titles 

Writng 27= T+ 5-4 Bb—‘*o21 Ccos p — @, 


viz, the sum of the known quantities, we have 


Aat+Cc+éT(T—T)+2e*+l=0 (317) 
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Every observed transit furnishes one equation of this form 
for determining the four unknown quantities a, c, 67, and x 
Four perfect observations would be sufficient Asa much 
larger number will be taken, the most probable values must 
be dete: mined by the method of least squares (Ait 21) 

If 67 1s known, the number of unknown quantities will be 
reduced to thiee If in additione has been determined by 
some other method, there will only be two 

If there 1s a suspicion that the azimuth has changed dur- 
ing the progress of the obse1 vations, an additional azimuth 
constant may be introduced as another unknown quantity. 

The reduction will be facilitated by tabulating the factors 
A, B,andC Such a table has been published by the U S 
Coast Survey, in which A and Bare given with the double 
argument 0 and z= (g—6) Cis of course given with the 
argument 6 

When many observations are to be 1educed at one place, 
or in the same latitude, a special table 1s more conveniently 
computed for the latitude of the place The only argument 
will then be 6 

It will be convenient to make the computation of Z directly 
in the book used for recording the transits The means of 
the times over the threads being taken, this will be 7, which 
is written below In case of incomplete transits, the time 
ove: the mean thread 1s computed as already illustrated. a 
and 6 are taken from the Nautical Almanac and written in 
the same book ~=Thesmall corrections 8 6 and —*o21 cos gc 
are appl.ed directly to Z Subtracting @ from the algebraic 
sum, we have /— S,in which $ will be assumed of such value 
as to make 7small An example follows. 
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Reduction of Transit Observations made at the Sayre Observatory, 1883, October 11 


An observing list was first prepared, of which the following 1s a specimen 


STAR Magnitude a ) Setting 
ye Aquarit 47 20° 46™ 218|— 9° 25'3]| 40° 7 
y Cygni 40 20 52 49 40 43 0) 89 53 4 
6 Urse Mayjoris, s p 50 2I 0 5 II2 23 5 18 129 
€ Cyent 30 2I 7 87 29 44 8] Zoo 51 6 
rv Cygni 40 2I 10 7 37 32 8 93 36 
« Cephei 27 2I 15 47 62 5 4 68 310 
€é Pegasi 23 2% 38 26 9 20 3] 12t 161 
nm Cygni 43 21 42 28 48 46 1 8I 50 3 
79 Draconis 6 3 2I 51 25 73 89 57 27 5 
a Aquarit 30 21 59 46 |— O 53 3] 131 29 7 
32 Urse Mayjoris, s p 60 22 31 IIg 18 5 16 17 9 
z Aquaril AF 22 I9 18 |+ 0 47 0| 129 49 4 


The two groups are intended to be observed one in each position of the axis 
The right ascension and declination are taken from the mean values of the 
Nautical Almanac Thecolumn headed “ Setting” gives the setting of the finding 
circle In this case the circle reads zero when the telescope 1s directed to the 
north point of the horizon, the latitude being 40°36! 24!’, the circle will read 
130° 36! 24'’ when the line of collimation of the telescope les in the equator 
Therefore the setting for any star will be 130° 36’ 4 — 6 

Below 1s the copy of the recorded transits of the above stars as observed on 
the night of October 11, 1883 


Clamp East 
Level 
E w p Aquarii vy Cygni 
120 99 I 57 I 14 4 
92 131 II 139 Il 36 3 
120 99 Ill 30 II 575 
96 130 IV 46 7 IV Ig 
V 2047 31 Vi = 20 53 404 
1070 II 475 ti as ces 
T = 20 46 3014-4 02 T = 20 52 5752-4 06 
a = 20 46 2407 @ = 20 52 5177 
ao? Ursee Majoris, s p ¢ Cygni 7 Cygni 
V 499 I 28 I — 
IV 31 2 IT 48 IT 56 
III 14 8 III 68 IIT 16 I 
II —- IV 25 8 IV 369 
IT 2x1 4o Vi 218 441 Vs 2r 10 576 


T = 21 0 14 62 — OL T=218 672+ 05 T = 24 10 1636+ 06 
o 7 86 @=218 o69 i = 21 10 1056 
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I 
II 
Ill 
IV 
V 
Level 
E Ww 
IO 2 135 
129 Ir 2 
IO 4 13 1 
127 II 4 
II 55 I2 30 
79 Draconis 
44 
IV 38 7 
III 21 51 358 
II 315 
I 278 


— eS ee Se ce 


7 = 21 51 35 56-+ 23 
c¢ = 21 51 29 26 


32 Ursee Myoris sp 


Ig 
IT 59 5 
III 22 9 388 
IV 18 5 
V 575 


= 22 9 3860— o4 


“e=10 g 32 66 


™5 5610-- II 


Clamp West 


e Pegasi 


7 = 21 38 3604+ 05 
= 21 38 3000 


Level 

WwW 
2 13 9 
6 II 2 
5 137 
8 II 3 


TI 525 12 928 


Ll 


~~ 
ww tO VO 


cowmnwW GT OO 


Land 


Level 


TI 333 12 233 


wr? Cygni 
V 48 9 
IV 13 3 
III 38 I 
II 27 


J = 21 42 38 10+ xr 
& = 2I 42 31 96 


@ Aqui 
Vv 23.9 
IV 40 
Il 568 
II 129 


T= 21 59 5652+ 06 
aw = 21 59 §0 21 


wv Aquari Level 
555 E w 
Il Qg 12 6 II 2 
28 2 Io I 14 0 
441 I2 1 Ir 8 
22 20 03 10 6 13 6 
= 22 19 2800+ 08 II 35 12 65 
= 22 19 21 93 


The small quantities added to Z above inck de the corrections for level and 
diurnal aberration viz, B4 —*o21 C, cos @ 
readings as already explained, the value of one division of the level being * 174, 


6 1s computed from the level- 


4 


and the correction for inequality of pivots being + o62 Cl Ww , expressed 


in terms of one division of the level 


\\ 
o 
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We now take from the tables the values of the coefficients A, &, and C, or, if 
tables of these quantities are not at hand, we compute them by the formule 
For illustrating the application of the proper weights to the equations of cone 


dition, the value of VZ is taken from the table of Art 189 for the smaller instru 
ments All these quantities are conveniently tabulated as follows 


STAR 


Clamp East 


p Aquaril 

y Cygnt 

o? UrseeMayjoris,s p 
¢ Cygni 

7 Cygni 


oa Cephet 


Clamp West 


e Pegasi 

w” Cygni 

79 Draconis 

a Aquaril 

32 UrseMajoris,s p 114° 
mw Aquari 0° 


STAR Bb Aberration 


Clamp East 


pm Aquari + * 04 — 02 02 I 00 — 68 a9 — 09 
vy ( pani 08 — 02 -+- 06 82 —5 8 -+ 19 
a? UsszeMajoris,s p — 05 + 04 — or 46 —6 75 — 75 
¢ Cygni + 07 — 02 “+ 05 t — 6 o8 — 08 
7+ Cygni 08 — o2 a 5 —5 86 Tt 
a Cephe 14 — 03 1r 56 —5 64 36 
Clanip West 
e Pegasi 07 — o2 0S I 00 —6 29 — 09 
mw? Cygni 13 — 02 LI 74 —6 25 — 25 
79 Draconis 29 — 06 23 36 —6 53 2 
a Aquari1 08 — 02 + 06 100 —6 37 — 
32 UrseeMajoris,s p| — 08 + 04 — 04 50 — 5 90 + 
v7 Aquaril Io — 02 rT 08 1 00 — 6 ee 


Assumed & = — 6° 


The quantity in the column headed / — 3 1s obtained by adding algebraically 
to the quantity 7 of the above observations the sum of the corrections, viz, 
Bb —* oat C cos g, and subtracting from the resulta We now have all the 
quantities entering into the equations of condition, each of which has the form 


VYpAat Cota] = Vp 7 
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The rate 1s here inappreciable, and the term 67 (7 — 7») has accordingly been 
dropped 

The coefficient ¢, as will be seen, has its sign changed for clamp west 

Our twelve equations, written out in full, will then be as follows 


I 78a + 1o1e + 100% = — Og 
2 Coa -+- 108+ 82x =+ 16 
3 Iisa—12tIe+ 46x = — 35 
4 20a-+1rose+ gir = — 07 
5 o6ba+tro7-+ &%e =-+ 12 
6 —4q4a+120e+ 56 =-+ 20 
” 53a — 1 0l¢ + 100% = — og 
8 —I6a—Ti2+ er =— Ig 
9 —67a—124¢c+4+ 36% = — Ig 
10 66a — 1 00¢-+ 100%r = — 37 
Ir rir6atrar+t sor =-+ 05 
12 64a — Looe-+ 100xr = — I5 


These now have the general form of the equations of condition (36), viz , 
ayx + C12 + aw=n, 


there being in this case the three unknown quantities a, c, and x, correspond- 
ing to the x, z,and wof the general form The term corresponding to y has 
disappeared here, as we have assumed the rate of the clock to be inappreciable 
for the short time over which the observations extend 

We have now to form the normal equations (see Eq 41) In order that no 
confusion may arise fiom the difference of notation, the general form of these 
equations 1s here given in full, viz 


[aa]a + [acle + [ad]e = [az] , 
[acla + [ec]le + [ed |x = [en] , 
[ad |a + [ed Je + [ed lx = [ax] 


We shall give the solution of these equations 1n full with the various checks on 
,the accuracy of the computation as an illustration of the method Practically, 
however this part of the woik will generally be more or less abridged by ex- 
perienced computers when the number of unknown quantities does not exceed 
that of the above equations 


We shall require, besides the quantities already indicated, the sums of the 
coefficients of each equation, viz 


Sso=atatda—xn, 
So = ag + ey + dy — ms 
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Also, we compute the quantities 
[as], [es] [2s], [ez], [xs] 


The computation will first be made by the use of Crelle’s table 

We therefore prepare the scheme for computation given below, containing I9 
columns, § for the quantities a, ¢,@ — 7, S, th , which we rewrite for the sake of 
convenience, and 14 for the squares and products 


a c ad \-—n Ss aa ac ad — an as ce 
6084) + 7878) + 7800) + 0702 + 2 2464) 1 O201 
— o000| — 000] 1 1664 
I 3225| —= 395) + 5290 + 4025} + 8625) 1 4641 
agoo| + 2100] + 1820/ + Or40 + 44Co| I 1025 
0036] + o642| + 9510| — 0072 + xxr16| x 1449 
19361 — 5250| — 2464| + 0880| — 4928) 2 4400 
aBoo| — 5353| + 5300] + 0477| + 3233] O20n 
0256) + 1792) — 1184| — 0304) + os60| 1 2544 
4489, + 8308) — 2412| — 1273 + gzre| x 5376 
4356| — 6600] + 6600) + 2442 + 6798] x 0000 
1 34560, + I 4030] + 5800] — os8o| + 3 2772| T 4641 
4096} — 6400) + 6400| + 0960} + 5056) T 0000 
3 1143} — 2792| + 3 3460| + 7397] 8 9208 
8 g208 


[aa] | [ac] [ad] |—[an]| [asl 


+ zr or00}| + 03 + 2 9088! x 0000] + ag00] + 2 8800) oo8t | + 

+ 8856} — 1728) + 1 5792 6724| — 1312| + 2 4268) 0256 | — 2754) —— 07 49 
— 5566) — 4235| — 9°75 er16| + r6r0| + 3450; 1225) + 2625] + 95 25 
+ 9555] + 0735| + 2 3415 828r| + 0637) + 2.0293} 0049 | + r561| + 13 169 
+ gog5| — 1284] + 2 ggo2 7225) — 1020| + 2 5810] of44 | — 2232) — 4 16 
+ 6720| — 2400) + I 3440 3136] — 1x20) + 6272| o400 | — 2240) — 03 9 
—rxzorool — 0909] — 6161) 1 0000) + 0900 + 6roo| oc8r | + 0549) — 15 225 
— 8288 — 2128] + 3920 5476] + 1406] — 2590 0361 | — 0665, + 02 4 
— 4464) — 2346] + 1 6864 1296| + 0684| — 4896} 0362 | — 2584) + 07 49 
— 1 0000| — 3700] — 1 0300] x 0000] + 3700) + TF 0300 1369 | + 38r3| + 12 I 
+ 6050) — 0605! + 3 4122 2500| — o2s0| + I 4100] 9025 | — 1410) —— 04 z 
— 1 oov0| — 1500] — 7900] 1 0000) + 1500) + 7900 o225 | 4 1185| — Io 100 


+ 1958] —1 9201 12 6107 
t2 6107 


ted) | —tem) | Tes ”| teed |—teml| Ladd 


[vz] = 0887 
The agreement of the values of [as], [cs], and [ds] proves the accuracy of this 


part of the computation 
The normal equations are then 


B 1143a@ — 2792¢ + 3 3460% = — 7397) 
— 2792a + 14 6142¢ + 958% = I g2ol, 
3 34600 + 1958¢ 4 7 6754e =— 7635 
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These equations are now to be solved, following the method and notation ex 


plained in Art 28 We shall therefore require the following auxilary coeffi 
cients, Viz , 


[eet], [edz], [c1}, [esx] [det], [det], [aes 1], [ex 1], [x51], 
[dd 2], [a2 2], [ds 2], [nv 2], [x52] 


Jas 1], [sx], etc , being computed for checks on the accuracy of the work 


The computation will then be made according to the following scheme 


c x n Ss Proof 
51143 |[@c] —- 2792 |[ad] 3 3460 |[az| — 7397 |l@] 8 9208 8 a208 |(z} 
log 70879 log = =—s_-g) 44592njlog 52453 log 9 86906n|log © 95040 
[ec] r4. 6142 |[cd ] 1958 |[cz2] r g2or |[es] 12 6107 


8 Ta 8 737130 ee [ac] or52 oil [ad]— 1827 ee [az]  og04 ea [as] — 4879 
[cox] 145990 |[cdx] 3785 | Lez x] x 8797 |[est] 13.0977 13 0978 |(2) 
log x 16432 \log 9 5/807 |log 0 274¢9 log I 11719 
[@Z7] 7 6754 |L@x] — 7635 |[ds] 1x 9807 
a a a 
log ied] 9 81574 * [ad] 2 1891 1a 5 [a] — 4840 eal [as] 5 8363 
[22x] 5 4863 |[dz1] — 2795 |[@s 1] 6 1444 6 1443 |(3) 
ad a a a 
fe) cet 8 41375 “ : [ca 1] 0038 F : lezx] 0487 ra [esx] 33096 | 
[@d2] 54765 |[a@z2] —~ 3282 |[as 2] 5 8048 5 8047 |(4) 
log 73850| log 9 s16r4n|log 76379 | 
logz = 8 77764n * 
# = — 05993 
[va28] 4577 |[ vs] — 0408 
log a g 160270 a2 [az]  ro7o en [as] — 1 2902 
[nz x] 3507 | [vs x] I 2494 12495 |(5) 
log ea 9 10977 an [ev x] 2420 en 2 [es x] 1 6864 
[nn 2] 1087 |[zs 2] — 4370)  — 4309 |(6) 


[an2] 


a: an 
log [dal 8 777640 [dn 2] [ 


[da 3] "2 0197 | vial [ds2]— 3479 


[an 3] 080 |[ns3]  — 08x [oe] 0887 |(2) 
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The accuracy of the work at different stages of progress 1s shown by the 
Manner in which the proof equations are satisfied Those referred to by the 
numbers in the last column above are as follows 


(t) [as] = [aa] + [ac] + [ad] — [an], 
(2) fes tr] = [ee 1] + [ed 1] — [en 1], 
(3) [as x] = [add 1] + [ed 1] — [ae], 
(4) [ds 2] = [ad 2] — [an 2] 
(5) [vs 1] = [cw 1] + [der] — [nn 1], 
(6) [xs 2] = [dx 2] — [x2], 
(7) [ws 3] = — [xx 3] = [27] 


‘We now determine ¢ and @ by the equations 


[ec tle + [ed r]x = [cn 1], 
[az]a + [acle + [ad]x = [an] 


[ent] = =I 8797 [an] =— 7397 
— [ed1}x = 0227 —[edix = + 2005 
— 4 21904 —[a] c= + 0364 

T4 5990 ; 5028 

5 1143 

c= + 1303 a@=— 0983 


The Weights and Probable Errors 


The weights of a, ¢c, and x will be given by formule (76), viz 


foe) [dd 1]’ 
[cc 1] [ad 2] 


fa 14a) [cc] [2d 1]a 
[ea] 
In which [dd t]a = [dd] — [ca] [cd ] 
Therefore pa = 5476, log [ce 1] = 1 16432 


log [dd2] = 73850 
I 

log [ag] = 9 26072 

4g = 14 §73, log do = I 16354 


" Sel. alias, 
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log [ed }?? = 8 58362 
I 
log ea = 8 83522 


Nat No 0026 7 41884 
[ed] = 7 6754 


I 
ad = 2 es Ge ei cet 
[dd t]a = 7 6728 log [aid r]q = 9 T1504 


I 
log a = 8 83522 
log [aa] = 70879 

log [«c 1] = 1 16432 


log [u/ 2] = 73880 
fa= 3 646 log Aa = 56187 


The mean error of a single observation of weight unity is—see equation (88)— 


ox [v2] 
Me mm 
In this case ms = 12, = 3, Lew] = 0887 Therefore & = .100, 
@ 
"ry c= [84 = 029, téy = = 043, 
V te 
Ye boron 42, = OL7, ey o ¢ = 026 , 
Vibe 
& 
Ja ca Rey 035, es = = O52, 


Wenow have 47=- 3 +2 Therefore 


AT == 6" 060 4 029 
c= 1304 O77 
@=—— o98 + 035 


Formation of the Normal Lyuations by a Table of Syuares 


We have seen in Art 26 that all of the multiplications necessary for deriv- 
ing the normal ¢quations from the Cquations of condition can be performed by 


~ L enemeaiaais 


ik ie oe rh pe Bao i 


* Sec equations (a7) t See equations (89) 
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means of a table of squares with little, if any, more labor than by the use of 
Crelle’s table For the purpose of illustrating the method it will be applied to 
the present example 

By referring to the formule and explanations of Art 26 the details of the 
computation which follow will be sufficiently clear 


14 6142 7 6754 
[ec] [aa] 


ss (@ +c)? | (@ + dZ)2| (a2 — m)? | (ce +d) | (C — 2)2 | (d@— x)? 


8 2944 3 1684 0401 I 2100 
3 0276 6724 6100 8464 
5625 5625 7396 
4 9729 8416 
3 4596 6864 
I 2544 0976 
3721 coor 
1225 1444 
t 8496 7744 
x 0609 o6og 
7 9524 9241 
6241 


33 553° 7 6812 
5 2896 
3916 


I 
60 8} — 
[ss] 16g tear Ch te eal 


The proof formula becomes 1m this case 


[ss] + 23[aa] + [cc] + [dd] + [nn]} = [(@ + 2] + [(e + 2)*] + [Cc — »)] 
+ [(c + d)"] + [(¢ —2)"] + Ld — x)", 


which 1s completely verified, as may be seen by substituting the above values 
Of course the resulting normal equations are the same as those obtained before 
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Correction for Flexure 


192 The second form of transit instrument, that in which 
the eye-picce 15 at one end of the axis (see Fig 28), requires 
aspecial correction for flexure of the horizontal axis The 
amount of this flexure or bending 1s assumed to be the same 
in all positions of the telescope, as 1t will be 1f the matenal 
of which the axis 1s composed 1s homogeneous The effect 
will be to bring the reflecting prism lower down than it 
would be otherwise without changing ihe direction of the 
reflecting surface When the eye-piece 1s east this wall 

ause the star to reach the collimation axis too late by a 
small quantity, which 1s a maximum in the zenith and nothing 
mm the horizon Suppose WE to o 
represent the 1otation axis bent as 
shown in the figure, CO being the 
collimation axis of the telescope w 
Let & be the eye end of the axis. i 
The effect on the observed time of Fre 36 
a star’s transit will evidently be the same as that produced 
by elevating the end marked Z, and when the proper co- 
efficient 1s found 1t may be combined with the level correc- 
tion 

Let * = the coefficient of flexure 

J will be the maximum displacement of the transit thread, 
and will be the value of this displacement when the tele- 
scope 1s directed to the zemth 

The clamp being on the end of the axis opposite the eye- 
piece, we must add to Mayer’s formula the term 


cos (p — 9) clamp | 


cosé (clamp east (318) 


a rr 
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If we wiite (gp — 6) = 2, the terms of Mayer’s foimula, 
which give the coriection of the observed time of a stai’s 
transit for collimation, flexure, and inequality of pivots, may 
be written as follows 


(p cos zs — f cos z+ <¢) seco, (319) 


in which / 1s determined by (297) v1 (297),,and which we see 
is involved in the same manner as / 

These instruments are generally provided with micro- 
meters, which may be used for determming f and ¢ at the 
same time, as follows 

In order to make a satisfactory determination, and at the 
same time to test the accuracy of the assumed law of change 
expressed by the formula 7 cos 4, a collimating telescope 1s 
necessary, mounted in a frame in such a manner that it may 
be placed vertically over the transit telescope and at dif- 
ferent zenith distances from zero to go° The collimation 
error 1s then measured, as explained in Articles 182~184, with 
the telescope pointed at various zemith distances This 
measured value will include the term f cos z, which will be 
zero when g¢ = 90°, and a maximum when g=o0 It will 
theretore be possible to separate ¢ from f 

It will be advisable to make a considerable number of 
measurements, from which ¢ and fcan then be derived by 
the method of least squares If the resulting values satisfy 
the equations within the mit of the probable error of meas- 
urement, the assumed law of change expressed by the for- 
mula f cos 2 will be verified 

In some cases there 1s found to be a correction 1equired 
depending on the temperature This may be detected by 
making the measurements for collimation and flexure at 
different temperatures If then different values aie found 
varying with the temperature according to any law, the 
nécessary correction may be determined 
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In Vol XXXVII, Iemowrs Royal Astronomual Society, 
Captain Clarke, R E, gi\es an example of the investigation 
of the flexure coefficient with an apparatus of the kind just 
described = In addition to the movable collimatoi, another 
was used which was fixed in the hotizon The collimation 
measured on this was free from the effect of flexure, so that 
by taking the difference between the quantity (f cas z + 0), 
measured at a zenith distance z by means of the movable 
collimator, and the quantity ¢, measured at the same time with 
the fiacd collamator, a direct measurement of the quantity 
fross was obtained Twelve measurements made at zenith 
distances from 0° to 55° gave the following 1 esults 


- —_ -— —— 


£ Difference v s Difference U Zz Difference v 


The column headed z gives the zenith distance of the upper 
collunator; the next column gives the difference between the 
collimation determined on the upper and lowe: collimators, 
and the column headed v gives the residuals 

Referting to equation (319), we see that the quantity called 
“difference” 1s equal to (f— pf) cos ¢ Fiom the twelve 
measured values of this quantity it was found that 


( f — p)=3 021+ 050 expressed in divisions of the micrometer 


From level-readings, 


p= 779+ 026 expressed in divisions of the micrometer; 


therefore f = 3800 
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Qne division of the micrometer 0” 8345, 
therefore J 2° 771. -@ 2i1: 


193. The use of suchan apparatus as we have described 
willnot gencrally be practieablein the field The coetticient 
/may then be determined from the observed transits: by 
adding to the equations of condition (317) the term 


COS (yp 0) 
cos 6 


The complete equation will then be 
Ada | BA 4 Ce | OL Ty fou teow. (320) 


af, 87) and a beme unknown quantities, 
(O77 ws known, asat ordinarily will be, the number of una 
known quantities will be fou 


Lhe Transit Instrunient out of the dWertdran, 


194. [quations (275) and (2krjare strictly general and are 
appheable to the reduction of transits with the imstroutnent 
moany position whatever, We have seen that when the i. 
strument 16 $0 near the menidian that the squares aad bashes 
powers Of a, 6a, and azo omay be neglected* these formulae 
become very simple. Bessel, [Lansen, and others have civen 
more general methods of solving the equations iutended: fer 
use In those cases where the observer in the flelel ¢amaet. sf 
ford the time for adjusting his astrument accurately in the 
meridian, When, however, the observer is provided with a 
good list of stars reduced to apparent place, like that saven 


That 1 we may write a, 4, a, and a for sina, sin 6 ete, and unity fer 
CON 8, CONE Olt 
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in the American Ephemeris, this adjustment 1s made so 
readily, and the labor of reduction 1s so much less than with 
the more general methods, that the latter have not found 
much tavor, especially in this country Therefore, however 
interesting some of these may be from a mathematical point 
of view, we shall not give their development here 


Transits of the Sun, Moon, and Planets 


195 In the field, transits of the moon will be observed for 
the determination of longitude when no better method is 
available The sun and occasionally a planet will be observed 
for time. 

In case of the sun and moon the method of observing 
is to note the instant when the limb 1s tangent to the thread. 
With the sun the transit of both limbs may be observed, 
with the moon this will not be practicable except when the 
transit 1s obse:ved very near the instant of full moon In 
observing a planet, the tiansits of each limb may be ob- 
served alternately, or when a chronograph is used both 
limbs may be observed, as in case of the sun With any of 
these bodies, when both hmbs are observed, the time of tran- 
sit of the centre will be the mean of that of the two limbs. 
It may, however, be desirable to reduce the limbs sepa- 
rately for the purpose of comparison 

When the moon’s limb 1s observed ona side thread, the 
hour-angle 1s affected by parallax the time required to pass 
from the thread to the meridian 1s affected by the moon’s 
motion in nghtascension The reduction 1s as follows 


Let 6’ and 7’ be the apparent declination and east hour-angle 
of the moon’s limb when observed on a side thread , 
6 and #, the geocentiic declination and hour-angle, 
zgand 2’, the geocentric and apparent zenith distance 
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We can reduce the observation by either of the equations 
(282), (283), or (284) Taking the latter, viz, Mayer’s for- 
mula, we have 


c+2 
1 egser 820) 


fang ne =) cos (Pp — 8) 
cos 0’ cos 0’ 
2 being the equatorial interval of the thread. 
Having z’, ¢ may be determined as follows 
In Fig 37, let P be the pole, Z the zenith, O the geocentric 
place of the moon at the instant of obsei vation, O’ the ap- 
P parent place 


Angle MPO =f, ZO =83 
MPO = 7’, ZO = 8", 


From the trrangles @ZO and M’ZO’, 


Zz 

sn MO sn M'O 
a sn MZO0 = ——- = = (322) 

sin 2 sin 2 
LA oFiom tnangle MPO, snMO=sinétcoso, (323) 
Fic 37 From triangle JZ’70’, sin M’O! = sin Z cos 0 
Substituting these values in (322), we have 
sinzcos 60 _ sin Z’ cos 0 
sing sing 

cos sing 

As #1s small, f=7 Ace. eine (324) 


the required value of ¢ 1n terms of 7 
Let A = the increase of the moon’s right ascension in one 


| 
| 
! 
4 
: 
: 
! 
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sidereal second, then ¢ being expressed 1n seconds, the time 
required for the moon to pass over this interval will be 


| eee Se : (325) 


1 — A representing the velocity with which the moon ap- 
proaches the meridian 
There remains the correction for the moon’s semidiameter 


Let S = the geocentric semidiameter of the moon at the 
time of transit, taken from the ephemeris, 
S’ = the hour-angle of the centre when the limb 1s on 
the meridian. P 


Then, from Fig 38, 


sin S’ = a 
cos 6 ove 
Writing S and S’ for their sines and dividing by 15 
to reduce to time, 
joes 
~ 15 cos & 
Fic 38 
The time required for the moon to pass over this space 
will be 
S! S 
I—A~ 18(1 — A) cos 6 (326) 


From (321), (324), (325), and (326), we have for the right 
ascension of the moon’s centre when the limb 1s observed on 
any thread of the transit instrument, 


a=T+AL4 x cos 6 sin ("8 ee) et oa) aaa) S (327) 


t—A cosé = sin s/ cos & cos 6/ os 6! s(x — A) cos 8 
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The geocentric declination, 6, and the equatorial horizontal 
parallax, z,are taken from the ephemeris Then from (X]J),, 
Art 85, we have with sufficient accuracy for this purpose 


8’ = 6 — zpsin(p’ — 6”), . (328) 


where generally 6 may be substituted for 6’, and @ for 9’, in 
the second member 


Then g being the parallax in zenith distance, we have 
as = 2-+ f, 


sin 
as in equation (327) becomes 


SIn 2 


and the factor 


sin 2 sin 2 
sing’  singcosp-+ coszsing 


= cos fg — cot zsin?p 


approximately And from (VII),, Art 82 with sufficient ac- 
curacy for this purpose, 


sin 2 
sing? =F — A Sin ~ CoS (p’ — 6) 


If then we write A, = 1— psinzcos (g’ — 9), 
I 
B= To (3290) 
F = A,B, sec 6, 


A, may be tabulated with the argument log p sin z cos(g’— 0) 
as in table XIII of Bessel’s Tabule Regiomontane, B, may 
be tabulated with the argument 4a = moon’s change in right 
ascension in one minute, 4a being given in the ephemeris 


Si 
The term iri) ese be taken from the table of 


“Moon Culminations” of the ephemeris where it is given 
under the heading “ Sidereal time of semidiameter passing 
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the meridian” The complete formule for the moon’s right 
ascension are then as follows: 


= 6 — zpsin(g! — 3), 
A, =I1I— psinzcos (p’ — 6), 
I 


a Ee (XIX) 
F= A,B, sec 6, 
sin (6—8’) cos (p—6") c/ S 
Se seat Si (2 cos) tO opt cosa) Fe0s8 + rH A) cos 8 


The use which will be made of this value of ain the de- 
termination of longitude will be explained hereafter A 
Series of stars will be observed in connection with the moon 
for determining the clock correction 47 and the constants 
aandc Sometimes the clock coizection 1s made to depend 
exclusively on about four stars whose declination 1s nearly 
the same as that of the moon, two of these precede the moon 
and two follow 


Correction to the Moon's Defective Lumb 


196 The transit of both limbs of the moon can only be 
observed when the culmination occuts very near the time of 
full moon If one limb 1s defective it may still be used if it 
is Sharply defined, and a correction applied for defective 
illumination 

For this purpose we may regaid the moonas a sphere, and 
we may conside1 the rays of hght from the sun to the moon 
as parallel to those from the sun to the earth The curve of 
contact of the surface of the moon with the cone of lays tan- 
gent to its surface will separate the light from the datk part 
of the moon When the defective limb 1s obse: ved, the 
point whose contact with the thread of the reticule is noted 
1s a point on this curve, and instead of the semidiameter Ss 
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we shall require for this limb the perpendicular from the 
centre of the disk upon the hour-ciicle, of 
which the transit thread may be regarded 
as forming asmallarc Thusaa‘being the 
position of the thread at the instant of the 
obser ved transit of the defective limb Z, 
we shall require the distance CL = S, 1n- 
stead of S Fig 40 may be regarded as 
a section formed by the plane passing 
Fie 39 through the rotation and collimation axes 
of the instrument, and Fig 39 a section formed by the plane 
perpendicular to the collimation axis 
E 1s the point on the earth’s surface from which the obser- 
vation is made 
ES and KS are the projections on the 
plane of the instrument of rays of hght 
coming fiom the sun These lines are 
practically parallel 


Let + = the angle formed with the plane 
of the meridian by the line 
drawn from the sun to the 
moon 


This will be practically the same angle 
as that formed by lines joining the sun and 
earth 

CK will be perpendicular to this line. 
Also, KN 1s perpendicular to the plane of 
the meridian Therefore 


S, = Scos # ‘ (330) 


x 1s now the angle which a line drawn 


Fic 40 
from the sun to the earth forms with the lower branch of the 


meridian 
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Let a = the moon’s right ascension at the time of 
culmination , 
a’ = the sun’s right ascension , 
a’ — a@=angle formed by the hour-circles drawn 

through the moon and sun, 

180° — (a’ — a) = angle formed by sun’s hour-circle with 
the lower branch of the meridian 

do” = sun’s declination 


In Fig 41, £ 1s the earth, P the pole of the heavens, and S$ 
the projection of the sun on the celestial 
sphere PR is the lower branch of the | 
meridian SX 1s the arc of a great circle 


perpendicular to the meridian ve 4 
Therefore SER = + = arc SR s 
The right-angle tnangle SPR there- * * 

fore gives Fic 42 

sin + = cos 0” sin (a’ — a) (331) 


(330) and (331) therefore give the required value of S’, and 

the coirection to be applied will be of the same form as 1n 

Ss + first | 

case of S, viz, + TF Ce Sey A when second limb 
is defective 


fxanple 1883 October rs, the moon was observed with the portable transit 
instrument of the Sayre observatory as follows 


Cl cast First Limb Second Limb Level 
I 21* 2 c 43° I F w 
IT 38 8 II OL 129 129 
ITI 55 1 ITI 16 9 Il 5 142 
IV 12 5 IV 34 129 129 
V 1" 16™ 209 V x" 18 sos 8 Il 3 144 


8 pee 


A OE STS 


fL=1 15 55 32 X18 16 98 1215 13 60 
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From the table of moon culminations (page 379 of the ephemeris) we find, for 
the time of the moon’s transit at Bethlehem 


Apparent declination =d=  9g° 14 18” 
Equatorial horizontal parallax = 7 = 3681" 
Xx 0.425 
Sidereal time of semidiameter passing the meridian = 708 76 
We also have g = 40°25’ 2” 
log p= 9 99939 
Correction for inequality of pivots =s=> — 062 


The computation by formule (XIX), Art 195, is now as follows 


g' —S= 31° 10' 44” =sin(g’ — 6) =9 7141, cos (gp — 6) = 9 9323 


log 7 = 3 5660 sin @ = 8 2515 
log p = 9 9994 log p = 9 9994 
Sum = 3 2795 Sum = 8 1832 
Nat No 1903” O1525 
S' = 8° 42’ 35" Ay 98475 
1 — A = 09575 


log (1 — A) = 9 9811 
log B, = O89 
cos 6’ = 9 9950 


log F= O179 
log F cos 6’ = o129 F cos 6’ = 1 030 
The above level-readings in connection with pg give 6 = -+ * II5 
We have derived from transits of stars c= + 154, 
a 065, 
AT=— 5°47 


We now apply the last of formule (XIX) 


sin(p — o')__, 
* cos & 035 
cos (p— 6’) _ 
aaa CO case +- 099 
c' 
cos 6’ a 725° 


sum =-+ 220 
(Sum) F cos 6’ = -+ ® 227 
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First Limb Second Limb 

T = 1) 15™ 558 39 12 18™ 168 98 

AT= — 5 47 — 5 47 

Corrections + 23 + 23 

Right ascension of limb I" 15™ go 08 rh 78™ 118 74 


The right ascension of the centre will be obtained from either of these by 
applying the correction for semidiameter, which 1s the same as the s1de7eal time 
of the senidiamete: passing the meridian The illumination of the second limb, 
however, was defective, and therefore the correction given by formulz (330) and 
(331) should be applied 

From the ephemeris we have 


Sun’s right ascension =a’ = 13 23™ Io* 
Sun’s declination = 6’ = — 8° qs’ 18” 
Moon’s right ascension = @ = J) 17™ 18 
Applying formula (331), a’—a z= i125 6 9g 
== 181° 32 15” 
sin (@' — a) = 8 4286 
cos 6’ = 9 9949 
sin « = 8 4235 


cos = 9 99985 
log 708 76 = I 84979 
Corrected value = 70° 74 log = I 84964 


Therefore 


Right ascension moon’s centre from observation of first limb = 1° 17™ oF 84 
Right ascension moon’s centre from observation ofsecond limb =I I7 I 00 


Transits of the Sun and Planets 


197 Formule (XIX) derived for the moon apply equally 
to the sun and planets As, however, the parallax in these 
cases will lie ba be small, we can write without appreciable 
erior ¢ = 2/ and 6 = 0” 


Then A,=1, B= 


a fF = B, seco, 


a=T+ AT+25, sec +(2 ain (66) 4 Gen? 0. 5) B 


S 
cos é cos 6 cos8) -? ~ r5(a—A) cond 


(332) 
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The last term can be taken directly from the ephemeris, 
where it 1s given under the heading “ Sidereal time of semi- 
diameter passing the meridian ’? The object of such an ob- 
servation will be to determine the clock coirection dT 

If the sun 1s observed with a mean time chronometer, the 
rate of whichis small, 4 may be neglected, as then the motion 
of the sun will practically correspond with that of the chro- 
nometer If the chronomete: hasa large rate on apparent 
time, this rate may be placed equal to A, + when the chro- 
nometer 1s gaining, — when losing 


Let E =the equation of time for the instant of 
transit , 
S” = the mean time of semidiameter passing the 
meridian, 


T = chronometer time of observation reduced 
to middle (or mean) thread, 
47 = the chronometer correction on mean time 


Then 12" + & = mean time of sun’s transit 
Therefore (9-8) 

_ sin (p—od cos (p— C 7, 
see *~Cos 6 aie cos 0 E950 S$” (333) 


S” is + for preceding limb, and — for following hmb, 
when both are observed it vanishes from the mean 47 
will then be given by (333) 


The Transit Instrument 1n the Prime Vertical 


198 The transit may be employed for determining the in- 
stant of a star’s passing the prime vertical, in a manner sim1- 
lar to that already explained for determining its passage over 
the meridian Such observations furnish a very accurate 
method of determining the latitude of the place of observa- 


ae ~~ CS TE eye 
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tion, or, in a fixed observatory where the latitude 1s known, 
for determining the declinations of the stars observed The 
practical application of the transit to these purposes 1s due 
to Bessel, although a prime vertical transit was used by 
Roemer more than a hundred years earlier 

This method of determining latitude has been considerably 
used by the astronomers of Europe, and to a less extent in 
America It is now almost en- 
tirely superseded by the use of 
the zenith telescope, so that a 
complete presentation of the 
theory is relatively much less 1m- 
portant now than it was thirty or 
forty years ago 

The principleis as follows Let 
P be the pole, Z the zenith,and S 
a star which crosses the prime Fic 42 
vertical at Sand S’ Suppose the instant of the star’s passing 
the prime vertical to be observed with a transit instrument 
perfectly adjusted in this plane, then if the rate of the clock 
is known, the difference between the two times of transit 
will be the angle SPS’, one half of which 1s equal to SPZ =? 
Then from the nght-angle tnangle SPZ or S’PZ we have 


tan gp = tan 6 sec /, (334) 


from which either g or 6 may be determined when the other 
is known _In the field it will of course be g which 1s to be 
determined 

The process 1s then analogous to that employed with the 
instrument mounted in the meridian, viz, the adjustments 
are made as accurately as may be, and the corrections to the 
final result determined for outstanding deviations As we 
shall sce, the value of the method consists largely in the 
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facility with which the effect of instrumental errors may be 
eliminated It 1s evident that only those stars can be ob- 
served on the prime vertical which culminate between the 
equator and the zenith, that 1s, whose declinations are be- 
tween o and @ 


Adjustments 


199 It is only necessary to explain the method of placing 
the instrument in the prime vertical, all the remaining ad- 
justments being the same as when the instrument 1s in the 
meridian Fox this pu: pose a star 1s selected whose declina- 
tion 1s small, and the clock time computed when the star will 
be on the prime vertical Triangle PSZ of Fig 42 gives 


fi tan 6 
COS ?= tan p (335) 


The clock time of the star’s passing the prime vertical will 
then be 


aze— a7 | wett.. (336) 


When the clock time 1s that given by this formula, the 
middle thread of the reticule must be brought on the star by 
the fine-motion azimuth screw 

It will be observed that a knowledge of the latitude 1s 
necessary for computing ¢, but from (335) 1t appears that 
when a stai 1s chosen whose declination 1s neailv 0, a small 
error in the assumed value of g may exist without mate- 
iially affecting the value of ¢ The adjustment should be 
tested by stais both east and west of the mezidian, as an 
error in the assumed value of g will aflect the computed 
times for east and west stars with opposite signs 


§ 200 PRIME VERTICAL TRANSITS 351 


Some instruments are provided with azimuth circles like 
that shown in Fig 28, in which case the simplest method of 
proceeding will be to first adjust the instrument in the plane 
of the meridian and then turn it in azimuth go? by the circle. 


Method of Observing 


200 A list of stars to be observed should first be pre- 
pared, for which the time of passing the prime vertical, both 
east and west, must be computed, also the zenith distance or 
setting of the finding cucle Formule (335) and (336) give 
the required time The zenith distance 1s given by 


sm - (337) 


If the star 1s near the zenith, the time required to pass the 
thread intervals will be comparatively large, so that it will 
be convcnient to compute approximately the time of passing 
the first thread 


Let 2 = the equatorial interval of the first thread , 
{ = the coiresponding star interval 


2 
a da singcosésin¢~ sin psin 2 approxmatery (33°) 
The proof of this formula will be given hereafter J will 
be subtracted from the time given by (336) for a star either 
east O01 west 
As the star moves obliquely across the field, 1t will be 
necessary to change the zenith distance of the telescope for 
every thread in order to have the transits take place between 
the two horizontal threads 
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Mathematical Theory 


201 The equations (275) and (281) apply to the transit 1n- 
strument in any position whatever, and consequently may be 
used in thiscase It will perhaps be better to derive the 
formule directly 

Let us consider the point where the north end of the axis 
produced pierces the celestial sphere This we shall call the 
north end of axis 

Let this point be 1eferred to a system of rectangular axes, 
the horizon being the plane of zy, the positive axis of x being 
directed north, the positive axis of y east, and the positive 
axis of g to the zenith 


Let a = the azimuth of the north end of axis, reckoned 
from the north point towards the east, 
6 = the altitude 


Then x = cos 0cos @, y =cosbsina, g=sind (339) 


In the second system let the equator be the plane of xy, 
the positive axis of 2 being parallel to the eaith’s axis, the 
positive axis of + being directed to the point where the lower 
branch of the meridian intersects the equator, and the axis 
of y coinciding with that in the first system 


Let 2 and 180° + m = the declination and hour-angle of 
the north end of axis 


Then x’=coszcosm, y’ =cosusinm, 2’ =sin# (340) 
The formulz for transformation of co-ordinates give 


cos 2 cos m = cos 8 cos asin p — sin bcos g, 
cos z sinm = cosdsina, (341) 
sinz = cos’cosacosg-+ sin dsin p 
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If the instrument is carefully levelled and adjusted in the 
prime vertical, we way write 


cosé= 1, cos@=1I, sind = 3b, sina = 4@; 


when the above equations may be written 


cos“ sinm=a, 
sin z = cos(g — 6) 


COS 7 COS m = sin (p — 3B); 
- (342) 


We shall find these formulz useful 1n subsequent transfor- 
mations 


202 Let 90° + ¢ = the angle between the clamp end of 
the rotation axis and the object end 
of the collimation axis, 

ztand 6 = the hour-angle and declination of a 
star observed on the m ddle thread 


Let the star be referred to a system of rectangular axes, 
the equator being the plane of xy, the axis of x being directed 
to the point where the hour circle through the north end of 
the rotation axis inteisects the equator 

Then the angle formed by the radius vector with the plane 
of xy will be 6, and the angle between the projection of the 
radius on the plane of xy and the axis of x will be 


180° + (¢ — m) 


#% = —cos d6cos(¢—m), y = —cos dsin (¢—m), = sind (343) 


In the second system, let the axis of + coincide with the 
rotation axis, the axis of y coinciding with that of the former 
system Then the position of the instrument being clamp 
north, — c will be the angle formed by the radius vector and 


ee 
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the plane of yz Let 6, be the angle formed with the axis of 
y by the projection of the radius vector on the plane of yz 
Then 


v’——sine, jy’ =cosecosé,, # = cose sin 5, (344) 
The angles between the axis of x and «’ being z, we have 


x’=xcosutasinzu, Y=); z= —xsinuz-+ecosm (345) 


We therefore have 


sinc= cos cos (¢ — m) cos z — sin 6 sin 2, 
cos cos 6,= — cos 6 sin (¢ — #1), (346) 
coscsiné,= cos écos(¢— m)sinz-> sin 5 COS 22 


Equations (341) and (346) express in the most general 
form the relations between the quantities w lich dete: mine 
the position of the instrument and the quantities g, 6, and ¢ 

203 The adjustments may always be made accurately 
enough so that the first of (346) may be written 


cos (¢ — ™ 
c= cosdé cos F—) sin (p — 6) — sin 0 cos (p— 6), (347) 


where the values of sin z and cos ” given by (342) have been 
substituted 


Let khsing’ = sino, 
cos 6 cos (¢ — m) 


ae (348) 


h cos g 


Then (347) becomes  ¢ = /sin (p — g’ — 4) 
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re) 
From the first of (348), 4 = ae and therefore when 6 is 


not too small we may write 


/ P ¢csin g’ 
sin (P — 9 — b) = p— gi — b= ar? 
; csin g’ 
si P=? ee ae - (349) 


Dividing the first of (348) by the second, we obtain 
tan p’ = tan 6 sec (¢ — m) cos m (350) 


When ¢c, m,and 4 are known quantities, (349) and (350) 
will give the latitude, as 61s the known declination of the 
star, and ¢ 1s obtained by observation 

204 4 1s determined as in previous discussions by the 
Striding-level This should be done with care, as we see from 
(349) that an error in 4 will affect the latitude by its full 
amount ¢and mm are determined as follows 


Let #’ and ¢ = hour-angles of the star at east and west tran- 
sit respectively , 
Y’ and T = observed clock times at east and west tran- 
sit respectively , 
AT’ and 4T = corresponding clock corrections, 
23 = elapsed time between east and west ob- 


servation , 
a = star's nght ascension =side real time of cul- 
mination 
Then “#=T+AT —a, 


Z-= T+ 47 —a, 
9= 4 + 47)—(T+ 47), 
m=U(T+AT)FH(P 447) —a . (351) 


Therefore S=¢— m= — (t' — m) 
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For determining 9 we sce that the clock 1ate must be 
known, but neither the clock correction no! the star’s right 
ascension 1s required For determining ™ a knowledge of 
both these quantities will be essential 

With the portable instrument ¢ may most readily be 
determined by observation in the meridian, as already ex- 
plained,* but on account of the facility with which an erro 
in this quantity may be eliminated its exact determination 1s 
not very important 


Effects of Errors in the Data 


205 Let us now investigate the effect upon the latitude of 
uncorrected errors in the quantities 4, ¢, 6.andS=t—m 

Suppose the same star observed both east and west on two 
different mghts, first with the instrument in the position 
clamp north, second, clamp south 


Let Zand J’ = the inclination given by the level for clamp 
north and south , 
~ = the (unknown) correction for inequality of 
pivots, 
c = collimation constant, -+ for clamp north, 
g = the unknown error in determining ¢ 


Then (4 + #) and (’ — #) = the true inclination of axis for 
clamp north and south respec- 
tively , 
¢ + ¢ = true value of collimation con- 
stant 


ann 


* See equation (305) 
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Let gp’ and 9p” = the latitude given by (350) from transits 
of the same star clamp north and south 
respectively 

Then (349) gives 
; sin g’ 
p=P +64+p4+(4+9— 


sin & (lamp north , 


// 


, , sin 
p= p’+ b’—p— (c+¢)—*. clamp south 


The mean 1s 


/ fT 
P =P t Poot b+ (+g) 2 (352) 
Unless the errors of adjustment aie very large the last 
term of this equation will be inappreciable, so that practi- 
cally constant errors of collimation and level are eliminated 
by combining observations on the same star in different 
positions of the axis 
Errors in S may result either fiom errors in the clock rate 
or they may be simply the unavoidable er1ors of observation 
To asceitain their effect upon gy we differentiate (350) with 
respect to m and 9, by which means we derive 


ap =%4sin 2p tan S$ dS (nearly) . (353) 


From this equation it appears that an error in $ will produce 
the less effect upon g the smaller 91s Also, that the alge- 
braic sign when the star 1s cast 1s the opposite of that when 
itis west Therefore 
The effect of a small error in $ will be eliminated by ob. 
serving the sta: both east and west of the meridian 
Differentiating (350) with respect to g and 6, we find 


_ sin 29 
12 sin 26 ays : (354) 
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As the declination cannot be greater than 9, we see that 
when gis less than 45° an erro: in 6 will produce a large 
error in @ For @ greater than 45°,a@p < do for all stars 
whose 61s between » and 90° — g_ In any case the effect 
upon @ will be less the nearer the star 1s to the zenith 

The best result will therefore be obtained by observing at 
both the east and west transit a sta: which culminates near 
the zenith and in both positions of the axis The observa- 
tions may be made on the same star on two different nights, 
the clamp being north in one case and south in the other 
Or they.may all be made on the same night if the star passes 
quite near the zemth, as follows erst, observe the east 
transit over the first half of the threads of the reticule, 
second, reverse the instrument and observe the transit over 
the same threads, now in the reverse position, fhzrd, ob- 
serve the west transit over the same threads, then, fourth, 
reverse the instrument again and finish the observation of 
the west transit over the threads, now 1n the same position 
as at fist This methodisdue to Struve It will not gener- 
ally be followed in the field owing to the danger of disturb- 
ing the instiument in reversing so frequently 


Reduction to the Middle or Mean Thread 


206 In formula (349), ¢ 1s the error of collimation of the 
middle or mean thread’ In reducing the obs¢1 vations over 
a side thread we may replace ¢ by ¢ +2 (z being the equa- 
torial interval of the thread), and reduce each thiead sepa- 
rately It will, howeyer, be simpler to first reduce all obser- 
vations to the times over the middle or mean threads This 
process 1s less simple than in case of meridian observations, 
since the mean of the times over the several threads will not 
in this case be the time over the mean thiead 

The reduction may be made in either of two ways /irst, 


<x can eschusaeemss arontneatlianatiaaiianaadttie 2 snmninns, trenctinliuiasiatiin NE gape, Hy, wien ween meee afte ee AEE OT 
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by reducing each thread separately to the middle (or mean) 
thread , second, by applying a correction to the mean of the 
times over the different threads to reduce it to the time over 
the mean thread 

forst Vhe thread intervals should be determined by men- 
dian transits as already explained * 


Let 2 = the equatorial interval of any thread from the 
middle thread , 
f = the corresponding sta1 interval, 
¢ = the hour-angle of the star when on the middle (or 
mean) thread, 
¢ — J = the hour-angle when on the side thread, 
c +2 may be regarded as the collimation error of the side 
thread 


Then, from the first of (346), 


sin(¢-+ 2) = —sinzsind-+coszcos 6 cos (¢—[—m), 
sin ¢ = — sin z sind + coscos 6 cos (¢ — m) 


Subtracting, we readily find 


«2 cos ($2 + ¢) sin Jz = cos z cos 62 sn (¢ — m — 4/7) sin$/7 


Since ¢ will be very small, the first term of this may be writ- 
ten sin z without appreciable error Then 


SsImn 2 


hs cos 2 cos 6 sin (¢ — m — $/) (355) 


From (342) we may write cosz=sin(g— 3) _ Also, 
(¢—m)=  sinz may be written z 


2sin 4/ = (1 — x4J*) = Xcos J)* 


a Ne  ecenmersemmaname — 


* Art 174 
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Therefore (355) may be written without appreciable error, 


2 
i sin (@ — 6) cos 6 sin (S — 4/) (cos f)*’ (356) 


and with accuracy sufficient for most cases, 


1 
aa sin g cos 6 sin (¥ — 41) (357) 

Log (cos /)* might be tabulated, but it will be required 
so rarely that 1t will hardly repay the labor The value of 
ZT required in the second member of the above formule 
may be found directly from the observations themselves, by 
taking the difference of the observed time ove: the side 
thread and middle thread 

Care must be taken to give the proper algebraic signs to 
2, J, and $,—2z and J being plus for north threads and minus 
for south ones; 9, plus fo1 west, minus for east tiansits 

207 Second This method of 1eduction 1s due to Bessel, 
and 1s more convenient when many stais are to be reduced 
Resuming the first of (346), and wiiting ¢ + zinstead of sin ¢ 
and ¢ — J fori, ‘ 


e+2= —sinzsmn 6 + cos cos 6 cos (¢ — J — m) (358) 


Such an equation is given by each thread observed If 
threads are observed, the mean of the resulting equations 
‘will be 


¢ + 1,= —sinnsin d + cos cos 6, 3 cos (¢ — m), (359) 


where z, 1s the mean of the equato1 ial intervals, = 1s the sum- 
mation sign, ¢ represents the hour-angle corresponding to 
any thread 
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Let 7 — the arithmetical mean of the times observed on 
the individual threads (supposed corrected for 


clock error and rate), 
Lf — {= the time over any thread 
Then (¢{— m)=(T—a—m)~—TJ, 
and 


I ., 
7 cos (¢ — m) = cos(T— a — m) 52 cosl 
+-sin(T—a — m) zasnl. (360) 
Now let k cos x = ~ cos J, 
yr 
(361) 


& sin x= 5 Bend 


Is 
Then 7 2 cos (¢ — m) = koos (T — a — x — m) (362) 


(359) then becomes 


¢}-t, -~sinzsind-+cos2cosd cos (T— a — x — m) (363) 
Now let y cos 6, = &cos 6 
: : e e 6 
ysn 6,= sind (304) 


Then (363) becomes 


at Lee sin # sin 6,-+ cos z cos 6,cos (T — a — x — mz) (365) 


Thus, by computing the auxilary quantities y, ¢,, and %, 
the form of the equation for the mean of the threads is the 
same as that for the middle thread 

Practically y will seldom difler appreciably from unity, 
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6, and x may very readily be computed by the aid of tables 
A and B, page 363 These tables are computed as follows 
Since SJ = 0(T being the mean of the observed times, 
and J the difference between 7 and the time on any thread), 
(361) may be written 
kcosx= I — = 2 sn'¥, 
; (306) 
ksnx= — Fi I) 


From these it appears that 4 sin x 1s of the order /°, and 


that 4 cos x only differs from unity by a quantity of the order 
I’. There will then be no appreciable error in writing 


ye —52 sin’4/, 
(367) 
t= — Tig le sin [). 


And since, from (364), we have 
I 
k 


the method of Art 74 for expanding a function of this 
form gives 


tan 6, = =; tan 6, . 2 « « (368) 


_ 1 — &\sin 20 (al et 
=8+ (eats 1+ &/ sin 1” (369) 


This becomes, by substituting for 2 its value, 
I ssin’4l 


ery 7 
é= 6+" St ned. 2. ~~ (370) 


I — 5 3sn' i 


For computing 6,, table A, page 365, gives the value of 
sin’ $/ 


eT the argument being the difference between each ob- 
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served time 1espectively and the mean of all, expressed in 
minutes and seconds of time for convenience The arith- 
metical mean of these quantities will be the numerator of the 
coefficient of sin 20 1n (370) The denominator differs very 
little from unity When desirable, this small difference may 
be corrected by table B, the argument of which is the numer- 
ator, v1z, Es >) ee af 
“a” sini 

The fourth column of table A gives the quantity (J — sin J), 
the arithmetical mean of these quantities being equal to x 

If vy is requued, we readily find, from (364), 


_ 1—(1 — &) cos’d 
¥="~“cos (6, — 6) 


The denominator does not differ appreciably from unity, and 


t= = <2 sin’ 4/ 
Therefore y=1I— F cos’d & sin’ $/ (371) 


Since this only appears as the divisor of the small quan- 
tity ¢ + 2,, 1t will very rarely be required 

The quantity z, will vanish when the star 1s observed over 
all of the threads, and the equatorial intervals reckoned from 
the mean of the threads 

Having shown how our fundamental equation which ap- 
pl es to the time over the middle thread may be reduced to 
a lke form when the time 1s the mean of the times over the 
different threads—see equation (365)—we may now solve this 
equation for @ as before 

Formule (349) and (350) will then have the form 


tan go’! = tan 6, sec (J — @ — x) cos m, 


Pp Sig! LPG as) 


(372) 


in gp’ 
sin 0, 


304 PRACTICAL ASTRONOMY § 208 


208. Formule for Latitude by Prime Vertical Transzts 
Preliminary Computation 


sin 6 


(XX) 


t 
~ sin @ sin 2’ 


Clock time of passing first thread 


= a 
a+t+i1—47— r} og 


Reduction to Middle or Mean Thread 
a Z 
sin (p — 6) cos 6 sin (9 — #/Y’ 


3 = (1 + 47) — (T+ 4T)], 
m=4([Z" pa ee ee 2 ae 
tan pg’ = tan d sec Scosm, 


(XXa) 


sin g’ 
sin 6 


P=P+o+e 


Bessel’s Method of Reduction 
i= 20 — sm J), 


sin’ an. 


sin 1” 
He sin 206, 


alia 


(XXb) 
— ~2 sin’ 4 J 


tan g’ = tan @, iat a— x) COS m, 


sin 
pap to4+ ety)? 
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TABLE A 


For reducing transits over several threads to a 
common instant 


sin? 17 


TABLE B 


For correcting the 
coefficient of sin 26 


I 5 Sin? 4/7) Correc- 
Mm Sin x’ tion 


HNNONNDN 


Wo NSCAMAW WDNDHHHHAO 
NWYWNWNNDN 


One oS & 


Ww now 


Onin -b & OO U2 
NN DHUO 


2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
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209 Asan example of the determination of latitude by this method, the fol- 
lowing observations have been selected from Pierce s Memoir on the Latitude 
of Cambridge, Mass (Memowrs of American Academy of Sctences, vol 1 p 183) 


ee ea ee 
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TimkiS oF TRANSIT OVITR THREADS Error of 
Level 
N end 
ry fo ty high 


164 38™ 5* 8/36™ 578 2/35™ 4o* 0/34™ 42" 0133™ 34* 5/3228% 2/31™ 22% s\-+  / 
20 2I 45 ol22 54 o]24 1 5/25 9 O|26 16 2/27 22 5/28 28 1/— 


16 31 22 3/32 28 5/33 34 3/34 42 2/35 47 1/36 55 2/37 5 Si 1 25 
20 28 28 3/27 22 5|26 18 4 «4 ° — 1 32 


a oe | a ens | EE eepePereseiee | Fe denice! Po 


29 0/27 57 0129 25 0/30 55 5/32 27 8/34 1 5/35 36 5 15 
17 8|24 49 5/23 21 4l|2r 50 8l20 19 0/18 45 5|17 IO oO 22 


eens rere | ee eee cee | ees epee | ee eee | oe one | ee ee 


36 5]34 © 5/32 27 5]30 55 6/29 24 5/27 56 5/26 28 eign 87 
rr 0/18 46 ol2o 19 Gjar 51 o 8 


The equatorial intervals of the threads from the middle thread are 


2, = 51° TI, 2g = 33° 98, 49° = 1702; 74 == Of 00, ts = 17° 10, 
te = 34° I4, 27 = 51° 16 


The clock correction and rate 


Sidereal AT 
Time Clock slow 


46° 83 
48 74 


of 30” r™ 
I 
I 49 55 
I 
I 
I 


Oo 
15 
47 78 
48 13 
5I Io 


30 
15 


t 


Apparent places of the stars observed 


a Lyre, December 23d, @ = 189 31" go! 32, 6 = 38° 38' 39” 76 
a Lyre, December 29th, @W=18 31 40 36, 6&6 = 38 38 38 08 
f Persei, December 25th, 6 = 40 21 25 83 
8 Persei, December 26th, 6 = 40 21 25 86 


The collimation error ¢ 1s assumed equal to zero Assumed @m = 42° 22' 48” 
We shall first compute the latitude by formula (XXa) The transits over the 
several threads must first be reduced to the middle thread by the formula 
ma 7 
~ gin(@ — 4)cos 6 sin (S — 4/) 
The complete reduction 1s given for the observations of @ Lyre, December 23d, 
in order to illustrate the process 
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EXAMPLE OF PRIME VERTICAL TRANSITS 367 
peer c# $ Observed J rv 4 $— RT 
16" 38m 588 — 3" 23° 8 | — 25’ 28” | — 28° 22' 55" 
36 57 2 —2 15 2|— 16 54 — 28 31 29 
35 49 0 —I 7O};}— 8 23 — 28 40 O 
34 42 0 
33 34 5 I 75 )|-+ 8 26 | — 28 56 49 
32 28 2 2 13 8 | + 16 43 — 29 5 6 
31 22 5 | 3° 50™ 27°0 3 19 5 a 56 29 13 19 
I 55 13 5 
20 21 45 0 | 28° 48' 23” +3 240); +25 30 | + 28 22 53 
22 54 0 +2 15 oj +16 52 28 31 31 
24 I 5 +I 75|-+ 8 26 28 39 57 
25 90 
26 16 2 —-I 72/|/-— 8 24 28 56 47 
27 22 5 —2 13 5|—16 4I 29 5 4 
28 28 I —3 I9 1} — 24 53 | + 29 13 16 
sn($—3) | nen oo ee log J I Reduced Time 
9 67701 9 39837 2 31014 — 204° 2 TAY 34” 41" 6 
g 67901 9 40037 2 13085 — I35 2 42 0 
9g 68098 Q 40234 1 82862 — 67 4 41 6 
42 0 
g 68485 Q 40621 I 82679 + 67 I 4I 6 
g 68673 g 40809 2 12517 + 133 4 4r 6 
g 68859 9 40995 2 29898 + 199 1 16 34 41 6 
T=| 16 34 41 7% 
g 67700 9 39836 2 31015 + 204 2 20 25 9 2 
g 67902 g 40038 2 13084 +135 2 9 2 
g 68097 9 40233 1 82563 67 4 8 9 
9 0 
9 68484 9 40620 I 82680 — 67 I g I 
9 68673 g 40809 2 12517 — 133 4 9g 1 
g 68858 9 40994 2 29899 — 199 I 20 25 9 0 
T' =| 20 25 9g 07 


In the above the quantity 3 1s computed from the second of (XXa), using for 
T' and 7’ the time over the middle thread, and neglecting the rate, which will 


be less than the probable error of the observation 


The ‘‘observed 7” 18 


found by subtracting the observed time over each thread from the time over 
the middle thread The quantities headed ‘‘ log denominator” are computed 
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by writing the quantity log (sin @ cos 6) on the lower edge of a slip of paper 
and adding it in succession to each of the quantities in the previous column 4 
is neglected in the quantity sin(@ — 4) The quantities log zi, log za, etc , are 
then written in order on the lower edge of another s.ip of paper and the ‘log 
denominator” subtracted, giving log / It would be sufficient to compute the 
intervals J for one transit only, as they are the same for both, but in a case like 
the above it 1s well to compute both asa check on the work Intheabove four- 
figure logarithms would have been sufficiently accurate 

In the same manner the other observations are reduced, the quantities Z and 
T' being those given in the following computation 


Latitude from a Lyre 
CLamp Sout 
Dec 23 T' = 20% 25™ of 07 
AT' + 1 48 73 tan 6 = g 9028502 
T'+ 47T' =20 26 57 80 sec S = 0573745 
(F'+AT')—(T+4T) = 3 50 27 53 cos m = 00 


pe , 


I 55 13 765 tan g’ = 9 9602247 
28° 48' 265 


g’ = 42° 22' 47" 68 


T = 16" 94™ qr® 71 
47= + 1 48 56 
T+4AT= 16 36 30 27 
H7T7+ 474+ 7'+47') = 18 31 44 035 
@= 18 31 40 32 
m = + 3 718 
= 55.7 
Cramp NortTu 
Dec 29 ZT’ = 20" 25™ rof 12 tan 5 = 9 9028429 
4f'= I 48 72 sec S$ = 0573924 
T'+47'=20 26 58 84 cos 2 = 0) 
(7'+ 47) —(T+ 47) = 3 50 29 58 tan Q;’ = 9 9602353 
S= I 55 14 79 
= 28° 48' 41" 9 QP, = 42° 22’ 50” Ig 
ZT = 16" 34™ 4o* 66 . 
4T= -+1 48 60 mean g’ = 42° 22’ 48" 935 
T+4T=16 36 29 26 mean 6 = — 545 
H7T+AT+ 7'+ 47' =18 31 44 05 
a= 18 31 40 36 QP = 42° 22' 48'' 39 


m= + 3 69 
= + 55" 3 
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In a manner precisely similar, from the observations of Perse: on Decem- 
ber 25th and 26th we find— 
Dec 25, gp’ = 42° 22' 48" 50 
Dec 26 cg’ = 42 22 48 56 
Mean 42 22 48 53 


Mean of the four level-readings + 53 
QP = 42 22 49 06 


The mean of these two determinations from « Lyre and § Persez 1s therefore 
@ = 42° 22' 48" 73 


The value given in the memoir from which these observations are taken 1s 
42° 22'48" 60 This1s the result of a long series of observations 


Application of Bessel’s Method 


210 As an eXample of Bessel’s method of reduction, let us apply formule 
(XXb) to the foregoing observations of a Lye 
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371 


sin? 47 


In this computation the quantities ae 


7 and — x are taken from table A 


From the values of the equatorial intervals already given, we find for the ob- 


servations over all of the threads — 2) 


= + "621 The west transit of 


December 29th being observed only on threads I, II, III, and V, we have 


Z=>= 318" 787 
QP 


¢1is assumed equal to zero 


sin g’ 
The correction (¢ +- 20) snd, 8 appreciably the same for the two transits of 
1 


December 23d and for the east transit of December 2oth, viz, +" 67 


For 


the west transit of December 2gth the computation of this term is as follows 


log (€ + 20) = 2 5035006% 
sin g’ = g 8295232 
cosec 6, = 2044758 
log correction = 2 53749962 
correction = — 344" 746 
Then we have, December 23d, 
E g' _ 42° 22! 33" 12 Ww g' = 42° 23' 3" 64 
é= + 41 — 02 
sin p’ - 
(¢ -+ 20) a 67 = N07 
QP = 42° 22' 32" 86 42° 23’ 2" 95 
Mean 9g, Dec 23d, clamp south, 42° 22' 47” 90 


Dec 2gth, E g' = 42° 22'34" 40 W g' = 42° 28' 50" 35 


b —1I 25 — I 32 

sin @ = 
aaa) aren es a. 107 5 44 75 
@ = 42° 22’ 33” 82 42° 23) 4" 28 


Mean , Dec 2oth, clamp north, 


42° 22' 49" 05 
The mean of the two values 1s @ = 42° 22’ 48” 47 


It will be observed that the corrections given in table B are here inappreci- 
able yy, computed from formula (371) for the west observation of December 
29th, is found to be 0 99998433, dividing the quantity (c -+- 29) by this factor 
(365), we find for the correction 344” 752, instead of 344" 746 found by neglect- 
ing this factor The difference 1s inappreciable in this case 
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Application of the Method of Least Squares to Prime Vertical 
Transits 


211 In the preceding discussion we have supposed the 
stars observed at both the east and west transits, and in both 
positions of the axis The method 1s very simple theoreti- 
cally, and the results very satisfactory In the field, time 
will sometimes be wanting for applying it in the manner 
there explained Besides this, many observations would o1- 
dinarily be lost by the interference of clouds at the time of 
one transit or the other Fo meeting these difficulties the 
following modification will be useful 

A number of stars must be observed, some east and some 
west, the axis being reversed about the middle of the series. 
Care must be taken to observe about an equal number in 
both positions of the axis, and about the same number of 
east and weststars The decl.nations of stars observed east 
should be as nearly as may be the same as those observed 
west 

We shall suppose the obse: vations reduced to the middle 
or mean thread by the method of Bessel (Ait 207), then in 
c+ 2, 


equation (365) let us write 7,= 7—a—xand -s =c’ Then 
expanding cos (rt — m), the equation becomes 
c’ = — sinwsin 6, + cos”cos m cos 0, COST, 
-+- COS 2 SIN #2 .COS O, SINT, (373) 


Now substituting for sin 2, cos z cos #, and cos # sin m, 
their values from (342), this becomes 


c' = — cos(g — 6) sin 6, + sin (p — 4) cos 4, cos 7, 
++ acos 6, sin r, . (374) 
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Let the auxiliaries p, and z be determined by the equa- 
tions 


cos zsin g, = sin 6, 


COS 2 COS PY, = cos 6, cos T,, eS < (375) 
Sin 4 = COs 0, sin 7, 


Then (374) becomes 
c’ = sin (gp — 9, — b)cosz-+asing 


Since sin (p — y, — 4) 1s here of the same order as @ and 
c', we may write this equation 


P—P,—b+atanz—c’secz=0 . (376) 


Now let 9 = 9, + 49, in which 9, 1s an assumed approx- 
mate value of g Then writing f= g, — —:, — 4, viz, theal 
gebraic sum of the known terms, we have 


4p -+atanz—c'secz + f=0 (377) 


Each star observed furnishes one equation of this form 
for determining the unknown quantities 4g, a,andc A 
considerable number of stars should be observed, and the re- 
sulting equations solved by the method of least squares 

The formulze for this method are then as follows 


T= T—a—nx, 

cos #sSin g, = sin o,, 

COS % COS g, = cos O, cosT,, 

sin 2 = cos 0, sin 7,; . (XXI) 
4p+atanzg—c'secz+f=o, 

f= Dy op b, 

P=7,+ 4p 


x and 6, are determined as explained in Art 207 
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Example 


The following observations were made at Munich by Bessel, 1827, June 28th, 
with a small transit instrument mounted on atripod and approximately adjusted 
in the prime vertical * 


Times oF TRANSIF OVER THREADS 


zg 


T5™ co® 4 | rob 13™ 4a8 8 
30 8 8 


10 47 44 
so 8] ir 5 § 
Azimuth| disturbed 


7 540° 
25 5 6 
39 4° 4 
44 3 2 


nnZZZ Za un | Circte 
dbs we ws | Transit 


The i nucnt places of the stars for the date of observation, 1827, June 28th, 
16° 34", Munich sidereal time, I find to be as follows 


a é 
A Bootis 14" g™ 508 20 46° 53/ 15" go 
a Lyre 18 3r 8 14 38 37 49 OF 
XIII 316 14 I 2 36 44 40 53 53 
2 Herculis 17 34 38 04 46 6 20 56 
m Lyre 18 50 7 75 43 43 28 14 
v Herculis I5 57 27 45 46 31 23 50 
y Cygm 20 16 4 61 39 42 34 46 
@ Herculis 16 3 21 8&3 45 23 40 34 
6 Cygn 19 39 38 03 | 44 42 52 86 


ed 


The values of the equatorial intervals of the threads from the mean thread 
are as follows 


4, +598" 08 , z2=-+ 303" 09, t= +6" 19, m= — 294" OL, 25==—612" 46 


The correction for inequality of pivots is — 0 294+ divisions of level for 
circle north The value of one division of the level 1s 4’ 49 


* See Astronomische Nachrichten, vol 1X p 415 
+ Besse] uses as the correction — 42 divisions, which 1s evidently computed by the erroneous 


B’—B cas 2, 
aaa ae 2 Cos z + cos 2; 


), instead of (297) See Ast Nack,vi p 236 
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A mean time chronometer was used, the hourly rate on sidereal time being 
-+ 9°19, the correction at 12 hours chronometer time being 5" 4™ 44* 61 


Bessel gives the approximate values of the latitude and the azimuth of the 
instrument as follows 


Po = 48° 8' go", 
a25= °° 4! 438" 


If these quantities are not known with accuracy sufficient for forming the 
€quations of condition, a preliminary reduction of a few of the observations will 
ive them 

The values of 7, x, and 6, are computed precisely as shownin Art 210 With 
this series of observations % in no case exceeds * o1, 1t has accordingly been 
neglected 


The computation of 7; for each star may now be conveniently arranged as 
follows 


T AT T+ALl a T) T) 


10073 938 68/5h4™ 288 37 r5h18™ 18 99 142 gM 50% 20/-+- 1h §m 378 79,+17° 2/56" 85 
10 30 10 29] 4 0 8515 34 41 1418 31 8 14/— 2 56 27 00 —44 645 0 
10 47 44 32) 4 33 5515 52 17 8714 1 2 36+ I 5r 35 sti-te7 4852 65 
Ir 5 § 52] 4 36 2016 9 41 7217 34 38 O4/— 1 24 56 32,21 14 4 8 
TE 4t 38 90) 4 41 8016 46 20 7018 50 7 75,— 2 3 47 05 —30 5645 75 
12 9 52 88) 4 46 1317 14 39 0215 57 27 45'-+ 1 17 11 56-+19 1753 
4 
4 
4 


z Elerculis 
ar lyre 
7 Herculis 


Bdmdondns | 


I2 24 40 10 48 3917 29 28 492016 4 611/— 2 46 36 12/41 399 x 8 
1238 7 52 50 4517 42 57 9716 3 21 83-+ 1 39 36 14-+24 54 2 I 
I2 45 26 32/5 I 


5i 57,27 50 27 89 79 39 38 oS) I 49 20 a as 20 2 


As we have an approximate value of the azimuth error, we may write (equa- 
tion 376) 


Po + Ap — Qi — b+ (a + Aa) tan z — (% +6) secz=0 


Zo 18 zero for all the above stars except 7 Lyz@and yv Cygu: In the observa- 

tion of z Lyrz the transit over the second thread was lost Therefore for this 

Star z 1s the mean of the equatorial intervals 21, zs, ¢4 28, VIZ, — 75 775 
Similarly for y Cygnz, the fifth thread being missed, to = + 153" 1125 
Writing the sum of the known terms, viz., 


Po — [Gi + 6 — a tanz + 29 secs] = +7, 
our equation of condition becomes 


Ap+4atanz—cseczs =—/f 
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The computation of Qi, tan 2, sec 2, and j is now arranged as follows 


er er ee see 


| 


A Bootis a Lyre XIIT 316 z Herculis a Lyre 
8 46° 53/ 25/7 68) 38° 37’ so” 33| 44° 40’ 57’ 22| 46° 6’ 26” 74 | 43° 43’ 31// 25 
tam 6, 0286798 9 9026368 9 9951876 0167925 9 9806703 
cos zp 9 9804823 9 enetoge 9 are 9 9694048 9 9333412 
tan 0481975 046527 0. 0473277 0473592 
$y 48° o48to7 10| 48° 3/ 47” 93| 48° w 35’ 47| 48° ot 56 78 | 48° 7 4!! 92 
tan T 9 48667 9 g8055n 9 72228 9 58947n 9 77784n 
cos 9 82405 9 82498 9 82388 9 82454 9 82452 
og tan z 9g 31072 g 8rT53n 9 54616 Q 4140Tp 9 60236, 
log sec z 00890 0761 02532 O14t4 03228 
tan s + 2045 — 6479 + 3517 — 2594 — 4003 
sec % I 0207 I 1915 I 0600 1 0331 I O771 
Level readin — 2113 — 2 340 — I 132 — 1798 +- 105 
Inequality of pivots| + 294 + 294 — 294 — 294) — 294 
b - 8” 17| — 9” 19] — 6’ 40] — 9” 39| — , oe: 
29 SCC Z ™ YY at a 
— a) tans — x3s%7xi+ 5! 3/24) — 2 44" sg) 2! tax] 3 7!” 33 
[* i a - areas 48° 8! 38/7 22| 48° 8! 41” o8| 48° 8/ 44’ 48| 48° 8’ 48" 8o| 48° 8! 49! 08 
F = + rr’ 78 — x! 98 a 4! 48 =) 8” 80| —- 9! o8 


a 
— ~ 


v Herculis y Cygni @ Herculis 6 Cygni 


6 


tan 6, 
COS T} 
tan $, 

1 


tan rT 

cos 
log tan z 
log sec z 


tan z 
sec s 


Pere seats 
Inequality o pers, 


Zo SEC & 
— @ tan 2 


[* + 4 — a, tan =| 


++ zo secs 


Jf = 


46° 31/ 31'” 34 


Q23F 51 
9 9748 53 
04824 
48° 10° 347 43 
9 54427 
9 82402 
9 36829 
OTI53 


— 1’ 49/ 28 
48° 8! 38’ 79 
+ 1 ax 


39° 42’ 35’ 37 


9 9193426 
9 8734442 
0458984 
48° 1x’ 109/’ 32 
9 9491T, 
9 82532 


9 77443n 
06579 


48° 8! 45” 04 


= 5!” o4 


45° 23 44” 94 
aofio9e7 
9 9576263 
0483744 
48° x1! 3! 84 
9 66670 
9 82395 


9 49065 
01986 


“3095 
r 0468 


— 1 353 

a 475 
~ 2/24! 84 
48° 8! 34!” 25 


+ 5! 75 


44° 42’ 56’ 6o 


9 9956904 

9 9 18s8x9 

0471085 
48° 6! 5/04 


9 71340n 

9 82466 

9 53806, 
02445 


— 3452 
I 0579 


— 1124 


a 3” 73 
+ 2/41” 55 
48° 8! 49’ 86 
_ a! 86 


Since the azimuth of the instrument was disturbed between the observation 
of « Herculis and 7 Lyre, it will be necessary to introduce into the equations a 
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different value of the azimuth correction for these stars observed after the dis 
turbance took place 

The equations will therefore be * 


¢—oO 

A Boous, 4p-+ 20454a — 10207¢7 = — 1/' 78 — 50 
aLyre, 4@— 647942 —LIigice¢=+ 198 — 08 
XIII 316, Ap+ 35174a + 10600 = +4" 48 — 235 

2 Herculis, SQ — 25944 + 10331¢e = + 8 80 — 3 44 
x Lyre, Jp — 40034a’ +10771c =+ 9 08 —1 78 

v Herculis, Jp + 233540! + 102697 = — 1’ ar -+ 3 28 
y Cygni, Jp — 59494’ + 1 1636 = + 5" 04 +405 
g Herculs, 4p + 30954a’ — 10468 = — 5" 75 -+-2 cI 


6Cygni, 4p 34524a' — 10579¢ = +2’ 86 — 1 33 


From these nine equations of condition the following normal equations are 
formed 


9 c0004 gp — 35114a — “g744a' + 10438¢ = 23 5000, 
— 3511dp9-+ 65264a + 6681¢ = — 2 3539, 
— 79744 +- 78364a’ — 8424¢ = — 9 6825, 

104384@ + 66814a — 84244a' + 10 4360¢c = 30 6933 


Solving these equations by the usual methods, we find the following values 


Ap=+1' 38, 
Aazx— sar, 
4a’ = — 8 07, 

¢ = -+ 2!’ 50 


Therefore the latitude as given bv this series of transits 18 
@ = 48° 08! qr’! 38 


Bessel gives as the true value of @ found from other sources 48° 8’ 39!’ 50, 
from which the above value would be only 1’ 88 1n error, an agreement which 
1s very Satisfactory when it 1s remembered that the instrument used was a very 
small one, mounted quite imperfectly, and uscd in the open air The residuals 
given in connection with the equations of condition result from the above 
values The weights and probable errors may be computed from these in the 
usual manner if thought desirable 


* These equations are not the same as those given by Bessel for these observations, the 
differences being due to the erroneous value of the correction for inequality of pivots, before 
referred to, and to slightly different values ot a and 8 for some of the stars 


ex WEL ESS ee ee, — 


CHAPTER VIL. 


DETERMINATION OF LONGITUDE 


212 The difference in longitude of two points on the 
earth’s surface is equal to the angle at the pole formed by 
the meridian curves passing through the two points As 
the earth revolves uniformly on its axis, 1t will be equal to 
the difference between the times of transit of the same stat 
over the two meridians, and may be expressed either in de- 
grees, minutes, and seconds of arc, or in hours, minutes, and 
seconds of time, for astronomical purposes the latter desig- 
nation is geneially preferred 

Any meridian may be assumed as the prime meridian from 
which to rechon longitudes At the meridian conference 
which assembled in Washington, October 1884, Gicenwich 
was chosen as the universal prime meridian Heretofore 
most of the leading nations of the world have reckoned lon- 
gitude from the meridian of their own capital Inconfornnty 
with this custom, longitudes within the limits of the United 
States have been reckoned from the meiidian passing through 
the centre of the dome of the U S Naval Observatory at 
Washington For local puiposes the meridian of Washing- 
ton will no doubt continue to be employed, but for general 
scientific purposes longitudes in this country will hereafter 
be reckoned from Greenwich 

As an astronomical pioblem, the determination of the dif. 
ference of longitude between two places consists in an ac- 
curate determination of the local time at each place and the 
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comparison of the times so determined, the difference be- 
tween the times being the difference of longitude 

The local time will generally be determined with the tran- 
sit, and when gieat accuracy 1s required 1n the resulting lon- 
gitude, all of the 1efinements and precautions to which at- 
tention has been called in treating of this subject must be 
observed For rough determinations, especially at sea, the 
time is determined with the sextant or any suitable instru- 
ment Nothing need be added on this point to what has 
been already said We shall therefore yn this Chapte1 con- 
fine our attention to the practical methods of comparing 
the local time 

There are various methods which may be employed for 
comparing the local time at two meridians, some of these 
admitting of a much higher degree of accuracy than others 
The most important are the following 


First By transportation of chronometers , 
Second [By the electric telegraph, 
Third Methods depending on the motion of the moon, 
such as by occultations of stars, eclipses of the 
sun, lunar culminations, and lunar clistances 


Also, some use has been made of terrest11al signals, eclipses 
of Jupiter’s satellites, and eclipses of the moon 

The most accurate of all these methods, when it can be 
employed, 1s the telegraphic 


Longitude Determined by Transportation of Chronometers 


213 Weshall designate the two stations whose diflerence 
of longitude 1s to be determined by E and W, E being east 
of W. Let the erro: and rate of the chronometer be deter- 
mined at E by any of the methods given for determination 
of time, then let the chronometer be carried to W and its 
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error on local time determined at this place The difference 
between the time at W given by observation and the time 
at E which will be given by the chionomete: 1s the differ- 
ence of longitude The chronometer may be regulated to 
either mean or sidereal trme To express the difference of 
longitude algebraically, 


Let 47, = chronometer correction at E at chronometer 
time 7, 
0¢ = rate per day as shown by chronometer ,* 
AT, = chronometer correction on local time at W at 
chronometer time 7,,, 


A. = difference of longitude : 
Then (Z., + 4T,,) = true time at W at chronome- 
ter time 7,,, 
Ty + 47) + 6¢(7,, — T) = the corresponding time at E 
Therefore A= 47, —(47, + 6t(%, -— J)| (378) 


Example At Bethlehem, Pa, 1881, August 7 75, the cor- 
rection to a mean time chronometer was found to be + 6™ 
50'90 =At Wilkesbarre, Pa, August ro! gt o™ 178 92, chro- 
nometer time, the correction on local time was + 4™ 54° 11 
The daily rate of the chronometer was + 1 64, 1, the chro- 
nometer was losing 


Therefore AT, = + 6" 50°90 
O¢ = +1°64 
(Ty—-T,) = 2.63days 6(Ty—T,) = 4 31 
Sum = 6 55 21 
AT =. Ay $41r 
A= 2 I I 


That 1s, Wilkesbarre 1s 2™ 1° 1 west of Bethlehem 


* Unless the rate 1s uncommonly large it will make no difference whether we 
take chronometer days or true days in applying the correction for rate 
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214 The rate is determined at the first station by compar- 
ing the results of observations sepaiated by an interval of 
several days, but it 1s found that the rate of the chronometer 
during transportation (called the travelling rate) is seldom 
the same as its rate when at rest The travelling rate may 
be determined, or its effect may be eliminated by transport- 
ing the ch1onometer 1n both directions 


Let Z., Zu, Zo’, ZT.’ = the time of leaving E and arriving at 
W, leaving W and arniving at E, 
respectively, 

A., 4, Ay’, 4,’ = the corresponding chronometer cor- 
rections found by observation, 


m == the daily travelling rate 
Then 


(Zy—T.)+(Z./— T,,’) = time during which the chronometer 
was 1n transit, 
(4,/—4,)—(4,,’— 4,) = the corresponding change in the 
chronometer correction, 
— (4,'—4,)—(4y —4) 
"= (TTPO) _ 


Previous to the application of the telegraph to the deter- 
mination of longitude, the construction of chronometers had 
been brought to such a degree of perfection that the chro- 
nometric method was the most accurate one available 
Where great accuracy was required, large numbers of chro- 
nometers were transported many times in both directions 
A most elaborate expedition of this kind was carried out in 
1843, by Struve, for determining the difference of longitude 
between Pulkova and Altona Sixty-eight chronometers 
were cariied nine times from Pulkova to Altona and eight 
times from Altona to Pulkova A similar expedition,* or 


 * See Report U S Coast Survey, 1853, p 88, 1854 p 139, 1856, p 182 
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series of expeditions, was conducted by the U S Coast Sur- 
vey duiing the years 1849, 50,51, and ’55,1n which fifty 
chronometers were transpoited many times between Boston 
and Liverpool The results of the expeditions in the years ’49, 
’50, and ’’51 showed the necessity of introducing a correc- 
tion for change of temperature The expedition of ’55 was 
therefore planned and carried out under the direction of Mr 
W C Bond, with special reference to this coirection In 
this year fifty-two chronometers were transported three 
times 1n each direction, giving as the difference of longitude 
between the Cambridge observatory and the observatory at 
Liverpool— 


Voyages from Liverpool to Cambridge, 4° 32™ 31°92, 
Voyages from Cambridge to Liverpool, 4 32 31 75. 


Such expeditions are enormously expensive, and the re- 
sults are not comparable for accuracy with those obtained 
by the telegraph As almost every point of much importance 
on the habitable part of the earth 1s now or will soon be sup 
plied with telegraphic facilities, chronometric expeditions on 
the scale of those mentioned may be reckoned as things 
of the past Nevertheless the chronometric method 1s very 
useful where extreme precision 1s not required, or where the 
telegraph cannot be used, as at sea 

The method of conducting a chronometric expedition is 
briefly as follows The chronometers at the first station, 
which we may suppose to be E, are first carefully compared 
with the standard clock, then they aie placed in the vessel, 
near the middle where the motion will be the least possible, 
and in a position where they will be accessible tor winding 
and comparing during the voyage Thev should be com- 
pared daily asa check on the regularity of them rates <A 
record of the temperatuie must be kept 
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On arriving at W the chronometers are immediately com- 
pared with the standard clock as before at E 

215 The errors to which the chronometers are lable are 
oftwo kinds first, accidental ir:egulaiities which follow no 
law and are therefore equally lable to affect the result with 
the plus or minus sign—the larger the number of chronome 
ters the more effectually these will be eliminated, and secondly, 
errors resulting from acceleration or retardation of 1ate. 
When the chronomete: has been transported a number of 
times in both directions the effect of a constant acceleration 
or retardation may be eliminated by reckoning the longitude 
alternately from each station E and W 

Experiments show the accelesation or retardation of rate 
to be due to two causes, viz, changes of temperature and 
the giadual thickening of the lubricating oil This latter 
diminishes the amplitude of the vibration and therefore 
causes an acceleration of rate Its effect 1s sensibly propor- 
tional to the time 

Although great care is given by the makers to compensat- 
ing the balance for temperature, itis seldom possible to ac- 
complish this perfectly It has been found that the effect of 
changes of temperature may be repiesented by aterm of the 
form 2#(9 — S,)’, in which 9, 1s the temperature of most per- 
fect compensation and $3 that of actual exposure, and & 1s a 
constant which with rare exceptions 1s positive, that 1s, ex- 
posure to a temperature above o1 below that of most perfect 
compensation causes the chronometer to run slower 

The rate of any chronometer may theiefore be expressed 
by the formula 


“= u, + AS, — 9) — #4, (380) 
k’ being a constant depending on the thickening of the oil, 


or any other causes which may be assumed to vary directly 
with the time 
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The constants 4, 2’, and %, peculiar to each chronometer 
can only be determined experimentally 

216 The term depending on the temperature, &(4, — ~)’, 
having always the same sign, will never vanish, theielore in 
order to find the total effect of such changes during any 1n- 
terval a strict theory requires the total sum of all these 
terms for all changes of temperature 

We may proceed as follows 


Let z = the interval during which the eflcct of rate 1s re- 
quued, 
Let u, of formula (380) be taken at the middle of this in- 
teival, : 
Let r be supposed divided into z equal parts, so small 


T 
that the temperature during the interval 3 may be con- 


sidered constant, 
Let 4, 7 S, be the values of ¥ for each interval in 
succession 


Then the accumulated rate for each interval will be as 
follows 


| m+ 22, — 3) # : |e, 


| 4+ 2 (8, = Sida et an 


1 


(381) 


9 ,aA— 2 © 
[a + 2(8,_, — 9 — #2 F |e 


H—1 |r 
[w+ £(S. — 9) am |e 
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The sum of all these quantities 1s the total effect of rate, 
and as the sum of the coefficients of #’ 1s zero, the value 1s 


ut + ers — 3,/= (382) 


For rigorous accuracy the intervals should be infinitesimal, 


T 
= would then be dr, and the above expression would be 
eT 
eee: if (9 — 8)%¢r 


As, however, (S — 9,) cannot be expressed as a function of z, 
the integration 1s not possible 

For determining 2>(S — $,)’ we witte the mean of the ob- 
served temperatures (supposed to be the quantities 1epre- 
sented above by 8,, 9,, etc ) equal to 9 

Then 


2S — SY = By [(9—S,)+ (F — AY 
— So (9—S,)’+ 25 2(9 S,)(9 ~ 0) = =(9— 0)’ 


Since 9 and 8, are both constant, we have 


S10 — &,)* = n(0 — S,), (383) 
>} 2(9 — 9,) (3 — 4) = 2(8 — 8,) 2)(S — 6) = 0, (384) 


since @ 1s the mean of the individual values of 9. 
Therefore (382) becomes 


ut + KO —9,r+ eB — OS . (385) 


35(3 — 0) 
11} 


—-1is computed directly, 


The value of the quantity 


since Sis any observed temperature, and @ the mean of all 
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the values observed This will approach more nearly the 
theoretically exact value the more frequently the tempera- 
tures are observed 
Writing 
2(S — Oy 
att ae, : (386) 


we have for the accumulated 1ate during the inte1 val r 


[w, + (4 — 3) + ke]r (387) 


The quantity in the brackets 1s the mean rate during the 
inteival r 

217 In the Coast Survey expedition of 1855 the mean 
temperature was indicated by a chionometer constructed 
expressly for this purpose It was 1n all respects like one of 
the ordinary chionometeis, except that the arms and rim of 
the balance were of biass and uncompensated Its indica- 
tions of the mean temperature of exposure were found to be 
much more reliable than could be obtained by the use of 
ordinary thermometers, its sensitiveness was such that a 
change of 1° in the tempezatuie pioduced a change of 6° 5 
in the daily rate Experiments made for determining the 
time 1equired for a chronometer to adapt itself to the tem- 
perature of the surrounding air when exposed to a sudden 
change showed that this was not fully accomplished until 
five or six hours had elapsed, so that in case of sudden 
changes the temperature shown by the thermometer might 
differ widely fiom the actual temperature of the chronome- 
ter balance 

218 In applying (387) to any subsequent interval, 7’, a, 
must be replaced by wu, — &’t, in which # 1s the time from the 
middle of the interval 7 to the middle of 7’ 

Now suppose the chronometer used for determining the 
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difference of longitude of two stations E and W_ Suppose 
the corrections 4, and 4, determined at E before starting, at 
the times 7. and 7,, and 4, and 4, after reaching W, at 
times Z, and 7, all being reckoned irom the same meridian, 
suppose & 


Let 7, — 7, =1,, ee! aa 7,—I,=1T, 
r, and t, are shore intervals, and 7, a sea inte1 val 


Let uw, = the rate at the middle of the sea interval, 
A = the difference of longitude 


Then from what precedes we have 
4,— 4,= | 44+ Ko 4 O94 be? |r, 
A+4,—4,= a, + k(6,—9,)-+ ze, | T,, » (388) 
4,— 4, = E — #EL 4 26,— 9,44 ree |, 


6, 9,, and 9, are the mean temperatures for the intervals, 
e, é, and é, having the values given by (386) Then fiom 
the three equations (388) z,, 2’, and 4 may be determined 


4 — 
Letus wnte “( =— 2 = k(O, — 9,)* — Re,’ 

ie (389) 
f= a *— k(O, — 9,)’ — &e,’ 


We then find, from the first and third of (388), 


OE Soe FI 4. sy 
Hera 8 OTe) UD) 


— — = 
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These values substituted in the second of (388) give the 
value of the longitude A 

The chronometric method finds its most important appli- 
cation at sea, where a high degree of precision 1s not 1mpor- 
tant When the time from port 1s not very great, this will 
answer all practical requirements When the voyage is very 
long, the result may be 1endered much more accurate by 
applying the corrections for acceleration of 1ate, the con- 
stants &, 2’, and S, having been carefully determined pie- 
viously 


Determination of Longitude by the Electric Telegraph 


219 The local time at one meridian may be compared with 
that at another most conveniently and accurately by tele- 
graphic signals 

The most simple method of making this comparison 1s as 
follows The cperator at one station taps the signal key in 
coincidence with the beat of the chronometer, the instant 
when the signal is received at the other station 1s noted by 
the chronometer at that place A number of aibitrary sig- 
nals are sent in this way, when the process 1s reversed, the 
operato: at the second station sending the signals to the 
first The errors of the chronometers will geneially be 
determined by observing transits both before and after ex- 
changing the signals 


Let 7, and 47, = the chronometer time and correction 
at station E at the instant of sending 
a signal, 
T,, and 47,, = the chronometer time and correction 
at station W at the instant of receiv- 
ing this signal, 
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T,,/ and 47,’ = the chronometer time and co1rection 
at station W at the instant of sending 
a retuin signal, 

T,’ and 47,’ = the chronomete: time and correction 
at station E at the instant of receiv- 
ing this signal, 

AX = the difference of longitude , 

fa == the tiansmission time of the electiic 
effect, or the small interval of time 
which elapses between the instant of 
pressing the key at one station and 
the click of the magnet at the other 


Then A—pw=(Z, +47.) — (Te + 4T~) = he 
A+ h= (Z.' -+ 4T7.') —_ (Ly’ + 4TZ,’) =A, 


Therefore A == $(A, + A,), 
= $(Ay = A.) 


Thus by eliminating the time required for transmission of 
signals we have the longitude, o1 bv eliminating the longi- 
tude we have the transmission time 

For many purposes the above process will give a sufficient 
degree of accuracy For first-class longitudes, however, 
there are a number of small errors involved which will de- 
mand attention They are as follows 


(391) 


I The relative personal equation of the observers in deter- 
mining the chronometei coriections at the two stations 
II The personal equations involved in sending and 1ecetv- 
ing the signals 
III The time required at the sending station to complete 
the cucuit after the finger touches the key 
IV The time required at the receiving station for the arma- 
ture to move through the space in which it plays and 
give the clhick—called the armature time 


can be ia ta ltd ee eee ea eee ey ee eS ne 
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If the two latter could be assumed to be the same at both 
stations, the above er:ors would be reduced simply to per- 
sonal eriors We shall describe some of the methods of 
dealing with these quantities in first-class longitudes They 
may be modified when a less degree of accuracy 1s demanded 

320 | Personal equation This may be determined by any 
of the methods given in Ait 188, and the necessary cor1ection 
applied If the relative personal equation 1s used, 1t should 
be determined both before and after the longitude work in 
order to guard against the effect of its g1 adual change The 
plan followed by the Coast Su: vey 1s to exchange signals on 
five nights, then let the observers exchange stations, when 
signals are exchanged on five more nights The personal 
equation is thus eliminated, p: ovided it has remained constant 
during the trme employed As this changes with the physi- 
cal condition of the observer, its variation is probably the 
chief cause of discrepancy in first-class longitudes 

221 Enors IJ and III are avoided by using the chrono- 
graph For field-work break ciucuit chionometeis will 
generally be used, as they are much more convenient to 
carry than clocks Such a chronometer being placed in the 
circuit may be made to 1ecord its beats on the chronographs 
at both stations Each chronograph will then contain a 
record of the beats of both ch1onometeis, the mean of which 
will be free from the transmission time, but will be aflected 
by any constant difference im the armature time, viz, IV 
above 

222 Another method of sending the signals 1s the follow- 
ing The circuit 1s so arranged that a tap made on the signal 
key at either station 1s recoided on the chronogiaphs at both 
stations The observer at E then gives a number of taps at 
intervals of two or three seconds, which are recorded at both 
places in connection with the beats of the 1espective chro- 
nometers, when the operation 1s repeated by the observer at 
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W For identifying the hour and minute of difference of 
longitude, the obsei ver at cach station informs the one at the 
other by a telegraphic message what was the hour, minute, 
and second by his chronometer when the first signal was 
sent The hour and minute of one signal being identifed, 
only the seconds and fractional parts of the same need be 
read for the remaining signals 

223 1V The armature time will be practically the same 
at both stations, and consequently the effect will be elim1- 
nated if the resistance of the line 1s kept at the same value at 
both points For this puipose a rheustat and galvanometer 
are provided at both stations, by means of which the resist- 
ance may be maintained at any required value 

The chionometer 1s placed in a local circuit acting ona 
relay, the intensity of the current in the main line being too 
great for the delicate mechanism of these instruments 

The details will be understood by reference to the follow 
ing diagrams, taken from a paper by Mr C A Schott * 

I showsa simple circuit for observing tiansits The chro 
nometer breaks the circuit B, causing the pen on the arma- 
ture of the chronograph magnet to record The observer 
breaks the circuit with the observing key, also making a 
record on the chronograph 

Il and III show the arrangement of the circuit for chro- 
nometer signals II being at the sending station, III at the 
receiving station When the chronometer at the sending 
station breaks the circuit B, the armature of the chronograph 
magnet bieaks the main circuit at X (IT), and the armature 
of the signal relay at the receiving station breaks the circuit 
B (III), causing a record to be made on the chronogiaph 

For sending arbitrary signals the arrangement 1s the same 
at both stations, viz, that shown in III At the sending 


AS 


* Appendix No 14 U S Coast Survey Report 1880 
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station the main cucuit is broken by the signal key, when the 
armature of the signal relay breaks the circuit B at both 
stations, causing a 1ecoid to be made on the chronograph 
In these cases the chronometer is placed duectly in the 
circuit passing to the chronograph, and no provision 1s made 
for equalizing the resistance at the two stations A small 


difference in the armature time 1s therefore likely to exist 
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224 IV, VII, and VIII show a more complete arrange 
ment of circuits The chronometer 1s placed ina local cu 
cuit A with a weak battery, in order to avoid the inju1ious 
effect of a stronger current on the mechamism When ob 
selving transits the arrangementisas shown in LV The 
chionomete: breaks the circuit A, the chronometer relay 
breaks the circuit B, making a 1eco1d on the chronog:aph. 

The observer breaks circuit B with the observing hey, 
also producing record on chionograph 

VII shows the arrangement fo1 exchanging chronometer 
signals, being alike at both stations The chionometer 
breaks cucuit A, when the armature of the chronometer re- 
lay bieaks the main circuit, the a1 mature of relay D break- 
ing cucuit B at both stations 

VIIL 1s arranged for arbitrary signals, both stations being 
the same The chronometer breaks circuit A, the armature 
of chronometer relay breaks circuit B, making record on.the 
chronograph At the sending station the main circuit 1s 
broken bv the signal key, when relay D bieaks circuit B at 
both stations. 
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By means of the 1heostat and galvanometer the electric 
resistance 1s kept practically the same at both stations, and 
therefore a constant difference of armature time avoided 
In order to eliminate any small outstanding difference im the 
action of the two sets of electric apparatus, each set may be 
used at both statrons alternately, the instruments being ex- 
changed with the observers at the middle of the series 

225 Method of Star Siguals This method of exchanging 
longitude signals was formerly employed by the Coast Sur- 
vey <A very full description of the method 1s given by 
Chauvenet (Spherical and Piactical Astronomy) It 1s briefly 
as follows 

The difference of longitude between two points, being 
simply the time 1equired for a star to pass fiom the meiidian 
of the east to that of the west station, may be measured by a 
single clock placed in the electiic cicuit so as to produce a 
record on the chronographs at both points This clock may 
be at either point, or in fact anywhere 1n the circuit 

When a star enters the field of the transit instrument at 
E, the obser vei 1ecords the transit by tapping his signal key 
in the usual manne1, producing a recoid on both chrono- 
graphs When this star 1eaches the meridian of W, the ob- 
server in hke manner taps its passage over the threads of 
his transit instrument, also producing a 1ecord at both 
points 

This method 1s theoretically very perfect but as it requires 
a monopoly of the telegraph lines for several hours every 
night when signals are exchanged, 1t has proved somewhat 
impracticable 


Example 


For the purpose of illustrating this subject I give below 
the record of a series of longitude signals between Washing- 
ton, D C, and Wilkes Barre, Penn , 1881, October 6th 
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At Washington the instruments em ployed were the tran- 
sit circle, sidereal clock, and chronograph of the U S Naval 
Observatory. 

At Wilkes Barre the instruments were a portable transit 
and mean time chronometer 

At the latter place the following programme was followed 
Transits of 16 stars were observed, the instrument being 
twice reversed, the chronometer was then taken to the 
telegraph office, 200 feet distant, and the longitude signals 
exchanged, after which 13 stars were observed with the tran. 
sit instrument, the axis being reversed once The 29 equa- 
tions furnished by the observed transits gave the values of 
the chronometer correction and rate, also the azimuth and 
collimation constants of the transit instrument 
The following 1s the method adopted in exchanging sig- 
nals 

At Washington the telegraph key was tapped at intervals 
of about 15 seconds, making a record on the Washington 
chronograph, and through the telegraph line a click of the 
sounder at Wilkes Barre The observer at the latte: place, 
having his eye on the chronometer, noted the instant of this 
clickand recorded the same After 1oor 15 such signals had 
been sent from Washington to Wilkes Barre, a similar series 
was sent in the opposite direction, the operator at Wilkes 
Barre tapping the key, producing a click of the sounder at 
that place and a record on the Washington chronograph 

This constitutes a complete series Two such were ex- 
changed each night when observations were made 

It 1s obvious that with a chronograph at Wilkes Barre noth- 
ing need be changed in the above programme The record 
would then be made on the chronograph instead of by the 
observer, and if thought desirable the intervals between the 
signals could be much shortened 

The chronometer at Wilkes Barre being regulated to mean: 
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solar time, 1ts correction and rate on sideieal time are some- 
what large The values obtained from the observed transits 
are as follows 


At 9° 39" chronometer time, 47 = + 13" 9™ 38°903 + 024 
Hourly rate, + 9 952 
Rate per minute, + 1659 


Similarly for the Washington clock, 


At 22" 30™ sidereal time, AT = — 21°891 + OIg 
Hourly rate, + 0360 


The record of the signals with the individual values of the 
longitude immediately follows 


Washington to Wilkes Barre 


Wilkes B Wilkes B |Washington| Differ 
No | chronome AT waning ton) ar sidereal | sidereal | ence of | v 
ter time time longitude 


—— 


Se | 


r |g 39™ 13% g [132 oF 38% g o4jnanaa® 34% 44] — 27®° 88 [22hs8™ 528 84)a2h44™ 128 56] 4™ got 28 | 03 
2} 39 28 9 38 44. 49 50 49 7 88) 44 47 62] 40 26] or 
3| 39 43 8 39 O| 45 4 {0 49 22 8°! 44 42 52) 40 30 | 95 
4} 39 58 8 39 06 45 19 38 4) 37 66) 44 57 50} 40 36 | 16 
5| 4° 13 6 39 TO} 45 34 30 49 52,0] 45 12 42) 40 28 | 03 
6} 40 78 5 390 M4) 45 49 «28 50 7 64] 45 27 40] 40 24 | OF 
7| 40 43.5 39 18) 46 4 32 50 22 68) 45 4 44) 40 24 | OF 
8} qo 58 8 39 23) 46 19 56 s0 38 03] 45 57 68) 40 35 | To 
9] 41 2, 6 39 27) 46 34 66 50 52 87) 46 12 78 40 09 | 16 
to |g 4% 28 6 |[r3 9 39 31\22 46 49 66) — 2x 88 |22 51 7 Ori22 46 27 7814 4o 13 | Ia 


—_ Cn ad oe — ee 


Mean = 4 40 28% = Ay 


Wilkes Barre to Washington 


eee te 


tio! 4s™ ri# x [r3" g™ 39% g3la2tsu™ 32" 78) — 218 88 |aatag™ sr! og}eghoom io a cs of 13 | 09 
2) 45 26 1 39 97) 5° 47 72 55 607] 50 © 23 | OF 
3| 45 300 39 99| 5° 57 74 55 15 99| 50 8 8 je 13 | 09 
4 45 51I 1 40 04 5t 32 70 55 31 1X 50 50 82 40 32 | to 
5/ 46 6 4 4o 08] 51 a8 ro 55 46 4 5% 6 22 40 2) | 04 
6 46 20 7 40 12) St 42 52 55 © 82| 5:1 20 40 18 | 04 
Z 46 35 40 16] 5t 57 62 56 16 of/ 51 45 74 40 32 | Zo 

46 50 40 20} 52 12 66 56 3z oo] 52 50 40 22 ] 00 
9 47 6 x 40 25; §2 28 ro 56 46 35] 52 6 22 49 13 | 09 
io |9 47 2% = |13 9 40 29|a2 52 43 00] — 21 88 jaa 57 x 39\22 52 ar x2) 4 40 27 | 05 


Mean = 4 40 219 =A, 
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Then referring to formule (391), we have 


A= F(A, + A,) = 4" 40° 236 Wilkes B east of Wn 
w= tA, — A.) = O O17 


In the above the :eduction of each signal has been carried 
out separately, in order to show the precision of the individ- 
ual values Puactically the labor of 1eduction may be econ- 
omized by reducing the means of the 1ecorded times 

Thus from the above we have— 


Wn —Wilkes B Wilkes B —Wn 
Wilkes Baire chronometer, 9" 40" 21° 20 g' 46" 14°53 


AT,13 9 3913 13 9 40 I0 
Wilkes B sidereal time, 22" 50" 0°33 225 55" 54°63 


Washington clock, 22 45 41 95 22 51 36 29 
AT, — 21 88 — 21 88 
Wn sidereal time, 225 45™ 20°07 22" 5I™ 14% Al 


Wn —Wilkes B Wilkes B—Wn 
Difference of longitude = 4™ 40° 26 4™ 40° 22 
A=4 40 24 Wilkes B east of Wn 
K= 02 


This value of A 1s affected by the relative personal equa- 
tion of the observeis at Washington and Wilkes Buire, by 
the personal equation of the obseiver at Wilkes Barre in re- 
cording the signals, and by the difference in aimatuie time 
at the two stations (See Articles 220-223 ) 


Longitude Determinca by the Moon 


226 The preceding methods, in circumstances where they 
are available, leave little to be desired in facility of application 
orinaccuracy of results Before the invention of the electric 
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telegraph the most valuable methods for dete: mining long1- 
tude were those depending on the moon’s motion, chrono- 
metric expeditions being geneially impracticable Though 
the necessity for resorting to these methods 1s constantly 
diminishing as the telegiaph lines become moie widely 
extended, it will probably never entirely disappeai 

Theie are various methods of utilizing the moon’s motion 
for this pul pose, the most important of which are the follow- 
Ing 

By eclipses of the sun and occultations of stais 

By moon culminations 

By lunar distances 

By measurements of the moon’s altitude or azimuth 

Some use has also been made of lunar eclipses 

All of these methods depend upon the same general prin- 
ciple, viz The moon has a comparatively rapid motion of 
its Own, In consequence of which it makes a revolution 
about the earth in 274 days The elements of its orbit, 
together with the effects of the various perturbing foices, 
being known, it 1s possible to dete: mine the position of the 
moon at any given instant of time, thus in the Ameiican 
Ephemeris and Nautical Almanac will be found the night 
ascension and declination of the moon computed several 
years in advance for every how: of Gieenwich time Sup- 
pose now at a point whose longitude 1s required the position 
of the moon to be determined 1n any convenient manner by 
observation, the local time being carefully noted, the ephe- 
me1is above mentioned gives, either directly or through the 
medium of a mole o1 less extended computation, the Green- 
wich time corresponding to this position A comparison of 
this Greenwich time with the obse1ved local time gives the 
difference of longitude requiicd 

227 Some of the applications of this principle are capable 
of giving very good results, but there 1s one difficulty inher- 
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ent in the principle itself which precludes the attainment of 
an accuracy commensurate with that obtained with the tele. 
graph The angular velocity of the earth on its axis, which 
is the measure of time, 1s twenty-seven times greate1 than the 
angular velocity of the moon 1n its orbit, it follows, there- 
fore, that errois of observation im determining the moon’s 
position, or of the ephemeris, will produce errors in the 
1esulting longitude twenty-seven times as great So if the 
errors to be anticipated in determining the place of the 
moon are of the same oider as those of determining and 
comparing the errors of the clocks by the electric telegraph, 
we might expect to attain to an ultimate degree of precision 
by the latter method twenty-seven times greater than by the 
former 


Longitude by Lunar Distances 


228 This method is chiefly useful on long sea-voyages, 
where, 1n consequence of accumulating errors, the indications 
of the chronometers become unreliable 

The observation consists in measuring with a sextant, or 
other suitable instrument, the distance of the moon’s limb 
from that of the sun, or from a neighboring star, the time 
being noted by the chronometer After this measured dis- 
tance has received the necessary corrections (to be consid- 
ered hereafter), the Greenwich time corresponding 1s taken 
fiom the tables of lunar distances of the ephemeris by the 
methodsof Art 55 The difference between this time and the 
recorded chronometer time 1s the error of the chronometer 
on Gieenwich time An altitude of the sun or a star gives 
the error on local time, the difference between the two 
errors 1s the difference of longitude 

The ephemeris gives the distance, as seen from the centre 
of the earth, of the moon’s centre from the centre of the sun, 
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from the fou: larger planets, and from ceitain fixed stars 
Situated approximately in the path of the moon’ They are 
given at intervals of three hours Greenwich mean time 

By a serics of carefully observed lunar distances on both 
sides of the moon the chronometer error may generally be 
ascertained within twenty or thirty seconds A longitude 
cdete1 mined in this wa) should be considered as lable to an 
error of five miles, a degree of accuracy which answers the 
requuements of navigation 

229 We shall consider first the distance of the sun and 
moon 

This distance having been measured and corrected for in- 
strumental errors, such as index error and eccentricity, the 
result 1s the apparent distance between the lhmbs of the sun 
and moon as seen from the point of observation In order 
to have this comparable with the distances of the ephemeris 
it must be corrected for the semidiameters, parallaxes, and 
refraction of the two bodies 

In order to apply the necessary corrections a knowledge 
of the altitudes at the time of observation 1s necessary 
When there are instruments and observers enough, which 
will frequently be the case at sea, all of the quantities may 
be obsei ved simultaneously the altitude of the sun so ob- 
served, 1f that body 1s sufficiently far from the meridian, may 
be further utilized for determining the local time 

When it 1s not expedient to make all these measurements 
at once the observer may measure the altitudes of the sun 
and moon immediately after measuring the distance between 
these bodies, the altitudes at the time of that observation 
being computed by assuming the change in altitude to be 
proportional to the change of time, an assumption which will 
not be much in error if the time 1s short 

Finally, the altitudes may be computed by formule (II), 
Art 6%, the right ascensions and declinations being taken 
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from the Nautical Almanac The apparent altitudes will be 
de1ived f10m these computed values by applying the correc- 
tion for refraction, table II, and parallax formule (VI) and 
(VI), Ait 81 This supposes the longitude to be app1ox1- 
mately known, otherwise we lack the means of determining 
the hour-angle ¢, requued in formule (II) but we shall 
always be in possession of a value sufficiently accurate for this 
purpose If in an extreme case this be not true, we may 
repeat the computation, using the value of the longitude ob- 
tained from the first computation as the assumed approximate 
value 

The co11ections necessary to apply to the measuied dis- 
tance may be computed as follows 


Correction for Scmidiameter of Sun and Moon 


230 The following quantities aie taken from the epheme. 
ris 


s = the geocentric semidiameter of the moon, 

S = the geocentiic semidiameter of the sun, 

x = the equatorial ho1izontal parallax of the moon; 
JI= the equatorial ho1izontal parallax of the sun 


The moon being comparatively near the earth, the sem1- 
diameter will vary appreciably with the altitude, there wall 
be no appreciable variation in the case of the sun The 
moon’s semidiameter varies inveisely as the distance 


In Fig 46, MOB=s 
Call MAC = ss’ = apparent semidiameter. 


/ 


ss A sn MAZ_ sin (Z-+ 9) 
naen =f “enol sag 
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= being the geocentric zenith distance of the moon, and # the 
parallax in zenith distance 


Sin (2+/)=sin Zcosg-+cos Zsin g=sin Z-+s1n p cos Z, nearly , 


from (128), sin g = sin 7 sin Z, approximately 


Therefore s’ = s(t + sin z cos Z) (392) 


Zz 


‘@) 
Fic 46 


The eccentricity of the meridian has been neglected, but 
the error 1s inappreciable for this purpose 

The correction for semidiameter will be still further mod1- 
fied by refraction Owning to this cause the apparent disks 
of the sun and moon are approximately ellipses, the refrac- 
tion being less for the upper limb than for the centre, which 
in turn 1s less than forthe lower limb We therefore require 
the radius of the ellipse drawn to the point where the curve 
is intersected by the great cicle joining the centres of the 
sun and moon 
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Regarding the figure of the disk as an ellipse, the conju- 

gate axis will comcide with the veitical circle passing 

through the centre, the sem1-transverse 

axis will be equal to s’in case of the 

moon, 4, the semi-conjugate axis, 1s 

(hs found directly from the retraction table 

\ by taking out the refraction for the 

\ X altitude of the upper and lower limbs 

respectively and subtracting one half 

the difference from s’ The angle ¢ 

formed by the radius s,’ with the con- 

jugate axis is the angle formed with the vertical circle by 

the great circle joining the centres of the sun and moon, sy’ 
being the required semidiameter 

To find the angle ¢ Z 

In the triangle, Fig 48, Z is the 

zenith, JZ and S, the moon and sun 
Then 


FIG 47 


sin = sinkcosD-+ cosisin D cos gq, 


sin AY — sin i cos /) x“ 


ay EE = ’ 


cos g = 


_ sn (D+ 2 +2 -H)cs¥D+h+ 4A) 
a la Noes mI \estDe ron, 


For computing the angle at the sun, 2 and # will be inter- 
changed 
Then in the ellipse (Fig 47) we have 


t= 5 sin ¢@, 
J = g COS gq, 
gs? iy? sei 4p 
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/ 
; SO 


Therefore SS oe 
° Vs" cos'¢ + 6’ sing 


(394) 


231 The values of s,’ computed by (394) for both sun 
and moon are then to be apphed to the measured distance 
of the limbs of those bodies We thus have the measured 
distance of the centres as seen fiom the place of obse: vation 
To obtain the required geocentiic distance this must now be 
corrected fo1 refraction and parallax 


Let D’, H’,and #’ = the apparent distance and altitudes 
of the sun and moon, 
D, H, and # = the tiue geocentric distance and altt- 
tudes 


H and # are obtained by applying to A’ and #’ the correc- 
tions for refraction, table II or ITI, and for parallax formule 
(VI) and (VI),, Ait 81 

Referiing to Fig 48, 


cosD! =sinZ/'sink'+cos// 'cosh'cosE=cos(Z7’—h')—cos Z7'cosh'asin*h£, 


cosD =sin# sink +cosA cosh cosk=cos(H — #)—cosH cosh 2sin*4£ | (G95) 


Multiplying the first of the preceding equations by cos # 
cos /, and the second by cos #’ cos #’, then subtracting to 
eliminate sin’ 4Z£, we find 


H y/ 
cos D=cos (H—A) +- eran ples D'—cos (—H’—h')] (396) 


Ds therefore expressed in terms of known quantities The 
equation is not, however, in convenient form for numerical 


~~ 


a ee ee eo Oe 


400 PRACLICAL ASTRONOMY § 232 


computation, therefore we make the following transforma- 
tion. 


cos H cos hk I cos D’ iy 
Let cos H’ cos hk’ C’ CoS ” | 
H —h' =d' cos a’ (397) 
ieee eee ae a = cos a” 


It may readily be shown that C will never be so small as 
to give impossible values to D” and a” 
(396) then reduces to 


cos D — cos D” = cosa — cos a”; 
from which 


a Qi! 
sn {D — D’) = SAREE? ain da"), . 98) 


and with accuracy sufficient for practical purposes, 


, _ sin (d+ a" ) i 
De ee py eS (399) 


As the unknown quantity D 1s involved in the second 
member, this equation must be solved by approximation 
Writing in the denominator D’ + D” for D + D”, we obtain 
a value of D which will generally be sufficiently near the 
true one In case the value found in this way differs very 
widely fiom D’, the computation may be 1epeated, using tlus 
value just found in the denominator of (399) 

232 In the above we have assumed the angle £ (the dit- 
ference between the azimuth of the sun and moon) to be the 
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same for the point of observation as for the centre of the 
earth We have seen, however, that the moon has an ap- 
preciable parallax in azimuth the value of which 1s given by 
formule (VI), Art 81, or (VII), Ait 82 

In order to deteimine the correction to D due to this 
quantity, we differentiate the second of (395) with respect to 
Dand £, viz, 


cos H coséAsin A 
aD = eect o7 iy » Tecra aa, o. =e (400) 


remembering that dE = da 

da is the parallax in azimuth computed by the formule 
above 1eferred to 

Formulze (392), (393), (394), (397), (399), (400) now give the 
true geocentric distance D, cor1esponding to the measured 
distance D’ Then by the method explained in Art 55 we 
take from the ephemeris the Greenwich time corresponding 
to this distance, the difference between this time and the 
observed time will then be the chronometer coriection on 
Greenwich time 

If a planet has been used instead of the sun, the same 
formulz will be used, but if, as 1s generally the case, the 
disk of the planet 1s bisected by the limb of the moon in 
making the observation, there will be no coi rection for sem- 
diamete: of planet The effect of parallax in case of the 
outer planets will be very small 

[f the distance of the moon from a star 1s measured, there 
will be no correction for semidiameter or parallax ot the star. 
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233 Formule for Reducing an Observed Lunar Distance to 
the Geocentric Distance 


s’ = s(t + sin z Cos 2), 
pany sin¢(D--A—AH ) cos3(D+4+-/7 ) 
I= | sn4(D—&--H ) cos (D—h—F) 
oe 
— Ws? cos’ g + & sin’ 9 


For parallax of moon, (VI), Art 81, or (VII), Art 
82 


/ 


JoJaWILIPIWeS 


Sq 


For parallax of sun, (VIII),, Art 82 (XXI1) 
cosH coséA _ 1 cos D’ ~ cos D” 
cos H’ cos kh’ ~ C’ C , Co 
H'—h'=4', cos d’ is ‘9 
a ee 2 Pg = GOS a 
,»  sngat a"), on, 
ee sin 4(D + D”) Cae) (399) 
aD a2 COS H COs ft sin E ae sesetnty sch 
sin D izimuth 


These formule have been written down rigorously, but in 
practice many abridgments may generally be made in the 
application 


Example 1856, March gth, 54 r4™ 6 local mean time, the following distance 
of the nearest limbs and altitudes of the lower limbs of the sun and moon were 


measured 
D' = 44° 36' 58” 6, H' = 8° 56’ 23", hi = 52° 34' 0” 
These values are corrected for instrumental errors 


Barometer 29 5 inches, Attached thermometer 60°, Detached ther 58°, 
Latitude gp = 35°, Assumed longitude Z=1 50° = 10" west of Greenwich 
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From the Nautical Almanac we take the following quantities 


Sun Moon 
Right ascension, a= 23" 22" 275 2) Lr™ 473 
Declination, 6=—~- 4° 3° 6" 14° 18' 41” 
Semidiameter, S= 16 8 0 —— 16 231 
Horizontal parallax, JZ = 8 6 = 60 1 9 


Sidereal ume, meannoon, 23" 11" 5° 


From the refraction table we find, for the altitudes above given, 


uw 


Refraction, lower limb 5' 42'9 43 
Approx alttude of centre, 9° 6 4B" 52° 49’ 40" 


I 


We now compute the apparent or augmented semidiameter of the moon by 
the first of (XXII) and then the oblique semidiameter of both sun and moon 
by the second ind third of these formule 


z= 37° 10' cos 7 = 9 gold 
w= 1° O'1"9 sin 2 == 8 2419 
Sum = 8 1433 
log (r + sin 2% cos 2) = 0060 
s= 9831 log = 2 9926 
s' = 996 8 log = 2 9986 
Measured D’ = 41° 36’ 58’ 6 
a 16 36 8 
S = 16 8 O 
Approximate D'= 45 9 43 4 Then for computing 7 
Sun Moon 
D= 45° 10’ Ds= 45" to 
ff[= 52 §1 f= 9 12 
h= 9 12 A= 52 5ST 


HD+A-H)= O 45 5 sin=8 1217 4(D+A—/7)= 44 25 sin=Q 8450 
HD+ALH)= 53 36 cos=g 7734 UP+A1/1)= 53 36 cOS==9 7734 
HD—-i+H)= 44 25 cosec= 1550 HD—AL/)= 0 45 § cosec==I 8783 


1(D—h-H)=—8 26 sec = 47 i(D—-h—H)=—8 26 sec= 47 
Sum=8 05.48 Sum=I 5014 
$g= 6° 5’ tandg=g 0274 $q= 79° 36’ tangg= 7507 
g= 12 10 g==159 52 
Then from the refraction table we find— 

Refraction—upper limb = 5/ 248 lowerlimb = 43'1 

centile = 5 33 6 centre = 42 7 

Therefore b= 15'59 2 6 = 16' 36' 4 
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log 6=29819 logd’ = § 9638 log 6 = 29984 = logd? = § 9968 
sin? g = 8 6476 sin? g = 9 0736 
4 6114 5 0704 
a® = 1 3407 A* = 8720 
log S’ = 209859 log S = 5 9718 log s’ = 2.9986 logs’? = 5 9972 
cos*y = 9 9803 cos? 7 = 9 9452 
§ 9521 5 9424 
BY =I 3601 Bt= 9267 

§ 9715 5 9971 
aclogden =70143 logd = 29857 aclogden = 70014 logd = 2 9986 

log Sy = 2 9821 log sg = 2 9984 
Sq = 15' 59" 6 Sq == 16' 36" 4 


Obs D'= 44° 36' 58 ''6 
TrueD’=45 9 34 6 


An approximate value of the azimuth of the moon 1s required for computing 
the parallax, also of the sun for computing the small correction dD given by 


the last of (XXII) The formule for this computation are + 
ae eee Le ee 
~ cost’ ~ sin(@— J) 


Converting the mean time of observation into sidereal time (Art 94), we find 


6= 4°26" 3° 


Sun @& = 23 22 27 Moon @ = 2" r1™ 44" 


=(§@-—-a@)= 5 3 36 ¢=2 14 16 

t= 75° 54 t= 33° 34 

Sun Moon 
6=— 4° 3! tan=8 8501, 6=14° 19! tan=9 4067 
t= 75 54 cos=9 3867 1=33 34 cos=9 9208 
M=—16 12 tan=9 4634n M=17 I tan=9 4859 

g@= 35 0 Q=35 0 

p—M= 51 12 cosec(g—M)= 1083 w—M=17° 59’ cosec(p—M)= 5104 
cos M=g 9824 cos M7=9 9806 
tan 7== 6000 tan 7=9 8219 
a= 78° 29’ tana= 6907 a=64° 3/ tanag= 3129 


oc ai 


* Addition logarithms + (II), Art 65 


“YO ~S 
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For parallax, (VITI);, Art 8&2, 


2 —z= TTsinz’, 


(VII), Art 82, 
¥ =(P— —) cosa 


sin (¢’ — .) = PORES uel cit Bet Z 


sin (a’ — a) 


U 


co’ = 80° 53' I1' 4 
log 7 = 0 9345 
sin 2’ = 9 9945 
log (2’ — s) = 0 g290 
g—2z= 8" 5 
Therefore BS dees ae ey ae 


log p = 9 99952 
sin 7 = 8 24208 


cos (p — oy’) = 0 

sin (z' — v7) = 9 78036 

sec y = fe) 

sin (s' — z) = 8 02196 
ee re 36 9" 6 


A — 53° 26! 3" 3 


We now compute (397) ana \399) 


= yg? 657 1 
he 83 2h 33 
W'= 9 12 22 2 
ho= 52 50 36 4 
d=—4} 19 6 2 
d'= — 43 38 14 2 


cos D! = g 8482718 
= 9 8424091 


cos d’ = 9 8595724 
cos Jd" = 9 8537097 


cos ¥ 


psin sin (~ — @’) sina’ 


s1n & 


log (p — g') = 2 81158 
cos a = g 64106 
log y = 2 45264 

y= 4’ 44 

sf = 99" to 6' 4 


log Pp = 9 99952 
sin 7 = 8 2.14208 


sin (P — Q~) = 7 49715 


sin a’ = 9 95384 
cosec z= 22494 
sin (a' — a) = 5 91753 
a—az 17" 1 
cos = 9 9944799 
cos = 9 7750603 
sec = 0056304 
sec = 2189667 
I 
log c= 9 9941373 
D' _ 45° Q' 34" 6 
D'= 45 55 7 0 
a@=—44 Ig 6 2 
d''=— 44 2613 7 
(d+ d") = — 44 22 40 0 
(D' + D'")= 45 32 21 8 
ad — da" = 4275 
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First Approximation Second Approximation 
sin 4(@ + d") = 9 84472n sin $(@ -+- da") = 9 84472n 
log (d — a") = 2 63094 log (@ — d') = 2 63094 
cosec 3(D' + D") = 14647 cosec (D+ D") = 14409 
log (D — D”) = 2 62213n log (D — D") = 2 61975n 
D— D" =—4189 D—D"= —6' 566 
D = 45° 48’ 8! D = 45° 48’ 10" 4 
1D + D") = 45 51 37 5 dD = 3 5 


D=45 48 13 9 
Correction for parallax in azimuth 


E= A' —a= 14° 26’ 
cos A = 9 9945 
cos 4 = 9775! 
sin Z£ = 9 3966 
cosec D= 1445 
log (a’ — a) = I 2330 
log dD = 0 5437 
aD= = 3!'5 


We have now to take from the Nautical Almanac the Greenwich time corre- 
sponding to this distance by the method explained in Art 55 For 1856, March 
oth, we find the following distances of the sun and moon 


12h D = 43° 59' 31” PL = 2493 
15 45 40 54 2510 
18 47 21 53 2527 


We have therefore to interpolate between 15" and 18% 
Referring to formula (106), we have 


a= 7 19"9 log = 2 6433 

PLA = 2510 

i= 13m 4* log ¢ = 2 8943 
Therefore 7 = 154 13™ 4 
* Correction for 2d difference —I 
Resulting Greenwich time 15 13 3 
Local time of observation 5 14 6 


Resulting longitude 9 58 57 


The above solution of this problem is only one among many, as it has re- 
ceived much attention from mathematicians on account of its importance to 


oe ee 


——— - ——— — eee ee ee eee 


* ‘Laken from table I at the end of the Niutical Alminic 
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The majority of the solutions are only approximate, the design 
being to reduce the numerical work to a minimum without at the same time 
sacrificing too much in the way of accuracy Such methods may be found in 


any work on navigation, and will be preferred where only an approximate so- 
lution 1s required 


navigators 


As may be seen, the solution which we have given may be considerably 
abridged without a great sacrifice of accuracy The differences between the 
oblique and vertical semidiameters of the sun and moon are very small, and the 
correction for parallax in azimuth 1s not large When we remember that the 
least reading of the sextant 1s 10’, and that measurements of this kind are quite 


difficult, it will be seen that often little will be lost by neglecting this part of 
the computation 


Longitude by Moon Culminations 


234 The right ascension of the moon may be determined 
by means of a transit instrument, mounted at the place whose 
longitude 1s required, and the local time of observation com- 
pared with the Greenwich time corresponding to this 1ght 
ascension, either by taking this time fom the ephemeris of 
the moon, or by means of similar observations made at 


Greenwich, or some place whose longitude from Greenwich 
is known 


Comparison by means of the Ephemerts 


235 The transit instrument having been adjusted as ac- 
curately as may be, the transit of the moon's bright limb 1s 
observed, together with a number of stars suitable for de- 
termining the errors of the instrument and the clock cor- 
rection The corrections necessary to give the moon’s right 
ascension, from the obsei ved time of transit of the limb, are 
then applied accoiding to formule (XIX), Art 195 The last 
term of the formula may be taken from the table of moon 
culminations where it 1s given under the heading “ Sidereal 
time of semidiameter passing meridian ” 


Al4 PRACTICAL ASTRONOMY § 237 


236 To insure greater accuracy, the moon’s 119ht ascen- 
sion may be derived by comparing the observed time of 
transit with that of about four stars differing but little from 
the moon in declination, two culminating before the moon 
and two after A list of stars suitable for this purpose was 
formerly given in the ephemeris, under the heading “ Moon 
culminating stais,”’ but it has been discontinued since 1882 
It 1s an easy matter for the observer to select suitable stars 
from the general list of the ephemeris 


Let A, = the right ascension of the moon’s bright limb at 
the instant of culmination , 
A = the 11ght ascension of the moon's centre, 
clock time of obse1ved transit of limb, cori ected 
for all known instrumental erroisand for rate, 
a.@ = right ascension and time of transit rcspectively 
of a stai, the time being corrected for in- 
strumental e11018 and rate of clock, 
S, = sidereal time of semidiameter passing the meri- 
dian, taken from ephemeris 


® 
| 


Then A,—a=6— 6, 
A, = «+0-9,t (401) 
A=A, +5, 


This quantity A 1s then the local sidereal time of transit of 
the moon’s centre 

237. We have now to take from the ephemeris of the moon 
the Greenwich mean time 7 corresponding to this value A 
of the moon’s right ascension, the mean time 7 must then 
be converted into the corresponding Greenwich sideieal time 
©, Then A being the difference of longitude, we have 


A=, — A (402) 


a tal ._™« te = he Se Dio 
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The time Z may be interpolated to second differences from 
the ephemeris, as follows 


Let A, = the ephemeris value nearest to 4, 
7, = the corresponding time 


Then 7, -+ z == the requiied time corresponding to A. 


Pie 
At 


Let ZA = the difference of nght ascension for I minute, 
taken from the ephemeris; 


6A = difference between two consecutive values of 
AA 


6A then equals the change in 4A mone hour Then if 71s 
supposed expressed in seconds, we shall have to second dif- 
ferences inclusive 


aA al a 6A 


dl ~ = = (60)" 
I a 
6s a—aA 
Fiom which i= EL ss af. 
SA oe 
4A+d6A aos 


and with sufficient acculacy, 
6o[ A eek t | 
Soa OG Ls A . « (403) 


60fA — A i x oA 
Writing «= - Neo i * =~ 7200 4A’ 


then (403) becomes toe” . (404) 
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Example Among the observations of the moon made at 
Washington I find the tollowing 


1877, May 23d Observed right ascension 


of the moon’s centre, A = 13" 28" 5°02 
From ephemeris of the moon, 7, = 14", A, = 13 27 301 
4A= 20996 A—A,= I Itt 
6A=-+ 0029 60(\4 — A,) = 36666 log = 3 56426 
log 4A = 32213 

4% = 297 OF 4 log + = 3 24213 

ase = 6 log #° = 6 48426 

¢#=29 58 log (— 6A) = 7 46240, 

aclog JA = 9 67787 


ac log 7200 = 6 14267 
T+ ¢ = 14 297 5°8 


log #’ = 9g 76720, 


This 1s now the Greenwich mean time corresponding to 
the Washington sidereal time A In order to compare the 
two, Z,-+ ¢ must be conveited into sidereal time 


te ae a 14" 29™ 5°8 


Table III, Appendix N A, 2 22-99 
Sidereal trme Greenwich M N = 4 4 48 56 
Greenwich sidereal time O,= 18 36 17 1 


A1=0,—A = 5" 8 121. 


the required difference of longitude 

238 If the ephemeris were perfect, very little could be 
done further in the way of perfecting this method The 
errors of the ephemeris, however, are not inconsiderable, and 
in consequence it cannot be used directly as above, except 
when an,approximate value of the longitude 1s sufficient 
For the year 1877 the average correction to the 1:ght ascen- 
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sions of the ephemeris, as derived fiom 66 observations at 
Washington, was—* 31, which would have produced an error 
of 8° 1n the longitude if the observations had been used for 
that purpose 

Eithe: of two different methods may be used for eliminat- 
ing from the result these errors of the ephemeris 

Furst Correction of the ephemeris This method 1s due to 
Prot Pence * Theephemeris 1s compared with allavailable 
observations of the moon made at Grecnwich, Washington, 
and other fixed observatoiies duiing the lunation, and in 
this way a series of corrections to the ephemeris obtained 
which, as they depend on all available data, aie much more 
1eliable than simply the place of the moon obsei ved at any 
one observatory 

Pence found that to: each semilunation the coriections to 
the right ascension of the ephemeris could be represented 
by the formula 


eA ae Bia Ce: (408) 


X being the correction required, ¢ the time 1,eckoned from 
any assumed epoch (which should be chosen near the muid- 
dle of the period under consideration fo. greater conven- 
ence), and A, B, and C being constants determined fiom the 
observations made at Washington, Greenwich, etc The 
ephemeris when so corrected 1s used as already explained 

239 Second Corresponding observatwns The difference in 
the longitude of any two points may be found by com- 
paiing the values of the ight ascension of the moon ob- 
served on the same night at both places 

The times of transit of the moon’s bright limb and of the 
compaiison stars are observed at both places and the cor- 
rections applied as already explained to find the right ascen- 


- ” 


* Report of U S Coast Survey 1854, p 115 of Appendia 


418 PRACLICAL 487RONOUY § 239 


sion of the centre at the instant of transit It will bea ht- 
tle better if the same comparison stars are used at both 
stations 


Let Z, and Z, = the assumed longitudes of the two sta- 
tions , * 
A. = the true difference of longitude, 
A,and A, = right ascensions of moon’s centre from 
observations at Z, and ZL,, 
ff = variation of 11ght ascension for one hour 
of longitude, while passing from mer- 
dian of Z, to that of Z, 


Then A,—A,=AH, 
A, ae A, 
A= any a (406) 


fT 1s taken from the table of moon culminations, whete it 
is given for the instant of transit of the moon’s centre over 
the meridian of Washington When used as in (406) its 


value must be interpolated for a longitude midway between 
Land L, 


Axanmple As an example of the determination of longitude by corresponding 
observations let us take the transit of the moon the observa’ions and reduction 
of which are given in Art 1096 

We have there found for 1883 October 15 


Right ascension of moon’s first limb, 1 r5™ 508 08 
Second} limb, 1 18 41 76 


At Washington the right ascensions of the limbs were observed as follows 


First limb, 1° 16™ 78 38 
Second limb, 1 18 28 69 


Rants cen a ~_-_— = ———— <- - ——- ~ - —-=— ate 


* Reckoned from Washington or Greenwich according as we use the epheme- 
ris computed for Washington or Greenwich One of the longitudes, Z; or Zs, 
must be known with some accuracy 

+ This is corrected for defective illumination 


1 
! 
| 
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Taking the mean 1n each case as the observed tight ascension of the centre, 


we have 

f A, =I 1r7™ of g2, 

; Ag =I 17 18 035 

‘ Ag—A,= 17° 115 
From ephemeris, 2 = 153° 88, 

y 

J Ag—A 

‘ —La 7 2 = of 1112 = 6™ 4o® 3 


The difference of longitude between Washington and Bethlehem determined 


telegraphically 1s 6™ 40° 2 Lhis close agreement 1s of course accidental, a 
deviation of four or five seconds from the true value would not have been sur 
prising 


If we reduce the observations of the two limbs separately, we find 


First limb, A = 6™ 44" 7 
Second limb, A=6 36 0 


The mean being the same as above This 1s an illustration of the necessity of 
employing transits of both limbs Frequently the difference of longitude de- 
termined separately fiom transits of each limb will show much wider deviations 
than this, even when all possible cire 15 taken to avoid error 

To illustrate the method of Art 236 for deriving the moons night ascension 
by means of comparison stats, take the following transits of the moon 
Ff Prscium and v Piscrum observed at the Sayre observatory, 1883, October 15 


Object Clock Time These times are corrected 
for insttumental errors, and 
that of the second limb of 


aaa Ee = a: a the moon for defective ilu- 
Moon II 1 18 17 23 mination The clock-rate 


y Pisc1um I 35 30 41 1s inappreciable 


—— amare everermacae oe e eaeen Reremieran — = i ee 


J Piscium v Piscium J Piscium vy Piscium 
8 rh y1™ gc8 67 18 95™ 30% 41 a. a5 yx™ 50% 06 1D 35™ 24° 87 
@ I 1s §5 55 | = 15 55 55 Ag | t 1§ 49 94 | © %3 50 Ot 
e/ 1 18 17 23 r 18 #17 23 Ay 1 18 a 62 x 18 1: 69 


? 
® —9@ 59 88 —19 34 86 Mean of 4 x 18 49 98 
a ax 56 —17 13 18 Ag’ 1 18 ir 06 
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This method of deriving the moon’s right ascension 1s employed with most 
advantage when the same comparison Stars are used at both places whose dif 
ference of longitude 1s required, as then uncertainties in the places of the stars 
will produce no appreciable effect on the result 

In our example we have prefeired to use the value of the moon’s right 
ascension derived in Art 196, since the value of 4 7 there used was obtained 
from transits of a number of stars, and thus a result obtained more likely to be 
reliable than the one above, which depends only on two Stars 

240 If the difference in longitude between the two places 1s more than two 
hours, the above method requires some modification, as then the third differ- 
ences in the hourly motion # will be appreciable 

The right ascensions 4; and Aq are obtained from observation precisely as 
before , then the right ascensions are taken from the ephemeris for the time of 
culmination at the two meridians, using for this purpose the assumed values of 
the longitude 


Let a; and a, = values of the right ascension taken from the ephemeris for 
the assumed longitudes Z; and Za, 
4a = correction to the ephemeris 


Then a + Ae and a + Ja = true values of the right ascension 


If then Zaand Z, are the true values of the longitude, (w, + Je) — (ai 4a) 
= Q, — , will be equal to 4a — Ai 


Let Z; — Zi: + 4Z = true difference of longitude Then 4Z 1s the correc 
tion to the assumed difference of longitude 


Let w= (Ag — Ai) — (a — &) 


Then AL= = (407) 


H being, as above, the hourly change in the moons right ascension, 4L will 
here be expressed in hours To reduce to seconds we multiply by 3600, viz , 


3600 
AL = TT (408) 


This process 1s sufficiently simple in theory, but 1f the table of moon culmina 
tions 1s employed the moons mght ascension must be interpolated to fourth or 
fifth differences, which will involve considerable labor By using the hourly 
ephemeris of the moon the interpolation need only be carried to second differ- 
ences In any case we must assume the moon’s motion in right ascension 
given in the ephemeuis to be correct 
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The hourly motion, //7, 1s taken fr 
elds om the ephemeris for the t 
tion at the meridian whose longitude 1s to be determined ea Get 
fxaneple 183, October 16 the moons right ascension was determined by 
median observation at Greenwich and Bethlehem as given below The 
transit of the second limb was obseived, the Bethlehem observations bein 
made and reduced precisely as in the example of Art 1096 . 


At Greenwich, 4; = 2" 6" 17 46 
At Bethlehem, 4, =2 I9 32 18 


From the hour.y ephemeris of the moon we now take the right ascension of 
the moon’s centre Since the argument 1s the Greenwich mean time, we must 
convert the above values of the right ascension, which are equal to he sidereal 
times of observation, into the corresponding Greenwich mean solar time 
using for the longitude of Bethlehem the best approximation to the true value 
whiuh we possess Thus 


Local sidereal time Ag = 25 19™ 32° 18 
Assumed longitude from Greenwich 5 I 31 9 
(xsreen wich sidereal time 2) 6™ 17* 46 7 2 4 08 
Sidcreal time, mean noon 13 38 38 61 13 38 38 61 
Sidereal interval past noon I2 27 38 85 17 42 25 47 
‘Lable II, Appendix of Ephemeris 2 2 48 2 54 05 
Grecn wich mean time 12 25 36 37 17 39 31 42 
For these times we find a, = 2) 6" 178 61 @q = 24 Ig™ 32° 38 


From the table of moon culminations—page 379 of Ephemeris—we find for 
the hourly motion in right ascension at the time of the Bethlehem observation, 


HAT = 158 58 
Then by formula (408), AL=—*'05X a =—I'I 
We have assuned y Se 5h I™ 31° 9 
Tunal value of longitude, 5 I 30 8 


24X ‘The determination of the moon’s right ascension by the difference be- 
tween the time of transit of the moon and a neighboring star does not do away 
with the necessity for correcting the observed times for all known errors of the 
transit instrument as explained in Articles 195 and 196 What we require 1s 
the right ascension of the moon’s centre at the instant of transit over the 
meridian of the place of observation Since this right ascension 1s constantly 


changing, if there 1s an uncorrected error of 7 seconds in the reduced time, it 
" 


4 
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is precisely the same as though the moon were observed with an instrument 
perfectly mounted in a meridian differing from this one by z seconds Thus 
an uncorrected instrumental error affects the resulting longitude by its full 
amount 

In order to obtain the best result from the method of moon culminations the 
observations should be arranged so as to include about an equal number of each 
limb , that 1s, the moon should be observed about the same number of times 
before and after full moon In this way uncertainties in the value of the sem1- 
diameter will be eliminated, and to some extent the personal equation of the 
observer in estimating the instant of transit of the limb As the difference 
between the values of the longitude, determined from the first and second limbs 
respectively, from observations embracing an entire year, frequently amounts to 
1o*, the importance of this will be obvious 

In a discussion of the limit of accuracy attainable in the determination of 
longitude by moon culminations, Prof Peirce gives ** 101 as the probable error 
of a single determination of the nght ascension of the moon The probable 
error of the difference between two observed right ascensions would then be 
* 142, the probable error of the resulting longitude 1s twenty seven times this, 
or 3°83 By using an ephemeris corrected as before eaplained, this probable 
error of a single determination is somewhat reduced 

If now the law of distribution of error, which forms the basis of the method 
of least squares, were the only thing to be considered 1n making and combining 
observations, we could by a sufficient accumulation of individual determinations 
reduce this probable error to an unlimited extent In this case, however, as 1n 
all cases where quantities are determined by observation, the errors of a purely 
accidental character are so combined with others of a constant chaiacter that 
accumulation of observation beyond a certain limit adds but little to the accu- 
racy of the final result 

Prof Peirce estimates the ultimate limit of accuracy which we can hope to 
reach in determining a quantity by observation at about four times the accuracy 
of the most carefully executed single determination If then we assume that it 
is possible to determine the difference in the moon's right ascension within * I 
by a single observed transit at each place this would give a value of the longi- 
tude accurate to within 2*°7 The ultimate degree of accuracy which could be 
attained would then be within * 67 of the truth Owing, however, to the unex- 
plained discrepancies in the results from the two limbs of the moon, this ultt- 
mate error 1s probably too small Prof Peirce places the limit at 1° 00, a limit 
which might be reached by observing all available culminations for two or three 


years, but which would not be much reduced by a further accumulation of 
observations 


re 


— ee - _- 


* Report of U S Coast Survey 1854, p 112 of Appendix 
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Determination of Longitude by Occultations of Stars. 


242 The observation of occultations of stars by the moon 
and of eclipses of the sun furnishes, next to the telegraphic 
method, the most accuiate means of determining the afer. 
ence ot longitude between two places* Prof Peirce esti 
mates the ultimate accuracy attainable by this method as 
within one tenth of a second of time 

The mathematical theory of eclipses and occultations of 
stars and of planets by the moon, and of fixed stars by 
planets, may all be embraced im one general discussion It 
Ig not proposed to enter here into the general problem ot 
eclipse piediction, as it would lead us beyond what 1s de 
signed to be the scope of thiswork We shall therefore con- 
fine ourselves to so much of the problem as relates to the oc- 
cultation of fixed stars by the moon 


General Theory 


243 The distance of a fixed star 1s so great In comparison 
with the distance of the moon that the rays of hght from 
the star enveloping the moon may be 1egarded as forming a 
cy lindrical surface, the radius of the cylinder being equal tu 
the radius of the moon If this cylinder intersects the earth 
the star will be hidden fiom all parts of the earth’s surface 
within the cylinder Let a line be supposed diawn from the 
star though the centre of the moon this line will form the 
axis of the cylinder, and the point where it pierces the celes- 
tial sphere coincides with the place of the star 


-_—_OO 


om. a = ao) ees na eS i a a a ee 


* When the places are favorably situated for a chronometric determination 
that method mav be preferable but a high degree of precision 1s not posstble 
when the chronometers ale transported by land 


— 
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Now let a plane be passed thiough the centre of the earth 
perpendicular to this line this plane is called the funda- 
mental plane, and 1s taken as the plane of “Yin considering 
the rectangular co-ordinates of the pomts entering into the 
problem The axis of X 1s the line in which the funda- 
mental plane intersects the plane of the equator, the positive 
axis of Yis directed towards the north, and the axis of Z1s 
parallel to the axis of the cylinder, the origin of co-ordinates 
being the centre of the earth 

244 To find the distance of any potnt on the earth's surface 
from the axis of the cylinder 


Let a, 6 = the nght ascension and declination of the star, 
A, D,r = the night ascension, declination, and distance 
from the centre of the earth, of the moon's 
centie, 
x,y, =the 1ectangular cooidinates of the moon’s 
centre 
Let the axis of X be positive in the direction of the end 
whose right ascension 1s equal to 
go” + a 
Then &, Fig 49, being the centre 
of the earth, 7 the moon, and P the 
pole, we have 
P 


- *x=rcos MX, 
y=rcos MY, 
s=rcos MZ 


Y From the tiiangle PX, 


Fic 49 
MP = 90° — D, PX=090°, MPX= 90° —(A —- 2) 
Therefore cos MX = cos Dsin (A — &) 


Similarly from triangles MPZ and MPY we find the values 


$ 
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of cos MZ and cos MY, from which result the following 
equa*ions 


z=*rcos WD sin (A — a), 


y =r\{sm D cos 6 — cos Dsin 6 cos (A — al], } (409) 
zg = 7(sin Dsin 6 + cos D cos 6 cos (A — a)}- 


Ass the axis of the cylinder 1s parallel to the axis of Zand 
passes through the centre of the moon, # and y will be the 
co-ordinates of the point where this axis pierces the funda- 
mental plane 

For our purposes 2 will not be 1equired For computing 
x and y with extreme accuracy it 1s convenient to transform 
(409) as follows 


Let z = the equatorial horizontal parallax of the moon. 


Then r= = expressed in terms of the equatorial radius 
of the earth, 
and t= cos D sin (A — 4) 
Slll 7 
sin (D—6)cos’4(A —a)+sin(D-+6)sin*4(A — a) 
7 a 


24% Let &, 7, andé@ = the rectangular co-ordinates of a point 

on the earth’s surface , 

p= the line joining this point with the 
centre of the earth, 

g@ =the geographical latitude of this 
point , 

g' = the geocentric latitude, 

yt = the local sidereal time 


426 PRACTICAL AS]RONOMS S 245. 


Then in Fig 49, 1{ we suppose Jf to be a point on the sur- 
face of the eaith whose co-ordinates are &,7, and 6, we have 


§ = pcos MX, y= pcosMY, 6é= pcos MZ 

In the triangle MPX 
MP=00° — 9’, MPX = 90° — (u— a), PX = 90° 
Therefore cos MX = cos @’ sin (u — a) 

In the tnangle PY 

PY=6, MPY= 180° — (u— a). 
Therefore 
cos MY = sin g’ cos 6 — cos g’ sin 6 cos (u — @), 

and similarly for cos /Z, so that finally 


& = pcos g’ sin (u — @), 
n = p[sin g’ cos 6 — cos p’ sin 6 cos (u — @)], (411) 
é= p[sin 9’ sind + cos g’ cos 6 cos (u — @)] 


These formule may be computed in this form, or they may 
be adapted to logarithmic computation, as follows. 


psin p = dsin B, 
pcos g’ cos (u — a) = bcos B, 


& = pcos 9’ sin (uw — @), (412) 
7 = dsin (B — 9), 
6 = bcos (B — 9) 


(4 — a@)1s the hour-angle of the star as seen from the given 
point on the earth’s surface at the instant for which 4, », 
and ¢ are computed 


ae a DR WEEP 


~~ are Phe. 
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Let H = the Washington hour-angle of the star, 
h, = the local hour-angle = yw — a, 
A = the west longitude of the point &, 7, é. 


Then h,= H—A (413) 

Let 4 = the distance of the point fiom the axis of the 
shadow 

Then A=V(«*e—S/+(y—ny . (414) 


At the instant of the beginning or ending of an occulta- 
tion, it is evident that the point &,1, 2 will be in the surface 
of the cylinder, and the distance fiom the centre Ais equal 
to the radius of the cylinder, which im turn is equal to the 
radius of the moon, or 2723, expressed in terms of the earth's 
equatorial radius Therefore 

The condition for the begmning or ending of an occultation at 
any place 2s 


k= 273 = V@e—-a+0-7 (415) 


Predution of the Principal Phases of an Occultatron 


246 The instant of beginning and ending of an occultation 
are called respectively the time of zmmersion and emersion 
We shall at first suppose 1t to be known that an occultation 
of the star under consideration will be visible from the given 
place ona given day, and shall develop the formule for de- 
termining these two phases—viz , of zmmersion and emerszon 

For this purpose we require the solution of equation (415) 
for the local time TZ, of which 2, y, &, and 7 are functions. 
The equation is ft anscendental and of such a form that a 
direct solution 1s not possible In fact it will readily appear 
that an infinite number of values of 7’ must satisfy this equa- 
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tion, since the same star may suffer occultation an indefinite 
number of times 

Equation (415) must therefore be solved by approximation, 
the most convenient method being as follows # and y are 
computed for a time Z as near as may be to that of the re- 
quired phase For the first approximation the time chosen 
is commonly that of the geocentric conjunction of the moon 
and star in rightascension This time is readily found from 
the hourly ephemeris of the moon by finding the Green- 
wich time when the moon’s right ascension is equal to the 
right ascension of the star If, as will commonly be the case 
in the United States, the meridian from which the longitude 
is reckoned 1s that of Washington, the above time will be 
converted into Washington time by subtracting the differ- 
ence of longitude between Washington and Greenwich, viz, 
52 8™ 128 09 

The object of this computation will generally be to deter- 
mine the time of immersion and emersion, to assist 1n ob- 
serving the occultation For this puipose great accuracy will 
not be necessary, in fact an erro1 of a whole minute in the 
computed time would not, ordinarily, be a serious matter 
The general formulz may therefore be much abridged In 
any case 1t would be superfluous to use the ngorous formule 
in the first approximation 

247 We first compute +z, y, &, and 7 for the instant of 
geocentric conjunction of the moon and star in mght ascen- 
sion, viz, when 4 = a _ For this instant (410) may be wnit- 
ten 


oh $e 416) 


For the short interval between conjunction and immersion 
or emersion we may then assume the change in x and y to 
be proportional to the time 
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Let #’ and y’ = the changes in + and yin one hour, mean 
solar time 


Differentiating the expression for + 1n (410), and for y in 
(416), we have for the instant of conjunction 
ab 


aA 
r= cos J, fier 
Sin 7 Sin 7 


Let 4A and AD = the hourly changes 1n the moon's right 
ascension and declination taken fiom 
the ephemelis 


_ AD 
¥=inx (417) 


AA 
Then oo ai cos D, 


x,y, «and 7’, being independent of the place of obse1 vation, 
may be computed fon any future time, and will be available 
for all parts of the earth from which the occultation 1s visi- 
ble Their values are given in the American Ephemeris 
for all the principal stars occulted throughout the year 
When1equued for this purpose they may therefore be taken 
directly from that publication 

248 We must next compute &, 7, &' and 1)’—the latter be- 
ing the change in & and 17 for one hou: mean solar time 
& and 7 are given by formule (411) or (412) 

Fo: computing &’ and 7’ we differentiate the first and sec- 
ond of (411) with respect to (u — a), VIZ 


d& = pcos g’ cos (mM — a) d(u — 2), 
dn = pcos gy’ sin 6 sin (u — a) Ae — @) 


(u — a) 1s the hour-angle of the star Let us now substitute 
for du — a) the change which takes place in the value of 
this hour-angle in one mean sola: hour 


1o™o? mean solar time = I" 0" g* 856 sidereal time = 54148” 
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Therefore Ay — a) = 54148” sin 1” (418) 
&’ = [9 419157] p cos g’ cos(u¢— a), (419) 
W = [9419157] p cos 9’ sin (u— a)sin o. 


Let 4 = the moon’s radius expressed 1n terms of the earth’s 
radius = 2723, 
f = approximate time of immersion or emersion,* 
T+ r= true time of phase 


t will then be an unknown correction to 7 to be determined 
x,y, 6, and 7 having been computed for the time 7, their 
true values will be 


eter, gytyt &+8't, ytn’t (420) 


Let the auxiliary quantities Q, m, JZ, x, N be determined 
as follows 


+k sin Q = (x —_ &) _— (x = eV 

£ COs Q = Cy aes 71) +L (¥/ = n')r, (421) 
msin M = (x — &), nsin N = (#/— &, 
mcosM=(y—7), ncosN=(y' —7’) (422) 


Then (421) become 


&£sinQ=msin M-+ rasin J, 
kcoos Q = mcosM 4+ tm cos N 


From these we derive 


é£sin (Q — N) =msin (M— WN), 
£cos(Q — N) =mcos(M— N) + xt. 
* For the first approximation the time of conjunction in right ascension may 
be used as before explained 
{ It will be observed that these two equations are identical with (415) 
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Let us write Q —-N= p 


(423) 


7 a Foose m cos (M — NV) 
= % n 


Thus we have our equation solved for rt and consequently 
for 7+ 7 Since the algebraic sign of cos + 1s not deter- 
mined, the last equation gives two values of 7, that value cor- 
responding to the minus sign of cos # giving the time of 
immersion, that given by the plus sign being the time of 
emersion. 

The iesulting times will only be approximations to the 
true values, since in deriving them we have neglected the 
second and higher ordeis of differences in the variation of 
x,y, &, and 7 

If we require the time more accurately, we may now as- 
sume these approximate values of Zand recompute formule 
(411), (419), (422), and (423), thus obtaining a second approxi- 
mation to the values of 7 for immersion and emersion 


Position Angle of the Star 


249. The accurate observation of the star’s emersion will 
be gieatly facilitated 1f we know in advance the exact point 
on the moon’s limb where its appearance may be expected 
This point 1s determined by its position angle, which is the 
angle measured from the north point of the moon’s limb 
around towards the east to the point in question We may 
perhaps define this angle more clea1ly as follows 

Suppose two great cucles drawn from the moon's centre 
respectively through the pole and the star the position angle 
will then be the angle between these ciicles, measured from 
that drawn through the pole around towards the east 
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In equations (421) z, y,&, and 7 being the 1¢ectangular co- 
ordinates of the moon’s centre, and of the place of observa- 
tion on the earth’s surface, let us suppose a system of rect- 
angular axes drawn through the latter point and parallel to 
the old axes (x — &) and (y — 7) will be the rectangular 
co-ordinates of the moon’s centre in reference to this new 
system 

Since 41s the moon’s radius, equations (421) require Q to 
be the position angle of the moon's centre, measured fiom 
the axis of Y Now it 1s evident that when the star is in 
contact with the moon’s limb, which is the condition ex- 
pressed by equations (421), the position angle of the star 
measured from the north point of the moon’s limb will differ 
from the position angle of the moon’s centre measured from 
the axis of Y by 180° 


Fig 50 Fic 5x 


Thus, in Fig 50, the star at Immersion being at 4, VMA 


is the position angle required Calling this angle P, we 
have 


P= Q— 180° 
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At emersion, as shown in Fig 51, the position angle P wil 
be the angle VESWA Therefore 


P = OQ + 180° 
Then since, equations (423), Q = V+ 7, we have 


For immersion P = NV »— 180° 
ss pies (424) 


For emersion P= V+ 4+ 180° 


If the telescove used 1s mounted equatonially and provided 
with a position micrometer,* this point may be kept in view 
very readily by placing the miciometer-thread tangent tc 
the moon’s hmb at the point 

If the telescope 1s not provided with a micrometer, a sin- 
gle thread may be placed in the focus of a common eye- 
piece, and a rough giaduation marked around the 11m [his 
thread may then be set in the direction of the tangent to the 
moon’s limb as before 

250 If the telescope has only an altitude and azimuth mo- 
tion, 1t will be convenient to measure the angle from the ver- 
tex, o1 highest point of the moon’s limb, instead of the north 
point : 

Consider the triangle formed by the zenith, 
the pole, aud the moon’s centie 


ers ° 
90 
Let V = the position angle measured fiom 
the monn’s vertex 
Then, refering to Pig 52, m\___—z 
Fic 52 
Y= P= 6 (425) 


_ —--— 


* In a position micrometer the reticule revolves in a plane perpendicular to 
the line of collimation of the telescope, and the threads mav be placed at any 
angle with the meridian by means of a graduated circle On the other hand, 
by the same circle the angle formed with the hour circle of a star by the line 
joining it with any other star in the field of the telescope may be measured 


{ 
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To determine C, apply to the triangle the formule of 
spherical trigonometiy, viz: 


sinZ sin C = cos @ sin (u — A), t (426) 
sin Z cos C = sin @ cos 6 — cos @ sin 6 cos (u—A). 


Since C will not be 1equired with extreme precision, and 
at the time for which C 1s required the 11ght ascension of 
the star differs but ttle from that of the moon, we may 
write, bearing in mind the values given by equations (411), 


sea hae staae Z 
sin ZcosC = 7,)~ (427) 
and since at the instant of contact the values of € and ” are, 
by equations (420), § + &’r and 7 + nz, 


E+ &'r 
tan C= SE . eee (428) 


251 In connection with the elements for predicting the 
occultation of a given star, found in the American Ephemeris, 
there are given the limiting parallels of latitude within 
which the star will be occulted It does not necessaril y fol- 
low, however, that because a place 1s within the hmits there 
given the star will be occulted at that place The limiting 
curves do not coincide with parallels of latitude, as we might 
show by investigating the theory farther, or as may be seen 
by referring to the charts of solar eclipses to be found in any 
numbe1 of the ephemeris 

In case the point falls outside the limit of occultation, 1t 
will be shown in computing 7 from equations (423), when 
we should find sin (M — NV) > , thus making sin + >1, an 
impossible value 


As the observation of occultations near this limit is not of 
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gicat value for the determination of longitude, it will not be 
wo1th while to make a very close computation to ascertain 
whethe: the occultation actually does occur when it 1s found 
to be near the limit 

252 The successive steps in preparing to observe the oc- 
cultation of a Nautical Almanac star at a given place, assum- 
ing it to be visible at that place,* are therefore as follows 

I We take from the “Elements for the Prediction of Oc- 
cultations” of the American Ephemeris the Washington mean 
time of geocentiic conjunction 7Z,, the Washington hour- 
angle A, also Y, #’, y’, and the star’s apparent declination ¢ 

If 7, and A are reduced to the local time and hour. 
angle by applying the correction for longitude, A 

psin g’and pcos g’ aie to be found by the use of table A. 


TABLE A 

) log F log G 

O° 00000 

5 OOOO 1 
10 00004 

15 etele} ce) ; 
20 00017 This table is for computing p cos @ 
2 00026 and psin @g’, which will be given by 
30 00036 the formulze 
35 000 18 
e jodie pcos o' = F cos 9, 
4 00073 
50 00085 psin g = oe 
BS 000798 G 
60 00109 
65 OOIIYO 
70 00128 
75 00136 
80 OOI 4! 
85 OOI43 
go OCOL45 


= — = Py - _- 


* We shall subsequently show how to select from the list of stars of the 
American Ephemeris those whose occultation 1s likely to be visible from a 
given place on a given day 


436 PRACLICIL ASTRONOMY § 252 


III We then compute <, 7, &’, and 1’ for the local mean 
solar time, (7, — A), by the formulee 


§=pcos g’sink,,, (411) 
7 = psin yg’ cos d — pcos gy’ sin 6 cos&, $° 


& = [9 4192] p cos 9’ cus h,, - (419) 


7 = [9 4192] 2 cos 9g’ sin f, sin d 
In which A,=ff—-A=p—-a 
IV m, M, 2, and N are computed by 


msn A = « — &, asin N= x’ — &’ 
. oh. (422) 


7 COS Ml =—y — i cos /V = y’ i n’, 
then »andrby sing = a’ | 
(423) 


ra 1 Boos _mcos(M—N) 
= —— 


iy J 
Calling the value corresponding to the plus sign 7,, and 
that coiresponding to the minus sign 7,, we have 


Time of immersion = 7,+ 7, = 7, 
Time of emersion = 7,17, = 7, 


V_ Wi5ith these values 7 and 7, we now repeat the com- 
putation for a second approximation to the true values of the 
time of immersion and emersion 4%, 1n (411) and (419) will 
become (4, + 7,) for immersion, and (4, +7.) for emersion 
Z, will give us two values of r, one a small value giving a 
more accurate time fo1 1mmersion, the other a large value 
giving an inaccurate time of emersion In the same way 7; 


OP eg eS rete eee STS 


a 
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gives a small and accurate value of 7 for emersion and a 
large inaccurate value for immersion 

The values of + and y to be used 1n this second approxima- 
tion will be given by the formule 


Dee ale oe ¥= Y+y'z, for immersion, 
and «= 42'T y= Vo y't for emersion 
a) 9? 


The values of 7 given above will be expressed in hours 
If it 1s considered desirable to express them in minutes we 
may use, instead of #, a quantity x’, viz, 


- 


12 
t= 60 = [8 2218|n 


As a check upon the values of the times finally obtained, 
we compute for these times the values of x, y,&,and 7 _ If 
the times are correct these quantities will satisfy the equation 


(w — 6) + (y — nf = 007413 


253 Instead of carrying through the computation of num- 
bers III and IV with the hour-angle %, of geocentric con- 
junction, we may obtain a rough appioximation to the time 
of immersion and emersion, as follows 

We first require the interval of time between geocentric 
and apparent conjunction 1n 11ght ascension At the instant 
of apparent conjunction + = 4, or writing for x and & their 
values, 


t,x’ = pcos gp’ sin (h, + 7,). 


In which 7, 1s the interval required and 4%, 1s, as before, the 
hour-angle at the station at the time of geocentric conjunc- 
tion 
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We have 


sin (4, + 7T,) = sin #, cos tT, + cos #, sin 7, 
= sink,(1 — 2 sin’4$z,) + cos #, 2 sin $7, cos 417,; 


and finally, 
sin (4, + 7,) = sin 4, + 2 sin $r, cos (4, + $7,) 
t will never be very large, so we may write 
2 sin $7, = T, 54148” sin 1” = [9 4192]T,, 


since the unit in which 7 is expressed 1s the mean solar hour. 
Therefore 


T,«' = pcos 9’ sink, + [9 4192] pcos g’ cos (4,+-47,) 7, 


Write pcos gy’ sink, = &,, (429) 
[9 4192] p cos g’ cos (h,+-$7,) = 5" 

Th ee (430 

en oy re? 430) 


In the first approximation the rT, 1n the value of &’ may be 
neglected, or we may assume it equal to $/,, which will gen- 
erally be a little moire accurate 

As the average duration of an occultation is about one 
hour, we may therefore, in ordinary cases, assume as the 
hour-angle in equations (411) and (419)— 


For immersion, 4, + 7, — 30", (431) 


Tor emersion, #, + 7, + 307 


The value of z, may be taken from Downes’s table, given 
in connection with the subject of occultations in the Ameri- 
can Ephemeris 
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Lxample 


Requied the time of immersion and emersion of the star a? Lzbrv@ at Beth. 
lehem, 1883 September 6th @ = 40° 36’ 24’, == — Of 67 got 2 
From p 424 of the American Ephemeris we find 


Washington mean time 75 = 6" 18™4 Y=-+ 6374 

MH=+2 36 9 « =+ 5332 

From table A, §252 6 = — 15° 33' 4 y = — 1173 

log p sin g’ = 9 8112 y—-Az= 6 a5™ 7 ig = 2 43™ 6 
log pcos g’ = g 8810 hy = 40° 54’ 


Instead of computing at once the values of & 7, &’, and 7’ with this value of 
ho, let us first determine the times of immersion and emersion roughly by 
(429)-(431) 


sin io = 9 8160 cos ip) = 9 8785 x’ = 5332 
pcos g’ = g 8810 pcos g’ = 9g 8810 
constant log = 9 4192 
log 6 = 9 6970 
log (x’—&') = 9 5824 log &' = 9 1787 & = 1509 
*ry = 1> 302 log to = 1146 x'—§' = 3823 


The computation 1s now as follows 


Immersion Emersion 
Ag = gh 43™ 6 ho — gh 43™ 6 
¢7=1 18 £ T =118 I 
— 30 + 30 
hy! — gh 317 7 hy’ —_— 4h 31" 7 
= 52° 55' = 67° 55° 


We now compute &, 7, &', and 7’, as follows 


ee ee te — —a 


* We might have used Downes’s table above referred to, where we find 7) = 74™ 
+ Strictly +) should here be reduced to sidereal interval, but the approximation 1s so rough 
that, it 1s not important 
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Immersion 


sin 6 = 9 4284” 


cos 6 = 9 9838 (« — §)? = 0320 
sin ho’ = 9 9018 (y—ny? = 0414 
pcos g' sin 6 = 9 3094 Sum = 0734 
cos Ay’ = 9 7803 
log & = 9 7828 —E — +0 6064 
pcos g' sin 6 cos ho’ = 9 08972 Nat No =— _ 1229 
psin g' cos 06 = 9 7950 Nat No =-+ 6238 
y=-+ 7467 
log p cos g’ cos fy = 9 6613 = aT = 4276 
pcos g' sin 6 sin hy = 9 2112" y= Yt = 5433 
log &' = g 0805 (ce —& =— 1788 
log 7’ = 8 6304” (y—)=— 2034 
sin JZ = 9 8197” 
mu sin M = 9 2524n 
m cos M = 9 3083n 
tan MZ = 9 9441 M = 221° 19' 2 
log # = 9 4327 ie 1204 
ni = — 0427 
x = 5332 
re y= I173 
sin £V = 9 9930 Sa 
asin NV = 9 6158 s— i= 4128 
2 cos N = 8 8727” y — 7 =— 0746 
tan NV = 743In N = 100° 14' 5 
log ~ = 9 6228 
log »' = 7 8446 M—N=121° 47 
sin (JZ — V) = 9 9328 cos (M — NV) = 9 7128” 
log m = 9 4327 log m = 9 4327 
I 
log 3 = 5650 log —; = 21554 
sin = 9 9305 130091 Nat No = — 20™00 
a = 58° 26' 2 cos } = 9 7189 
log k = 9 4350 
log = = 2 1554 
n ———— 
I 3093 Nat No = + 20" 39 
Immersion 7, = — 9 39 
Emersion (inaccurate) Tz = + 40 39 


Tyo —A = 6 25™1 
TT —307= +48 I 
™m=- 0 39 


T = 7 12™ 81 


eg a ee EN 9S ee 
* The comparison with the true value of 42, viz , 0741, shows the adopted value of 4,’ for 


a ee ee ge! 7 y ‘2 
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pcos g! sin 6 = 9 3004x 


pcos g' sin 6 cos hy’ = 8 8845 
psin g' cos 0 = 9 7950 


441 
Emersion 
sin 6 = 9 42842 Check * 
cos 6 = 9 9838 (« — &)? = 0657 
sin yo’ = 9 9669 (y — 7)? = 0753 
Sum = 1410 
cos ho’ = 9 5751 
log § = 9 8479 E = + 0 7045 
Nat No =-— 0766 
Nat No = 6238 
y7=-+ 7004 


pcos g’ cos ky = 9 7561 
pcos g sin 6 sin Ay = 9 2763x 


—_es 


xaa'r=+ 9608 


y= ¥+yT=+ 4260 


log & = 8 8753 (« — &) = 2563 
log 7’ = 8 6955 (y—”)=— 2744 
sin AJ = 9 8341 
m sin M = 9 4087 
m cos Jf = 9 43842 
tan M = 9 9703 M = 136° 57’ 6 
log m = 9 5746 é' = 0750 
7' = — 0496 
ae 5332 
¥=— 1173 
sin V = 9 9953 ee 
asin NV = g 6611 zo '= 4582 
n cos NV = 8 8306x y —y =— 0677 
tan V = 8305” N= 98° 24'3 
log 2 = 9 6658 
log 2 = 7 8876 M— N= 38° 33 3 
sin (44 — NV) = 9 7946 cos (AJ — V) = 9 8932 
log # = 9 5746 log v7 = 9 5746 
I I 
log i= 5650 log 7 = 2 1124 
sin p = 9 9342 I 5802 Nat No + 38™ 0 
wy = 59° 15/0 cos ® = 9 7087 


log 4 = 9 4350 
I 
log A me EAS 


I 2561 Nat No + 1870 
Emersion T, = — 20 O 
Immersion (inaccurate) 7: = — 56 9 


To — A = 62 25" 1 
To + 30% = 48 I 
T, = —20 OF 


7 = 7° 53™ 19 


ee pe 


ea a in eae aaa aad - evan eee 
immersion to be nearly correct That for emersion, however, 1% considerably in error 
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Immersion 
sin 6 = 9 4284x Check * 
cos 6 = 9 9838 (x — &) = 0320 
sin Ay = 9 9018 (y— mn)? = 0414 
pcos g' sin 6 = 9 3004x Sum = 0734 
cos fy’ = 9 7803 
log & = 9 7828 —& = +0 6064 
pcos g' sin 6 cos ho’ = 9 08972 Nat No =— _ 1229 
p sin g' cos 6 = 9 7950 Nat No =-+ 6238 
y= 7467 
log p cos g’ cos hy’ = 9 6613 xaox'r= +t 4276 
pcos g’ sin 6 sin ho’ = 9 2112 y= Y+y'tT=+ 5433 
log &’ = g 0805 (¢ —&) = — 1788 
log 7' = 8 6304 (y—7)=— 2034 
sin JZ = 9 8197 
msin M = 9 2524n 
m cos IM = 9 3083n 
tan M = 9 9441 M = 221° I9' 2 
log m = 9 4327 = 1204 
1 —=-— 0427 
xe = 5332 
> 5 1173 
sin 4V = 9 9930 
asin V = 9 6158 s—-@= 4128 
wcos V = 8 8727” y —n =— 0746 
tan V= 743In N = 100° 14' 5 
log 2 = g 6228 
log #' = 7 8446 M—N=121° 47 
sin (AZ — NV) = 9 9328 cos (Mf — NV) = 9 7128x 
log m = 9 4327 log m = 9 4327 
I I 
be = so lel 
sin = 9 9305 I 3009” Nat No = — 20™00 
a = 58° 26' 2 cos # = 9 7189 
log & = 9 4350 


I 
log a = 2 1554 
I 3093 Nat No = + 20™ 39 
Immersion 71 = — 90 39 
Emersion (inaccurate) T2 = + 49 39 
TM—A= 625" 1 
%—307= +48 I 
m=— 0 39 
T = 7 r2™ 81 


EN ———————— ee A 
* The comparison with the true value of £2, viz, 0741, shows the adopted value of 49’ for 
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EF mersion 
sin 6= 9 428.42 ____ Check * 
cos 6 = 9 9838 (x — &)? = 0657 
sin ho! = 9 9669 (y—n) = 0753 
pcos g! sin 0 = 9 3004n Sum = 1410 
cos ho’ = 9 5751 
log & = 9 8479 E = + 0 7045 
pcos g’ sin 6 cos ky = 8 8845x Nat No =— 0766 
psin g' cos 6 = 9 7950 Nat No = 6238 
=-+ 7004 
pcos g’ cos Ay = 9 7561 xoua't=-+ 9608 
pcos g' sin 6 sin fy’ = 9 2763x y= Y+y'T=-+ 4260 
log & = 8 8753 (@—§)= 2563 
log 7’ = 8 69552 (y—)=— 2744 
sin JJ = 9 8341 
msin M = 9 4087 
mos Mf = 9 4384 
tan M = 9 9703 M = 136° 57' 6 
log m = 9 5746 = 0750 
7 = — 0496 
i = 5332 
ys 1173 
sin V = 9 9953 a ae 
nsin NV = 9 6611 eo - F = 4582 
n cos N = 8 8306x y —y = — 0677 
tan V= 83052 N= 98° 24'3 
log 2 = g 6658 
log 2 = 7 8876 AT —N= 38° 33 3 
sin (M — V) = 9 7946 cos (A/ -—- V) = 9 8932 
log m = 9 5746 log m = 9 5746 
I I 
log = 5650 log a = 2 1124 
sin a = 9 9342 I 5802 Nat No + 38" o 
w= 59 15/0 cos = 9 7087 
log * = 9 4350 
I 
log 7 calles TI24 
1 2561 Nat No + 18" 0 
Emersion T; = — 20 O 
Immersion (inaccurate) 7, = — 56 0 


Tr —A = 625" 1 
Tot 3z0m™ =r 48 I 


T = 7" 53" 19 


— ee 
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mmersion to be nearly correct That for emersion, however, 1s considerably 1n error 
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As a check on the accuracy of these values we now recompule %, y, E, and 7, 
when we find 


(@ — 8 + (y — mn) = 07426,  (e — 8) (vy — 2 = 07447 


We have therefore a very close approximation to the true tume of immer- 
sion, the time for emersion being a little less accurate A parual recomputa- 
tion of the latter gives a correction of — o™ 16, making the final value of 
T= 7%53™03 This latter computation is altogether unnecessary for practi- 
cal purposes 

For computing the position angle P at emersion,* formula (424), we obtain 
a value which will generally be sufficiently exact by using the last values of 
NM and ~# obtained in computing r_ In this case we have 


N= 08° 24’, 
y= 59 15, 
P=N+ + 180° = 337 39 


If the angle at the vertex 71s required, we have, (428) and (425), 


ates. paprpac 
n+ T 
Using the values just derived, viz, 
—E= 7045, & = 0750, 7 =-+ 7004, 7 =— 0496, Ta = — O” 3335, 
we find C = 43° 28' Therefore V = 294° 11’ 


254 In predicting the occultations which will be visible at a given place 
within a given time, the first operation will be to go over the list of occultations 
of the ephemeris and select those which may be visible The conditions of 
possible visibility are 

1 The limiting parallels of the last column must include the latitude of the 
place 

2 The hour-angle H — A, taken without regard to sign, must be less than 
the semidiurnal arc of the star, in other words, the star must be above the 
horizon 

3 The sun must be below the horizon, or at least not much above it, at the 
local mean time (7 — A), unless the star 1s bright enough to be seen in the day 
time 

Remark « If the place 1s near one of the limiting parallels of latitude an oc- 
cultation may or may notoccur If it 1s desirable to observe such stars as are 


ee ee _—_— - 


* This angle 1s not required for immersion 


ww ee 
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occulted near the north or south limbs of the moon such doubtful ones may be 
included 1n our list and the occurrence or non occurrence of an occultation will 
be shown 1n the computation of the tume ofimmersion andemersion As before 
shown, 1f the occultation is not visible at the place under consideration it will 


_ Ar 
be indicated by sin » becoming >1 1n the formula sin ~ = msin (et v) 
Remark 2 Tn most cases we may see by inspection whether condition 2 15 
fuliilled For those stars near the limitit mav be necessary to compute roughly 
the hour angle of the star when 1n the horizon, for which we have 


cos / = — tan 6 tan @ (122) 


If then (7 — A) 1s numerically less than ¢ this condition 1s fulfilled 

A small table computed for the latitude of the place, giving ¢ with the argu 
ment 6, 18 convenient in examining this condition and the next 

Kenakh 3 For determining whether the sun 1s above or below the horizon, 
we May compute roughly the times of sunrise and sunset by the method given 
above for the star, or since it 1s not required with great accuracy, we may take 
it fiom a common almanac 

In going over the list of the ephemeris, the computer will write the value of 
A on the lower edge of a piece of paper and pausing over each star for which 
Condition r 14 fulfilled, he will see whether 2 and 3 are also fulfilled If either 
fails the computer pusses on In those cases where he 1s unable to decide by 
inspection whether cither of the two fail, the star will be marked for further 
examination after the list has been gone over 

Where many predictions are to be made for a given place the work may be 
much reduced by computing tables for the given latitude by means of which the 
computation of &, 7, &', 7’, and 7 1s facilitated The necessary directions for 


forming and using such tables are given in the American Ephemeris, to which 
the reade: 1s referred 


Graphic Process 


255 Ifthe observer possesses a celestial chart containing the stars whose 
occultation 1s to be predicted, the necessary computation may be made bva 
very simple graphic process The scale of the chart must be large and the 
method will be principally useful in case of clusters like the Pleiades, where a 
considerable number of stars undergo occultation within a short time 

The right ascension and declination of the moon are taken from the ephemens 
for intervals of half an hour throughout the time covered by the occultations, 
the correction for parallax must then be applied Theresulting apparent places 
of the moon are then laid down on the chart, and a curve being drawn through 
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the points we have the apparent path of the moon’s centre, this line being then 
properly subdivided between the half hour points furnishes a graphic time 
table of the moon’s centre Each star whose distance from this line 1s less 
than the augmented semidiameter* of the moon will suffer occultation From 
such a star as a centre, with the moon’s augmented semidiameter as a radius, 
let acircle be drawn, this circle cuts the path of the moon’s centre in two 
points the position of which on the curve will give the time of immersion and 
emersion of the star, and the direction of the star from the point of intersection 
gives the position angle on the moon’s limb 


Computation of Longitude 


256 It has now been shown how we may predict the time 
of beginning and ending of an occultation, as seen from a 
point on the earth’s surface whose longitude 1s known The 
fundamental equation which expresses the condition neces- 
sary for such an occurrence 1s 


B=(e— SP 4(y— 7) (415) 


If now all of the data of the problem were perfectly known, 
and if no error entered into the observed time of the occul- 
tation, this equation would be completely satisfied Since, 
however, such perfection is not attainable, we may employ 
the observed time of an occultation for determining the cor- 
rections to the values of the constants used 

The correction which it 1s the immediate object of this 
discussion to consider 1s that of the longitude assumed In 
order, however, that this may be obtained with all possible 
precision, we must endeavor to obtain or eliminate as far as 
possible the corrections to the other quantities which enter 
into the equation if the values employed are at all uncertain 

257 Before making the transformation which (415) re- 
quires in order to adapt it to our purpose, let us examine the 
quantities entering into each term separately, in order to see 


* Formula (392) 
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what may be regarded as definitively known and what 
quantities may require corrections 

& The moon’s semidiameter may be determined from oc- 
cultations more accurately than in any other way. A cor-> 
rection 4% to the value employed may therefore be intro- 
duced as one of the unknown quantities of ou: equation 

&,1. Referring to the expressions for the value of these 
quantities, equations (411), we see that they depend upon @ 
and 6, the right ascension and declination of the star, su, the 
local sidereal time, , the earth’s radius, and g’, the geocen- 
tric latitude a@ andd should beso well determined that they 
may be regarded as absolute, that 1s, no stars should be used 
for this purpose whose places are not so well determined as 
to require no further consideration 4, the local time, must 
be accurately determined by the transit instrument (see 
Chap VI) The time determined by observation will gen- 
erally be sidereal The ephemeris of the moon given in the 
Nautical Almanac 1s arranged for mean solar intervals, so 
that when this 1s employed it may be necessary to convert 
the sidereal time into mean solar time, or the reverse 1n some 
cases It will be remembered that this conversion supposes 
the longitude known We shall therefore require an ap- 
proximate value of the longitude, which we shall suppose to 
be accurate cnough so that no appreciable error will result 
from employimg it for the above reduction If a case should 
ever occut, which 1s not likely, where this preliminary value 
was sO erroneous that appreciable eriors in the subsequent 
computation resulted from its employment, then it would be 
necessary to repeat that part of the computation which was 
affected by it, using the value of the longitude obtained from 
the first reduction In this way we should obtain a second 
approximation to the true value 

g The latitude must be well determined by the zenith 
telescope or other suitable instrument 
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p depends upon the eccentiicity of the eaith’s meridian 
passing through the place of observation A satisfactory 
determination of this quantity f10m occultations 1s not pos- 
sible, but Bessel introduces a term into the equation depend- 
ing on the currection to the assumed eccentricity, in order 
to show its effect on the final result This term will be re- 
tained for the sake of completeness, though in the practical 
application of the formulze it will generally be disregaided 

zand y Equations (409) Besides quantities already con- 
sidered these contain 4, D, and 7, the right ascension, declina- 
tion, and distance of the moon Corrections to the assumed 
values of all these quantities will be introduced into the 
equations Those to the right ascension and declination can 
be well determined from an occultation observed at any place 
whose position is known In order, however, to deternine 
r, or the moon’s parallax, on which vy depends, observations 
must be combined which are made at widely different points 
on the earth’s surface, whose difference of longitude has been 
previously well determined The coirection to the parallax 
will be retained for completeness 

258 Let us now suppose a series of occultations observed 
at two points, the longitude of one of which is well deter- 
mined The immediate object is to determine the longitude 
of the second point If one star only 1s observed at the 
second point, we must assume all the quantities ente: ng into 
the equation to be known with one exception If weassume 
the longitude to be the unknown quantity, we obtain from 
our data a value of that quantity which 1s affected by all of 
the errors of the data If the star is also observed at the 
first point, this obse1 vation may be employed to correct the 
tabular right ascension and declination of the muon, and the 
longitude of the second point determined by the aid of these 
corrected values If mone stars aie observed sufficiently 
near together so that the errors may be 1egarded as constant 
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duiing the time elapsed, then the correction to the semi 
diameter can be included as an unknown quantity As we 
have remaiked before, the e11ors of the parallax cannot be 
well sepaiated from the longitude If then the number of 
occultations observed is greater than that of the unknown 
quantities which can be well determined, a solution of the re- 
sulting equations by the method of least squaies will give 
the most probable values of the quantities, expressed in 
terms of the constants, and of those quantities which cannot 
be separated from the constants 

259 We now piocced to develop the equation in the form 
required The method is that of Bessel The meridian 
fom which the longitude 1s reckoned w ill be called the first 
meridian 


Let + = the local time of an observed occultation— 
mean or sidereal, 
w = the west longitude of the place of observa- 


tion 
Then ¢ + w = the time at the first meridian 
Let c = an arbitiary time ¢t the first meridian sufh- 


ciently near (¢ + w) so that the change in 
x and y during the interval (¢ -+ w — 7) 
may be assumed to be proportional to the 
time 
2, and y, aie the values of x and y at the time 7 
Let 4x, 4y, 4k, be the corrections 1equil ed to reduce the 
values of x, 7, and & employed to the truce values These 
corrections depend on the various outstanding errors above 
consideied 
The true values of these quantities, col responding to the 
instant of observation, will then be 


k -+- Ak, xe! (¢-+w—r)+4e, ty (t+w t)+4y 
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xz’ and y’ are as before the changes 1n x and y 1n one hour,— 
mean or sidereal according as one or the other is employed. 


Let 4¢e = the correction to the assumed value of e’, e be- 
ing the eccentricity of the meridian 


Then & and 7 will require the corrections o* Aee and ud Ace. 
Ce dee 


As these quantities, & and 7, do not depend upon the 
longitude, they will be coriectly given by equations (411), 
and 1equire no other corrections 

Using the corrected values of z, y, , 7, and &, equation 
(415) becomes 


(k + 4k)? = 2, —§t2e'(¢+w—7r)+4xe-— “Ace | 


a 2 
+ | n—at yet w— 2) +4 dy — S240 | (431) 


w is supposed known with precision enough so that the val- 
ues of 2 and y’, which change with the time, will be known 
with sufficient accuracy 


Let msin M = (#, — &), asin N= 2’, (4 22) 


mcosiM = (7. — 7); ncos NV = 7’ 
Equation (431) may then be written 
; aE ; 
[4+ 42]'= cE sin Mz sin M¢-+-w—r)+ 4r— Jae dee | 


+ | cos M-+-n2 cos Mt-+-w—r)+4 y— FA ce | ‘ (433) 
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which may be placed in the form 


[eAk]? = [ (e-2u—2)-+7n cos(M—M)--Ax sin V--Ay cos V— gene Wns N “ a sec | 


+| m sin(M—N)--Ax cos N—Ay sin Ae cos N19) ace |’ (434) 


Let us write 


A= 4xsin N+Ay cos N— Seen, | 
(435) 


—\’ = 4x cos N—4y sin N— eee ene die 


Then [4+ 42]? = [x(¢-+ w — 7r)+ mcos(M—N)-+ Ay 
+[ sin (M—N)—A’P (436) 


Let msin(M—N)=ksin (437) 


Then neglecting terms of the second and higher orders in 
A’ and 44&, (436) may be wiitten as follows 


k m Ak 
t+ w —T= 7 cosh — 7 cos(M— NV) + = sec 
r’ Xu. 
+ztanp—7 (438) 


msin(M—N-++) 
We have cos — = cos(M—N)=7 caer 7 aaa, 


a form which 1s a little more convenient when sin # is not 
very small 


t 
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Equation (438) then gives 


M—N. 
wo gsi — re ete = sec “tan —~, ~, (439) 


and the equation 1s solved for zw 

As will be seen, this value of wis ambiguous, » being de- 
termined from (437) 1n terms of the sine, with nothing to fix 
the algebraic sign of cosy As before, however, equation 
(423), the sign of cos y will be — in case of immersion and + 
for emersion This will always be the case except when the 
occultation takes place very near the north o1 south limb of 
the moon, when there will sometimes be exceptions to the 
rule Such occultations, however, are worth very httle for 
longitude purposes, and therefore will not require further 
consideration here 

260 x’ and y’ vary so slowly that the above equation will 
give a very close appioximation to the tiue 1esult, even 
when (¢ + w— 7)1s some houis in duration It will, how- 
ever, be best to arrange the computation so that (¢ -+- w — r) 
is a small quantity, as the labor 1s less in dealing with small 
quantities than with laige ones, and there 1s less liability to 
error 

The unit of time in the small terms of (438) and (439) 1s one 
hour If then w and (¢— 7) are expressed in the usual way 
in hours, minutes, and seconds, it will be convenient to ex- 
press these small terms inseconds If then the time of the 
ephemeris and of observation are both sidereal or both mean 
solar, these terms should be multiplied by 3600 If, however, 
the ephemeris time is mean solar, and that of observation 
sidereal, we must multiply by 3609 856 

261 Let usnow consider more fully the quantities A and A’ 

These depend upon the corrections to the moon’s co-ord1- 
nates, viz, 4x and 4y, and upon the coriection to the eccen- 
tricity, 4ee These will be considered separately. 
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[he co-ordinates x and y are vaijable quantities, and the 
corrections which they 1equtie on account of the inaccuracy 
of the data, viz, 4% and 4y, will also be variables It will be 
more convenient for present purposes to express these in 
terins of quantities which remain constant throughout the 
entire occultation 


Wehave #x=-27,+2sin Mi+w-—r), 
y=y,+necosMi+w—rt), (440) 
from which we have 
zsinNV+tycosN= -x,sin V-+-y,cos V+n(t+w—r), (441 
—xcosNV-+ysin V=—-+x, cos V--y, sin V ay) 


The last of these is piactically independent of the time, 
and therefore may be 1egarded as constant throughout the 
entire occultation 


Let x= —2x,cosV+y,snV=—-«xcosV+ysin Nv. 
Then squaring and adding equations (441), 
gty=vet[e, snN+y, cos N+ n(t-+- w— 7)" (442) 


This expression 1s a minimum when the last term is Zero 
Let the value of (¢ +- w) coiresponding to this minimum 
be 7 Then 


z,sin V+ 4, cos VN + (7 — 1) =0, 


I 
p=1—L(e,smN+y,c08 V | (443) 


n= —x,cosV+y,sinV 
Therefore « = Ve +718 the minimum distance of the 


axis of the cylinde: fiom the centre of the earth, and 7 1s 
the time at the fist meridian corresponding to this minimum, 
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We now have ¢sin N+ ycos N= nf + w — 7 


—xcosV+ysnNV= x (444) 


Referring now to the values of A and A’, equation (435), we 
have for the part of these quantities depending on x and y— 


Fora, 4rsnN-+ 4ycos JN, 
Ford’, — 4x%cos N+ 4ysin N 


Differentiating equations (444), we have for these quantities 


4esn NV+ AycosN= —n4T7+(¢+w— T)An, 
— 4xcosN+ 4dysn N = 4x 


Therefore that part of the terms (A’ tan # — A) due to 4 and 
4yi1s 


nAT-+- Axtany —(¢+w— T)dn (445) 


The corrections 4% and 4y are by this formula expressed 
in terms of 47, 4x, and 4x, which will be constant for the 
same occultation 

262 It remains to consider the effect of an error in the 
eccentricity, viz , Zee, which 1s considered here for the sake 
of completeness, though 1t might be neglected without se- 
riously impauing the practical value of the theory 

From (134) and (140) we have 


COS P sin p (I — ee) 


COs ‘= ——— oy sin — ———— 6 
e P V1 — eesin’ p ‘i . VI — eesin’o (446) 
dpcosg 1 , dpsn gp’ | ; 
ee = y PP PCOS 9’; Tre = zPR Asin p' — £ 

/ 
In which ea? 


I — €é 
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Then @i_ aE ap sin gp’ a& = dpcos@’ 
dee” apsin 9’ dee ap cos y’ dee’ 
dyn ay dosin g’ a 1) dp cos gp’ 
dee” apsing’ dee agpcos~’ aee ° 


Referring now to the values of § and 7, equations (411), 
we have 


ag aE 

docosg’ > ee) dos gp °? 
an ay 

dp cos @ ——sin 0 cos (Uu—a@), dp sin gp” = cos 0 


a& 1 an I 

Therefore een 5 BRE : ie 3hR n—Bcosd (44.7) 

Referring now to the values of A and A’, (435), we have for 
the terms depending on 4ee— 


ForA,— aé sin vin cos NV) 


aEcos N— yoin A sn), 
wee 


——— Ace = [= -BB ésin V-+- yn cos V) + 8 cos 8 cos W | Ace, | 
(448) 


For)’, Ace = i. -BB(—£§ cos V -+y sin V’)+-8 cos 6 sin Wy |ace 
Let us write § =4, — (%, —&) =, — msin M, 
n=y,—(%—N=I,—moosM 


Substituting these values in (448) and reducing by (443), we 
find— 


For A, {—438Al[nu(r —7") — mcos(M@— N)]+ fcosd cos V | dee, 


Ford’, {| —4BA4[ xt+msin(M— N)]-+ Scos 6 sin NV | Ace a) 


We have fiom (437) and (438), neglecting the small terms of 
the latter, 
—mcos(M— N) =(¢+w—r)n—k cosy, 
msin (IZ —N) = RAs 7, 


tao 
i) 
@)) 

Lo) 
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which substitution will give us for (449) 


— 4£66[n¢e +w — T)—kcos]+ Bcosécos N}4 | (450) 
= tA AL xtksin7]+ fcos ésn V}4e 


Therefore that part of (A’ tan » — A) which depenee upon 
4ee 1s 


| Ea erme +w— 7T)—xtang—ésec 4] — Boos Seon (ED | ee (451) 


Therefore by (445) and (451) the last three terms of equation 
(438) or (439) will be as follows 


ot sec yt = tan p— = = AT + tan y Ax 


ee ee 


ue * dee] 6p lntt + w —T)—x tan p—A sec] — 22% Eos Foose —— +H) (452) 


Each term 1s expressed 1n seconds of time, and Z1s the num- 
ber of seconds 1n one hour of the kind of time employed in 
the ephemeris of the moon If the times employed in the 
ephemeris and in observation are both sidereal or both mean 
solar, 4 = 3600 If the ephemeris time is mean solar and the 
time of observation sidereal, 4 = 3609 86 

263 Wehave now obtained an expression for the small 
terms of our equation, in which the quantities depending on 
the corrections to the moon’s place are expressed in terms of 
quantities which are constant during the time of the occulta- 
tion It will be advantageous, however, to express them 
directly in terms of the corrections to the quantities givenin 
the ephemeris, viz , to the moon’s right ascension, declination, 
and horizontal parallax 
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Let 4(A — «) = the correction to the assumed difference 
of right ascension of the moon and star, 
A(D — 6) = the correction to the assumed difference 
of declination, 
Az = the correction to the assumed parallax 


We have, equation (409), 


__ cos D sin (4 — @) — sin D cos 5 — cos D sin 6 cos (A — @) | , 
— sin 7 : J _— sin 72 453 
aA Y 
Writing for brevity «+ = — 
une 7° y sin 7’ I= sin 7 


and differentiating, we have 


AX An A AY Ax 


42 = — tO = ——— — 7 
sin 7 tan 7’ J sin 7 J tan 7 


These equations in connection with (444) give the following: 


ANsinNV+4 Ycos V An A = 
ae gage) eg ee oe 
—AxcsN+4Vsn NV _ ) Ax _ 4, 
sin 7 tan 7 
An An 
It will presently be shown that [>= — > 


and therefore 


AX sin VN + 4Y cos NV 
SIN 7 : 
ees eG cos WV + 41Y sin V An 
sin 7 — “tan 2 


—2AT = 


(454) 
An= 
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264 The value of 42 will now be more fully considered 


We have, equations (432), x sin V = 4’, 


ncosN = yy’ 
From these, wa ety” 
Differentiating, dn = #/42z'+ 9/d4y (455) 


x’ and y’, 1t will be remembered, are the changes in x and y 
respectively in one hour Regarding them as the differen- 
tial coefficients of x and y with respect to the time, we have 
dx ar X aX 1 ; 
at ers xi at sna a 
dy @ ( Y aVY I 
at at\sinz sin 7 


—— cee — 


/ 


= at sin x 7 


a. a 
a and - depend upon the houily change of the moon in 


right ascension and declinatioy, which changes are given 
with accuracy by the ephemeiis Any correction to the val- 
ues of 2’ and y’ will therefore depend upon 7 

We may therefore write 


Teck Oa , An 
Ax =A x ~~ tan 7’ 
b an 

Ay = pene lal 
J sin 7 J tan x 


Substituting in equation (455), 1t becomes 


| Ax 
—— 723 /2 
n tn=— ("+I og 
1n An 
Therefore — = — —— , the value assumed above. 
n tan 7 
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265 Returning now to equations (454), we see that 


An AX d AY 
tan 7’ sin z’ an 


SIn 7 


may be regarded as constant throughout the duration of the 
occultation, since they are expressed in terms of 47 and 
Ax, which are constant, and 4x and WN, which are practically so 


AX AV 
The values of ——- ee and ——— eee will then result from the differ- 


entiation of equations (453), v1z 


X = cosDsin (dA — a), 
Y = sin Dcos 6 — cos Dsin 6 cos (A — @), 
4X = cos Dcos(A — a)4(A — a)— sin Dsin (A — a) AD; 
= [cos Dcos 6-+-sin Dsin 6 cos (A — a)]4D 
+ cos Dsin 6 sin (A — a)4(A — a) 
— [sin Dsin 6+ cos Dcos6é cos (A — a)]46 
At the time of conjunction of the sun and moon 4 be- 
comes equalto a Therefore 


AX ee aaa AY 
sin zx sinz 


__ cos(D—¢) 
snz sina A(D—6) (456) 

Therefore taking D and = for the instant of conjunction of 
the moon and star in right ascension, and regarding 4(A —a) 
and A(D— 6) as the corrections to the assumed differences 
of right ascension and declination at this instant, also writing 
umity for cos (D — 6), z for sm wand tan z, we have, from 


(454), 


4 —6O 

apa 28 PMAR~9) oy 4 AOR 005, 
A4(A— A4(D—46 A 

4 cos DélA=a) un an Fee ee (457) 
7 4 4 

An An 

nm 2 
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Substituting these values in (452), and writing for brevity 


ee (458) 


we have 


Seec ot tan y—4 = — v[sin Vcos D4A(A — a)-+ cos VA(D — 8)] 
+ +[ —cosVcos DA(A — a)+ sin VA(D — 9)] 
+yrvsecpr4i+v[netw—7)—xtang]4z 


>| Eaptnte-e0— T)—x tan p—k sec Hee Seon WY) | mAee (459) 

This equation gives the expression for the last three terms 
of (438) 01 (439), 1n which 4% and 4ee are completely sepa- 
rated from the other co11ections 

266 Let us now write 


X= | cos 7 — = cos (M—N) |~(¢ — 2), 

y = sin NV cos D4(A — a) -+ cos NA(D — 04), 

S = — cos Ncos D4(A — a) + sin NA(D — 9), (460) 
#H=at+w— 7T7)—xtany, 


F 2 Fcc T) —2tan p—Z sec Fee Feoe re | 4 


Then equation (438) becomes 
w=2—vy+rvtngyS+rsecomdi+vldnt vi hee (461) 


This equation 1s now ina form which 1s well adapted to 
the purpose in view 

w, vy, +, t4k, An, and 4ee may in ceitain cases be treated 
as unknown quantities, but they can never all be determined 
at the same time from the same series of equations 

vy 1s a constant, and its value is independent of the longi- 
tude of the place of observation In order to make its de- 
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termination possible, therefore, the occultation should be ob- 
served at one place at least whose longitude is known In 
case such an observation 1s not available, y may be deter- 
mined (rom meridian observations of the moon, 1f such are 
available, made on the same might or suficiently near the 
came time that 4A and 4D may be well determined from 
them Of course 1f the ephemeris of the moon were perfect 
this would be unnecessary, as then AA and 4D would be 
Zero 

267 Incase simply the immersion or emersion of astar has 
been observed at two places, the longitude of one of which 
is well determined, the power of the data will be exhausted 
with the determination of w and y If both the 1mmersions 
and emersions have been observed, we may also determine 
zikand & as unknown quantities, but in no case can Az be 
determined from occultations unless w has been previously 
well determined Still less can a satisfactory determination 
of dee be obtained in this manner Thetwo last terms may, 
however, be retained in the solution of the equations 1n 
order to show the effect on the resulting longitude of an 
eriorin zw o1 mee Atthe same time it will make it possi- 
ble to apply the necessai y correction to the longitude, 1f from 
any source values of these quantities become known more 
accurate than those assumed in the computation 

For the determination of 4 from single occultations both 
immersion and emersion must be observed, but contacts at 
the bright limb can be obse1 ved much less satisfactorily than 
at the daik limb 

The best results are obtained from the occultations of 
groups of stars hike the Pleiades, in which the relative posi- 
tions of the stars ale well determined The passage of the 
moon through sucha group fu nishes a number of equations 
ot condition of the form (461), equal to that of the observed 
disappearances or reappearances of the stars occulted As 
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before remarked, observations at the daik limb can be made 
with much greater accuracy than at the bright limb (except 
perhaps in case of a few of the brighter stats) If it is 
thought desirable, therefore, only observations made at the 
dark limb need Be used in the equations, especially so if stars 
are observed both north and south of the moon’s equator 
On account of the advantages offered by the Pleiades for 
this purpose, Prof Peirce developed the equations in a form 
especially adapted to this group, for use in the longitude 
work of the U S Coast Survey The reader who 1s suffi- 
ciently interested in the subject may refer to the reports of 
the U S.Coast Survey, 1855~-s6-57-61, in the latter of which 
1S given a numerical example of the application of the method. 


Correction for Refraction and for Elevation above Mean Sea 
Level 


268 The fundamental equation which has been used as the 
basis of our analysis expresses the condition that the point 
from which the immersion or emersion 1s observed 15 situ- 
ated in the surface of a mght cylinder enveloping the moon 
and star. At the same time it has been supposed to be in 
the spheroidal surface of the earth 

Ihe refraction which the ray suffers in passing through 
the atmosphere causes the elements of this cylinder to be 
curved lines instead of nght lines, or, more correctly, the 
Surface is not that of a cylinder Further, 1t follows from 
the irregularities of the earth’s surface that the point from 
which the observation 1s made will not in general be in the 
surface of the mean ellipsoid Neither of our surfaces there- 
fore conforms exactly to the mathematical form assumed 
The effect upon the observed time of an occultation will 
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always be small, but in extreme cases must be taxen into ac- 
count 1n an accurate investigation 

If we consider a ray of light as it comes to the eye at the 
instant when the star is apparently in contact with the moon’s 
limb, this ray will form a curved line, the asymptote of which 
will cut the vertical line of the observe1 at a point where the 
contact would be seen at the same instant as that observed 
it no refraction existed The effect of refraction will then 
be taken into account if we substitute this point for the point 
occupied by the observer. 


Ld 


Let hk’ = the altitude of this fictitious point above the 
obsei ver’s position, 
A = the altitude of the observer’s position above 
the mean sea level 
Then # + #’ = the altitude of the fictitious point above the 
mean sea level. 


_ 


Let us then suppose the observation to be made froma 
point at this elevation above the surface of the mean ellipsoid. 

The necessary transformation will be accomplished by 
changing 9 cos g’ and p sin g’ into p cos g’ + (k-+ kh’) cos p 
and psin g’ -+ (4-+ hk’) sin g, or, by foimule 446, 


peos9—’ fi +R+s) Vi — e sin’ -] 


j/ a a 
and psin g’ E +(2+h’) Ld Seok | 


I — €é 


hand kh’ will always be very small fractions when ex- 
pressed in parts of the earth’s radius, therefore no apprecia- 
ble error will result from neglecting the products of these 
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quantities by ee Also (1-+4-+ #’ will be practically equal 
to (1+ #4) (1 + #), the small term 4%’ being of no account 
The necessary correction for elevation above the mean 
sea level will therefore be obtained by adding to log p 
log (1 -+ #), and the correction for refraction by adding 
log (1 + £’) 
Expanding log (1 + 4), we have 


log (1 + 2) =Mh—=+ etc ) 


M = 43429448 1s the modulus of the common system of 
logarithms 
h 1s here expressed in terms of the earth’s radius If itis 


given in feet we shall have, instead of the above, RS 
Therefore, neglecting squares and higher powers of 4, 


log (1 + 4) = 2( 000 000 02076) (462) 


If, for instance, the elevation 1s 1000 feet, the correction 
to be applied to log & and log 7 will be 000 0208 

The factor (1 + 2’) will now be considered 

In the general theory of refraction the atmosphere 1s re- 
garded as composed of concentric strata the thickness of 
which 1s uniform and may be regarded as infinitesimal. If 
the distance of any point ina ray of light from the earth’s 
centre be 7,2 the angle between the tangent and normal at 
the point to which 7 1s drawn, then it 1s shown by the theory 
of refraction that pr sin z 1s a constant, u being the index of 
refraction for the infinitesimal stratum at the point under 
consideration 


t 
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For the point where the ray enters the eye let 7,, #,, and 
z’ be the special values of 7, #,andz Then 2’ will be the 
apparent zenith distance of the star, and from the foregoing 


U7, Sn 2” = pr sin 2 (463) 


If the first point 1s taken so far away as to be beyond the 
limit of the earth’s atmosphere, then the refraction at this 
point is zero and » becomes unity z 

The above equation then becomes 


M7, sm 2’ = ry sin 2 (464) 

In the figure, = 
OP =7,; PO=Hf, 
Or = 7, OrQ =1 


ZOQr = z 1s the true zenith dis- 
tance of the star observed 


Then from the triangle 7QO O 
Fic 53 


(ry, + 2’) sing =7sinz, 
and fiom equation (464) 


(ry, +h’) sin z = 7, sin z', 


h' sin 2” 
from which ae ne ie ae 
r, SsIn Z 


yr, will not differ appreciably for this purpose from the 


4 
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equatorial radius of the earth, so that 1f we regard #’ as ex- 
pressed in terms of this quantity we have 


sin 2’ 
sin g 


log (1 + 2’) = log 


+ log #, (465) 


The mean value of py, 1s 1 000 2800 

A table is readily arranged for log (1 + #’), with the argu- 
ment 2, the zenith distance of the star By 1eferring to the 
value of €—equations (411)—we see that 21s very neaily equal 
tocosz For this puipose we may conside! it the same 

The following 1s Bessel’s table for log (1 + 2’) In addi- 
tion to the argument z we have given cos z, for which we 
nay use log G without appreciable error 


TABLE B 


log (x1 +4 ) log cos z log (x + 2’) 


0000000 
0000000 
0000000 
OOOOOCOI 
OOOOOCOL 
0000002 
0000005 
0000006 
0000007 
0000008 
0000009 
0000012 
OOOO00I5 
OOOO00Ig 
0000025 
0000033 
0000046 
0000056 
0000069 


0000069 
0000086 
OOOOIII 
0000147 
0000169 
o0001g8 
0000234 
0000280 
0000337 
0000412 
O0005 II 
0000594 
0000643 
0000695 
0000753 
0000817 
0000888 
0000967 
OOOTO54 


ooooo0ooooooooo0coo0o000 
loo memomomemeomeme momo ememem om om om cm > 


9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
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Example The following occultations of stars of the Pleiades group were 
observed at Washington and Greenwich on September 26, 1839 


AT GREENWICH At WASHINGTON 

Star Sidereal Time Sidereal Time 
g Celzno 5h 29m 53° 85 220 21™ 198 99 
é Taygeta 5 56 50 63 23 I o 68 
¢ Maja 5 58 17 43 23 17 46 52 


These are all emersions observed at the dark limb of the moon 
The observations at Washington were made at Gilliss’s obse1 vatory on Cap tol 
Hill, the position of which 1s assumed to be Latitude p = 38° 53’ 32'8 
West longitude gh Bm 78 75 
The latitude of Greenwich g = 51° 28 38' 4 


We now take from Bessel’s catalogue of the Pleiades the right ascensions 
and declinations of the stars for 1839 0 and reduce them to apparent place for 
1839, September 26, Greenwich 3° and 6" sidereal time, viz 


a 3h a 6h § 3b & 6b 
gCelano 53° 49' 34" 68 53° 49° 34"'72 23° 46’ 56" 47 23° 46’ 56" 48 
eTaygeta 53 55 27 47 53 55 27 5t 23 57 40 96 23 57 40 97 
¢ Maja 64 447 27 54 4 47 32 23 51 50 OL 23 51 50 02 


The right ascension, declination, and horizontal parallax of the moon for four 


consecutive hours—viz, 3%, 4°, 55, and 6° Greenwich sidereal time—are as 
follows 


* Moon’s 4 D 


T 
3h 52° 40' 29" 52 24° 8' 55" 07 60’ 10" 19 
4h 53 18 58 26 24 18 44 85 60 8 88 
5" 53 57 31 09 24 28 24 41 60 7 57 
6b 54 36 8 03 24 37 53 73 60 6 25 


We now compute x and y for these dates for each of the stars from formule 
(410), viz , 


__ cos Dsin (A—a@) __sin(D—6) cos? (A —c) + sin (D+ 8) sin? }(4 — @) 
= sin 70 eo sin 7 


i 


— a —— = 


* These values are given by Peirce, Coast Survey Report 1861, pp 204,205 They were com- 


puted directly from Hansen’s tables When the Nautical Almanac 1s used the intervals will be 
raean solar hours 


4 


466 


The computation 1s given in full for g Celzeno 
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3 


3 5575301 
4 6855527 
8 2430528 


I 7569172 


4h 


a 


3 5573724 
4 6855527 
8 2429251 


I 7579749 


5h 


3 5572148 
4 6855527 
8 2427675 


I 7572325 


52° 40' 29" 52| 53° 18° 58' 26) 53° 57’ 31" 


A—al—I 9g § BOO 80 0 Ae le 

= 4 6855457 4 6855692 4 6855745 
ee a) 3 6175413n | 3 2639744 | 2 6779626 
cos Di 9 9602268 9 9596679 9 9591146 

cosec z| I 7569172 I 7570749 I 7572325 
log x 0202310n 9 6662864n 9 0798842 
x) —I 047686 —0O 463753 +o 120194 
D| 24° 8' 55" 07| 24° 18’ 44” 85) 24° 28' 24” 

6] 23 46 56 47) 23 46 56 47| 23 46 56 

D— 6} o 21 58 60; oO 31 48 38] O 4I 27 
D+ 46) 47 55 5m 54] 48 5 4t 32] 48 15 20 
(4 — a) — 34 32 58! ~ 15 18 22! + 3 58 

a. 4 6855676 4 6855735 4 6855748 

ge a) 3 3165113 2 9629467 2 3769418 
sin? i(4 — a)! 6 0041578 5 2970404 4 1250332 
sin (D+ 6)| 9g 8706018 Q 8717195 9 8728115 
Sum I} 5 8747596 § 1687599 3 9978447 
cos’ #4 — @)| 9 9999562 9 9999914 9 9999994 
sin (D = 8) 4 6855719 4 6855687 4 6855644 
3 I201I3I 3 2806649 3 3958381 
Sum 2) 7 8056412 7 9662250 8 o814019 

S2 — St} 1 9308816 2 7974651 4 0835572 
Zech* 0050625 0006918 0000358 
cosec 7} I 7569172 I 7570749 I 7572325 

log y| 9 5676209 9 7239917 9 8386702 

JY =|-+ 369506 529653 689716 


09) 54° 36’ 8" 03 


62 


3 5570558 
4 6855527 
8 2426085 


I 7573915 


4 6855616 
3 4461191 
9 9585670 
I 7573915 
9 8476392 


+o 704108 


24° 37' 53" 
23 46 56 
O 5° 57 
48 24 50 
+ 23 16 


4 6855716 
3 1450906 
5 6613244 
9 8738782 
5 5352026 
9 9999798 
4 6855590 
3 

8 


4853310 
1708698 


2 6356672 

0010038 
I 7573915 
9 9292651 


8.49699 


VC 


73 
48 
25 
21 
66 


eee 


* This 1s the quantity taken from Zech’s addition and subtraction logarithmic table 
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We thus have values of x and ycomputed for four consecutive hours, from 
which we can now compute the values of x'and y’ to the third order of dif- 
ferences inclusive by means of formule (101), (101)1, and (IOI)a, V1z 


x az! J y 
g> — 1 047686 583910 369506 160189 
42>— 463753 583948 529653 160105 
ght 120194 583938 689716 160023 
6h 704108 583882 849699 159942 

For the other stars observed we find— 
Taygeta 

x x! y y 
3>— 1136840 + 583978 + 191768 159690 
4>— 552839 584017 351424 159623 
5sh+- o31152 58 jor8 SIIOIS 159560 
68 615185 583981 670546 159503 

Maja 

3h — 1 278300 + 584071 290289 I§Q105 
4° — 694197 584128 4.49353 1 §9024 
5h — 110057 584145 608340 158951 
6 -++ 47.4080 584122 767257 158884 


Conzputation of &, 7, and § 
(C1s only required for determining the correction due to refraction ) 
Formule (412) are as follows 
E=pcosg'sin(u —@), 


n = bsin (B — 9), 
¢=dcos(B — 5) 


pang =SsnhR 
pcos g' cos (u“ — a) = bcos B 


With the known values of @ for Greenwich and Washington, we obtain p 
and q’ by the use of formule (V), Art 77 
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The computation is then as follows 


Greenwich Washington 


—=— 


51°17’ 24" 8 | 38° 42’ 18' 3 


sin P| 9 8922748 9 7960967 
log P} 9 9991135 9 9994302 
cos p'| 9g 7961411 9 8923033 
psin p'| g 8913883 9 7955269 
pcos P| 9 7952546 9 8917335 


Me) 5" 23” 53° 85 | 22% 51™ 19% 99 
ft) 80" 58 27° 8 |342° 49 59° 9 
53 49 34 7 | 53 49 34 7 
Y—a27 8 53 1 {289 O 25 2 


cos(4— &)| 9 9493072 9 5127960 
sin (Jt— @)} 9 6592427 9 9756518 
log &| 9 4544973 9 8673853 

&| ++ 284772 — 736861 

cos B) 9 7445618 9 4045295 

sin 8} 9 9107179 9 9668001 

sin Bl) g 5915883 9 7955269 

tan B 1468265 3909974 


Bi 54° 30' 21 at | 67° 52’ 51' 33 
6} 23 46 56 47 | 23 46 56 47 
B— 06/30 43 24 741) 44 5 54 86 


sin(B—6)} 9 7083326 9 8425436 
log 4} 9g 9806704 9g 8287268 
cos(B—9)| 9 9343179 9 8562113 
log 7| 9 6890030 9 6712704 
” 488656 469105 
log & 9 9149883 9 6849381 
Z 34° 4u' 61° 3" 


z has been computed for the purpose of taking into account the correction for 
refraction With this value we find from table RB, Art 268, log (r+ 24’) = 
000 0001 and 000000 § respectively, which values are to be added to log & 
and log 7 As they are so small as to be practically inappreciable, they have 
been neglected 
Also, we have for the above times of observation— 


TAYGETA Maja 
Greenwich Washington Greenwich Washington 
E+ 360523 — 725974 + 362353 — 704226 


m+ 504728 8+ 455553. f+ 506584 + 436040 
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With the assumed value of the longitude of the observatory at Washington, 
viz 5" 8" 18472, we reduce the Washington times to Greenwich time, and as- 
suming the values of 7 sufficiently near these times that x and y may be assumed 


to vary uniformly during the interval, we compute JZ, m, V, », and wp by the 
formulz 


msin M = x — &, asin NV = x’, _m 
mcosM=%—%, neosN=y, sin = 7 sin (Af — WV) 


The computation for Celzeno 1s then as follows 


Greenwich Washington 


Wash time 22h 51™ 19% go 
Gh time} 5" 23™53°85 | 3 59 21 74 
Assumed 7 5h 4 420 
: Xo 353765 — 463753 
g 284772 — 736861 
xo — 3 068993 + 273108 
Vo 753720 529653 
” 488656 469105 
yo—y 265064 060548 
log m sin AZ| 8 8388050 9 4363344 
sin AZ| 9g 4OT2T92 9 9895810 
log mcos M| 9g 4233508 8 7820998 
tan | 9 4154542 6542346 
M)\ 14° 35! 22" 8 | 77° 29/ 59/7 0 
log m| 9 4375858 9 4467534 
a! 583916 583948 
y! 159990 160105 
logzsin V| g 7663504 9 7663742 
sin V| 9g 9842810 9 9842609 
log zcos V| 9g 2040928 Q 2044049 
tan VV 5622576 : 5619693 
N| 74° 40! 38" 3 | 74° 40! 3!" 4 
log 2| 9g 7820694 9. 7821133 
M — N\299° 54) 44! 5 | 2° 49 55’ 6 
sin (44 — V)| 99379135" 8 6938108 
log m| 9 4375858 9 4467534 
ac log 7 5650000 5650000 


sin | 9 9404993 8 7055642 
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Since the emerstons were the phases observed, cos w~1s plus, therefore 


Greenwich 
P = 299° 18! 43! 7 
We now compute 2 from the formula 


Washington 


2° 54! 35" 5 


0 = Al * cosy" cos ar — ¥) | —(¢— 1), 


where hk = 3600, log 4 = 3 5563025 

Greenwich Washington 

cos %| 9 6898123 9 9994397 

*log 21 9 4350000 9 4350000 

log = 2179306 2178867 

Si] 2 8990454. 3 2086289 

Nat No 792° 58 1616 70 

= cos] 13™ 128 68 26™ 568 70 

cos (4 — NV’)! 9 6978174 9 9994692 

log m| 9 4375858 9 4467534 

log : 2179306 2178867 

Sa] 2 9096363 3 2204118 

Nat No S12° 15 16615 16 

er cos\M—N) 13™ 32° 15 27™ 4r® 16 
~—T — 6 15 —s5h gm 40° OL 
Q| — 13842 | +5) 7m ens oe 


In a similar manner we find for the other stars— 


For Tay geta, Q 
For Maya, 0, 


— 9% 30 


— 9°79 


-b5" 7™ 55" 67, 
+5" 7™ 53° 08 
We next compute 7, x, and y by formule (443) and (458), viz 


i r — (2, sin VV -+- 4 cos V), 


H%=— 2%, cos V+ yy. sin MN, 


Yuo— 


nw 


— eee, 
* It 1s not necessary for this purpose to know the value of & with extreme accuracy, since 
the correction Az to the assumed value appears as one of the terms of our equation, 
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For Celeno we have 


754 
sin V9 98428 log x. cos V 8 97073 log = 6 44270 
log *o 9 54871 Zech 83008 log — 21793 
cos & 9 42202 log yo sin VV g 86149 log hk 3 55630 
log 30 9 87721 
log % 9 80171 log ¥ 21693 
log xo sin V9 53299 % 6334 v I 6479 


Zech 43345 
log 30 cos Vg 29923 


log («o sin V-+-y, cos V’) 9 73268 
I 
log 7 «21793 


9 95061 
Nat No 8925 


T 4 5075 
We nowcompute the coefficients for the final equations of the form (461), viz 


y tan y, vE=v[nitw— 7)—x tan py], and vsecp 


Greenwich | Washington 


t+ wl 5 3983 3 9894 
t+w—T 8908 — 5181 
log (@-+-w— T)) 994978 | 97144I% 
log 2| 9g 78207 Q 78211 
Sum] 9 73185 9 49652 


log #| 9g 80171 9 80171 
tan ob 250692 | 8 70612 
Sum 052402 | 8 50783 


Zech 16969 O424.1 
log £ 22209 9 53893x 
log v 21693 21693 
logy Z| 43902 9 75586x 
viz} 2 7480 — 5700 
sec a 31019 00056 
log v sec w 52712 21749 


log vy tan %| 46762, | 8 92305 


v sec | 3 3661 I 6500 
y tan P| —2 9351 0838 


472 PRACTICAL ASTRONOMY § 268 


Computing the coefficients for the other two stars in the same way, we ob- 
tain the following six equations 


Celeno G w = — o® oM 138 42 — 1 648y — 2 9359 +3 ,667AR + 2 748Az, [1] 

Ww = 57 55 55 — 1 l48y + 0840-41 650rA4 — 57047 [4 | | 
Taygeta G w=—00 9g 30—1 648y— 5980-4 1 75374 + 1 507Am, [2] (A) 
Ww= § 7 55 67 — 2 648y +1 0480 +1 9537AA — x o84dm [5] 

Maja Gw=—0o0 9 79 —1 648y — 2 328+ 2 8527dk $+ 2 gg2dm, [3] 
Ww= 5 7 53 8 —1648y — o62%-+1650mAk — 4y2Am [6] 


If we assume y S, 4x7 and #4 to be the same in all of these equations— 
an assumption which involves no appreciable error—we shall have si equi- 
tions between those quantities and w’ w, the longitude of Greenwich, will 
be zero 

It 1s evident, however, that for various reasons a direct solution of these 
equations will not be expedient Inthe first place, the large terms involved 
would render the operation very laborious, and further it will not be possible 
to separate 47 from the remaining quantities without assuming both wand wi! 
to be known 

We therefore proceed as follows Assuming the equations to be of equal 
weight, we subtract the first from the third, the first from the fifth, and the 
third from the fifth, then we subtract the second from the fourth, the second 
from the sixth, and the fourth from the sixth We then have the following six 
equations 


4 12-+ 23379 — 1 613744 — 1 241dm [2]—[r] 

363+ 6079 — 5147r4/ — 25647 [3]—[1] 
— 49—17308 + 109974k-+ 98547, [3]—[2] (B) 
+ 12+ 9645 -+- 303744 — 51447, [5]—[4] 
—247— 1463 — ooom4k+ 12847, [6]—[4] 
—259—11109 — 3037444 63240 [6]—[5] 


o0O0CU0d0UCUCUOlhlUD 


ou te a 


By means of these six equations of condition we now determine the most 
probable values of Sand 24k The value of 47, however cannot be well de- 
termined, as we have before remarked _If 1t were not known a y/o: that such 
was the case, it would be shown from the normal equations, which would be 
practically indeterminate for this quantity We shall therefore determine S$ 
and w#4&in terms of 47 in order to show what effect an error in7zw will have 
upon the longitude 

By the method of Art 21 we derive from the above equations the following 
two normal equations 
Ir 00563 — 5 3545744 = — 16.0306 + 5 986447, (C 
— 5 35452 + 4 257407 4k = 8 2287 — 2 865647 ) 
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Bircavwnck x4, — " 2588 a 0289.4 2 (D) 
S = — 1" 3301 + 557742 


We now substitute these values in the first, third, and fifth of equations (A), 
writing /¢ro for w, the longitude of Greenwich, when we find the following 
values for 1 648y 


rO48y = — 8 645 + 1 20047, 
1 648y = — 8055 + 1 sab, (E) 
IO48y = —5 955 + 1 276.Ia 


Mean 1 648y = —7 552-4 1 23747, y= —4' 582+ yerdxr 


We now substitute these values of tli, 9, and ~ 1n the second, fourth, and 
sixth of (A), when we find the following values for the difference of longitude 
betwecn Greenwich and the observatory on Capitol Hill, Washington 


Celano w' = 5" 8m 38 49 — yy v0dz, 
Taygetaw' = 5 8 2 33—1 68147, 
Maja w'=5 8 1 14—1 06847 


Mean w'=5 8 2 30—1 68647 


The Capitol IIill obseivatory is r0* 25 east of the Naval Observatory The 
longitude of the latter, determined telegraphically, 1s 5" 8™ 12" o9 west of Green- 
wich Therefore the true value of gw’ 15 5" 8" 19 By, conesponding very closely 
with the above value if we neglect J7 altogether 

With these values of » and ¥ we may now determine the correction to the 
assumed right ascension and declin ition of the moon 


We have sin Vcos DAA — «) + cos VA(D — 6) = yp, (460) 
— 605 Vico .4( 1 — x) + sin VA(D~— d= 9 


Substituting for the coefficients of 4( 1 —) and 4(D— 5) the mean of the 
values for the three stars, we have the equations 


8794(A — vt) + 264. —d) = — 4582, 
— 2404(4 — x) + 9654(D — 5) = — 1350 


From which we find A(A — &) =z — 4" 46, 
AD—s)=—-2 


Assuming the errors of the star places to be inappreciable, these will represent 
the errors in the computed tight ascension and declination of the moon at a 
time corresponding to the mean of the times of observation ‘These corrections 
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Where O= 0, — ry, and f, p’, p” are the 1espective weights 
Fiom these we derive the normal equations 


Lp] —|pa] »—[p0] = a 


| pale + | paaly — | paO] = 0 (467) 


The solution of these equations in the usual manner gives 


[peat] = (paa| — 1241 Fy, | 


[7] 
[p201] = [pad] — ea £40), (468) 
[paar] 3 = [pa01] 


Which gives $ with the weight [daar] 

But, as we have seen, this form of solution 1s inconvenient 
on account of the large quantities involved 

Let us write out in full the values of [paar] and [pa0r] 


| pant | pa + pa" +. pal _ batfpa au A + g'a' + pa") 


p+pt+e 
PE a — 2! + np a — aly + pip’ — al 
ee ls ae (460) 
[ paOx] = pad -+-7'a'0'-+- p"'a"'0"— ire 7 ae (pO+7'0'-+-2"0") 
_ tiaay(0— 0) pp (axa Ox OE g(a —a'\O—O" 
prp+e J 


Comparing these expressions with our equations of condl- 
tion (466), we see that the final equation for 3 may be 
obtamed as follows Before multiplying the equations 
through by Vp, V7’, and 7%”, subtract the second from 
the first, the third from the first, and the third from the 
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second, then give to the three resulting cauations the fol 
lowing wermhts respectively, 
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Muluplying the equations by the square roots of the respective weights and 
proceeding in the usual way, we obtain the following normal equations 


276305 — 1 2391m.Jk = — 3 7605 + 1 512947, 
— 123919 + 10174744 = 16907— 667847 


From these we find TAk= + 00931 + 023247, 
S = — 13570 + 557947” 


Substituting these values in [1], [2], and [3] of equations (A), and taking the 
mean by weights, we find 


1648y = — 8 161 + 1 22147 


Finally, substituting these values of 3, 74Z, and y in [4], [5], and [6], we 
find the following values for 2’ 


[4] zw’ = 5" 8" 9°67 ~— 1 70642, wt = 100 
[s] w=5 8 2 43 ~167547, wt = 84 
[6] w’ =5 8 t 34 — 166047, wt =100 


From these we have 


w = 5" 8™ 2% 46 — 1 68147 


CHAPTER VIII 
THE ZENITH TELESCOPE 


270 This instrument 1s used in determining latitude, and 
is particularly useful when a high degree of accuracy 1s re- 
quired, the precision being not inferior to that of the most 
refined instruments of a fixed obse1 vatory, while on account 
of its great simplicity it 1s especially adapted to use in the 
field 

We have already develored several methods for determin- 
ing latitude those of Chapter V are very useful, but will 
not be employed im the field except in cases where an error 
of five or six seconds in the result 1s not considered objec- 
tionable The prime vertical transit gives results of high 
precision, but not without the expenditure of much labor 
The method by the zenith telescope 1s superior to the first 
of these in accuracy, and to the second in facility of applica- 
tion On account of these advantages it has superseded all 
other methods on the Coast and other government surveys 
in cases where extreme accuracy 1s required 

The most common form of instrument 1s shown in Fig 54 
In general appearance, as will be seen, itis a telescope with 
an altitude and azimuth mounting The essential character. 
istics are a very delicate level attached to the tube, like the 
level of the finding-circles in the transit inst ument, and the 
eye-piece micrometer The vertical axis is made very long 
to imsure steadiness of motion in azimuth The instrument 
is used in the meridian like the transit 
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In the Coast Survey instrument the aperture of the tele- 
scope 1s 34 inches, focal length 45 inches, length of horizon- 
tal axis 7 inches, vertical axis 24 inches, diameter of horizon- 
tal circle 12 inches, vertical circle 6 inches (sometimes this 
1s only a semicircle, the radius being 6 inches) The instru- 
ment rests on three foot-screws The lampat the end of the 
horizontal axis opposite the telescope illuminates the field, 
the weight seen at the same end of the axis acts as a counter- 
poise to the telescope This weight 1s connected with the 
telescope by a bent metallic bar, shown in the figure, in such 
a way as to prevent to some extent the flexure of the axis 

The horizontal cucle is read by means of two vermers 
The level attached to the vertical circle 1s renerally gradu- 
ated so that the motion of the bubble ove: one mullimetie 
corresponds to an angle of one second of arc The acculacy 
of the instrument depends in a great degree on the delicacy 
of this level In testing an instrument it may generally be 
assumed that if the level is a good one the peiformance of 
the instrument as a whole will be satisfactory The striding- 
level shown on the horizontal axis 1s used for adjusting’ the 
instrument, and 1s not necessarily of so gieat accuracy 

The micromete:* 1s provided with one or more movable 
threads, the value of one revolution of the screw being from 
45" to 60” The head of the screw 1s divided into 100 parts, 
of which tenths may be estimated, thus by estimation zalgy of 
one revolution may be read, or about o”0s The entire 
revolutions are read by means of a comb at one side of the 
field of view, the distance between two consecutive notches 
corresponding to one revolution There are three, and 
sometimes five, vertical threads which may be used for 
observing transits A rack and pinion 1s provided for slid- 
ing the eye-piece in the direction of the vertical so that the 
star may always be observed in the middle of the field 


* For description of the micrometer see Art 97 ’ 
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The instrument 1s mounted like the transit on a pier of 

masonry, or simply a solid wooden post planted three feet in 
the ground 

Ihe dimensions given above are those of a large-sized 1n- 
strument, much smaller ones are often used 

The transit mstiument may be used as a zenith telescope 
if it is provided with the fine level and miciometer A 
special appliance for 1evei sing 1s convenient, but not essential 
‘As we have scen in the descriptions of the different foims of 
portable transit mstruments, the two are often combined 
This arrangement 1s very advantageous on the ground of 
economy of first cost and of transportation, at the same time 
nothing 1s lost in accuracy and little in convenience 


Adjustments 


271 Furst The vertical axis must be made truly vertical 
In setting up the instrument it will be found advisable to 
place two of the foot-screws 1n an east and west direction, 
otherwise if it is found necessary to move the screws after 
the instrument has been biought into the plane of the me- 
ridian this last adjustment will be distur bed 

The asis is brought imto the vertical position by the use 
of the striding-level, which should 1ead the same while the 
instrument 15 turned completely around in azimuth This 
adjustment will also be tested by means of the more delicate 
level attached to the telescope 

Second The horizontal axis should be perpendicular to the 
vertical axis This may be tested by reveising the stiiding- 
level after the vertical axis has been properly adjusted 

Third The line of collimation may be adjusted by direct 
ing the telescope to some distant terrestrial mark, then turn- 
ing the instrument 180° 1n azimuth by means of the horizontal 
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cucle Allowance must be made for the pazallax of the in- 
strument, unless the mark 1s so far away that it 1s not appre- 
ciable This is necessary, since the line of collimation 1s not 
in the same vertical plane as the axis 


Let d = distance of the line of collimation from vertical 
axis, 
D = distance of mark, 
2’ = correction for parallax 


a 
Then p= Dani’ ° (471) 


This method of adjustment depends entirely on the read- 
ing of the circle, and 1s therefore not capable of extreme ac- 
curacy If considered desirable, a more accurate adjustment 
may be made by means of a pair of collimating telescopes* 
or by the mercury collimator * The error may also be de- 
termined by transits of stars observed in both positions of 
theaxis, as explained in connection with the transit instru- 
ment If stars are chosen which culminate near the zenith, 
an error of azimuth will have but little influence on the re- 
sult 

When used as a transit instrument a meridian mark 1s 
recommended, consisting of two lamps placed side by side 
and at a distance apart equal to twice the distance of the 
vertical from the collimation axis 

It is perhaps unnecessary to say that the instrument must 
be focused and the threads placed truly vertical and hort- 
zontal respectively, precisely as in the transit instrument. 

Fourth The instrument must be brought into the plane of 
the meridian For this and other purposes we require the 
local time, a chronometer or clock being an essential part of 


*See Art 168 
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the outfit. The clock coriection 4 Z may be determined by 
the sextant, transit instiument, or by tiansits observed with 
the zenith telescope itself In the latter case the process of 
bringing the instrument into the mezidian will be the same 
as that already desciibed fo. the transit 

If 471s known within one second of its true value, that 
will be sufficient 

AT being supposed known, 


Let a == the mght ascension of a star near the pole 
Then a - 47 = the chronometer time of culmination 


At this instant, as shown by the chronometer, the middle 
thread is placed on the star, the horizontal circle being p1o- 
vided with a clamp anc tangent-screw for this and similar 
purposes The reading of the vermers now shows the true 
direction of the meridian Two stops arranged for the pur- 
pose alc now clamped to the horizontal circle so that the in- 
strument may be turned freely 1n azimuth, but brought toa 
stop when it reaches the meridian. Care must be taken in 
turning the instrument in azimuth not to bring it up against 
these stops with a shock, as this will disturb the adjustment. 

South stars may be used for adjusting in the meridian, pro- 
vided they are sufficiently far from the zemth In any case 
the adjustment should be tested by trying whether a south 
star crosses the muddle thread at the proper time 

The stops should be placed so that in reversing the in- 
strument in azimuth the object end of the telescope always 
turns towards the cast. The observer can then turn it in 
azimuth a little, so as to find a stai a moment before it enters 
the field; then knowing exactly where to look for the star, 
the eye-piece can be brought to the right place by the rack 
and pinion, and the micrometer-thiead moved to nearly the 
proper place, so that when the star finally comes into view 
the bisection can be made with all necessary delibciation. 
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All of the above matters having been attended to, the in- 
strument 1s ready for regular latitude observation 


The Observing List 


272 The stars are obse1ved 1n pairs, one star culminating 
north of the zenith and the other south The difference ot 
zenith distance should not exceed 15’ or 20’ 


Let 9, 6, and 6’ = respectively the latitude of station and 
declination of south and north star, 
and 2’ = the zenith distances 


Then i 6 + 4; 
P= 0” — 2", 
p= HS 4+ 0) + 4e—2) (472) 


Thus the latitude 1s equal to one half the sum of the dechina- 
tioas plus one half the difference of zenith distance, which 
latter must be small enough to be capable of measurement 
by the micrometer 

The difference of right ascension of the two stars forming 
the pair should not exceed 15" or 20", as changes may take 
place in the instrument if a longer time elapses_ If care 1s 
used in the selection, 1t will seldom be necessary to use a 
pair with so long an interval as 15 minutes The interval 
should not be less than one minute, as the instrument must 
be read and reversed 1n azimuth for the second star, which 
will require at least that amount of time 

Stars smaller than the 7th magnitude cannot be well ob- 
served with the instrument which has been described With 
smaller instruments the 6th magnitude will be about the 
limit 
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Stais at any zenith distance may be observed, but gen- 
erally it will not be necessary or advisable to go beyond 30° 
OL 35° 

The catalogues most suitable for the selection of stars are 
the Coast Survey catalogue,* the various Gieenwich cata- 
logues, and the British Association catalogue The declina- 
tions of the latter are not sufficiently reliable for a good lati- 
tude deter minatinn, but as it contains nearly all the stars down 
to the 6th magnitude inclusive, it may very conveniently be 
used in selecting the list, the tinal declinations being atter- 
wards taken from more reliable catalogues 

In selecting the stars we 1equire an approximate value of 
the latitude, which may often be taken fiom a map with suf- 
ficient accuracy, or if suitable maps are not available 1t may 
be determined by a single altitude of the sun ora star at cul- 
mination measured with the sextant An error of 1’ or 2’in 
the assumed value will cause no inconvenience 

In selecting the list of stars we proceed as follows Fust 
we must know with what right ascension to begin _ If, for in- 
stance, we intend beginning our obsei vations at 7" pM, this 
mean solar time conveited into sidereal time will give the 
light ascension of a star which culminates at that instant 
Starting with this right ascension, we take the first star 
whose zenith distance at culmination does not eacced 35° and 
look down the list to find whether there 1s another star which 
differs from this im might ascension between 1" and 1g", and 
Which will unite with this to form a suitable pair From 
(472) we have 


Beg 6s (ecco (OO YA 


Thus if 6” 1s the declination of the star, if we can find another 
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* Coast Survey Report 1876, Appendix No 7 
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whose declination 6 does not differ from 2m — 6’ more than 
15’ or 20’, the two stars will form a pair suitable for our pur- 
pose With the great majority of trials we shall find no 
second star fulfilling the above conditions If we use the 
British Association catalogue we can generally fnd from 
one to three dozen pairs suitable for observation for any 
night in the year 

Having gone over the catalogue in this manner, writing 
down the catalogue numbers of the stars, the right ascen- 
sions, declinations, and magnitudes, it will often be found 
that some of the pairs interfere with others in reference to 
time of culmination We may, if we choose, make out two 
lists for observation on alternate nights, or we may drop 
those pairs which are less suitable when they interfere with 
others 

The places of the stars must then be reduced to the date 
of observation by applying the corrections for precession, 
nutation, and aberration * The declinations need only be 
reduced to the mean place for the year, but the apparent 
right ascensions for the date of observation will be required 
within the nearest second The necessary reduction may be 
obtained very readily by comparing the stars with those of 
approximately the same right ascension and declination of 
the Nautical Almanac 

The following 1s an example of an observing list prepared 
for determining the latitude along the northern boundary of 
the Umted States. The first column contains the number 
of the star in the British Association catalogue, the second 
column the magnitude, the third and fourth the right ascen- 
sion and declination, the fifth the zenith distante The let- 
ter N. or S in the next column shows whether the star cul 
minates north or south of the zenith: the Stars with the large 


Se 
*For a full explanation of this subject see Art 354 and following 
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declinations culminate noth, those with the small declina- 
fon south Ihe setting, givenin the last column, 1s the mean 
of the zenith distances 


US Northern Boundary Survey —Astronomical Station No 4 


Observing List for Zenith lelescope 1873, June 27 Apptox @ 49° 0 
Mag a 8 z N or § Setting 
6 14" 52" 724 50” 9! ary : N on 
5 Ig 59 38 40 9 O 51 S ee 
6 5 8 47 38 44 lo 16 S 
3 I5 22 8 BQ 24 10 24 N ra 
6 15 48 19 42 48 6 12 S 6 ; 
55] 15 54 49 | 55 7 697 | N 7 
6 16 6 36 58 16 gy 16 N 
6 16 15 36 qo 1 & 59 S 9 75 
5 IG 2t 42 55 30 0 30 N 6 
3 16 24 31 42 10 6 50 S sad 
45 16 28 417 69 3 20 4 N 
| 16 yo 4 28 45 20 25 S me 
6 16 43 18 42 28 6 32 S e 
6 16 gf 17 55 38 6 38 N » 35 


As will be seen, the selection of a good list of stars involves 
considerable labor Where great accuracy 1s requued 
especial care should be exercised in selecting the stars, and 
none should be employed whose declinations are not well 
determined This part of the subject will be considered 
more in cletail hercafter. 


Directions for Observing 


273. A suitable list of stars having been prepared, the in- 
strument adjusted, and the chronometer error determined, 
the observer sets the vertical circle at the proper reading, 
the telescope 1s directed towards that side of the zenith 
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where the first star will culminate, and the bubble brought 
to the middle of the level-tube by means of the tangent- 
screw connected with the horizontal axis At the time 
of culmination, as shown by the chronometer, the star 1s bi- 
sected by the micrometer-thread, and the micrometer and 
level are read, the instiument is then reversed in azimuth 
and the second star observed in the samc way this forms a 
complete observation * 

During the operations desciibed the tangent-screw olf 
the vertical circle must not be touched, but the tangent- 
screw which moves the telescope, and consequently the level, 
may be turned after reversing, in the exceptional case where 
the vertical axis 1s not well adjusted 

If for any reason the bisection 1s not obtained at the 1n- 
stant of culmination, the star may be observed off the meridian 
and the time of observation recorded, when acorrection may 
be computed toreduceit to the meridian Several bisections 
might be made while the star 1s crossing the field, and the 
observations reduced to the meridian ina similar manner ; 
but experience shows that lttle or nothing 1s gained in this 
way The accuracy with which a bisection can be made by 
a skilled obse1ver being greater than that of the average de- 
clinations which will be employed, it 1s advisable to increase 
the number of stars observed rather than to multiply obser- 
vations on the same star unde: the same ci cumstances 


Determination of Value of Micrometer-screw 


274 This value mav be dete:mined most advantageously 
by means of a circumpolar star obse1ved near elongation 
One of the four close circumpolar stars whose places are 
given in the American Ephemeris will generally be selected 
for the purpose, \1z, 51 Cephei, 6, a, or A Uisze Minoiis 
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The observations are made as follows Fiom I5 to 30 min- 
utes before the sta: reaches elongation the telescope 1s 
pointed to the star, the mictometer-thiead being near that 
end of the screw fiom which the star 1s moving The tcle- 
Scope is set at such an clevation that the thread isa little in 
advance of the star, and the bubble of the level brought into 
the muddle of the tube, without disturbing the position of 
the telescope The time of transit of the star over the thi ead 
is then observed and the level read The thiead 1s then 
moved forward one revolution (or sometimes only half a 
revolution) and the transit of the star observed in the new 
position, and so on throughout the entire length of the 
Screw 

It 1s well to time the work so that the elongation will 
occur near the middle of the series, though this is notsessen- 
tial With this in view it may be borne mm mind that the 
time required for Polaris to pass over a space equal to the 
lange of an ordinary zenith telescope micrometer will be 
about 50", for A Ursas Minoris 70", for 51 Cepher 30", 

The record of the observations will be hept according to 
the following or a similar schedule. 


No Micrometer Chionom Time |- = 


To prepare for the observation, the chronometer time of 
elongation must be computed It will facilitate setting the 
instrument on the star if the azimuth and zenith distance are 
also computed 
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In the triangle formed by the arcs of great circles yoining 
the zenith, the pole, and the star, the angle at the 
star S will be aright angle at the time of elonga 
tion Then by Napier’s rules, 


io] 
p__ 928 


90° cos 6 
sina= ’ 
COS p 
sin @ (474) 
COS 2 = -—, 
Z sin 0 
Fic 55 cos ¢ = tan g cot 0 
Let 7 = the chronometer time of elongation 
Then Yas ae ae ee AT) ae | elongation ‘ (4.74.), 
Method of Reduction 


275. We have by observation a series of times correspond- 
ing to observed transits of the star over the thread at succes. 
sive equal distances If now the star moved uniformly in a 
great circle the intervals between these observed times would 
be uniform, aside from errors of observation and the effect 
of change of level The star, however, moves in a small 
circle which is tangent to the vertical circle at the point of 
elongation We may, however, compute the correction 
necessary to convert this motion in the small circle to uni- 
form motion in a great circle, as follows 

For any one of our observed transits let 


t = the interval of time between ob 8s 


servation and elongation , 902 § 
2” = the number of seconds of aic from Ss. 
: ° 
elongation measured on the Fic 56 
vertical circle = SK 
Then the angle SPK = 1 57 expressed in arc, and 
sin 2” = cos 6 sin CIS Tew -% (475) 
or 2” = cos 6 — (157) 


sin 1// 
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By expansion, 


sin (157) = (157) sin 1”— f(rszsin 1”) chy(157 sin 1”)° ; 


If the time of elongation falls anywhere within the series 
the last term 1s never likely to be appreciable, so we shall 
have with sufficient accuracy 


ad 


#° = 15 cos 0 [r — f(15 sin 1/")*r*] (475), 
In which log (15 sin 1”) = 094318 — 10 


This term may be readily computed from the formula, but 
the following table 1s moire convenient, where its value 1s 
given for every minute of tume fiom elongation to 6s". It 
will seldom be advisable to extend the observations farther 
from elongation than this Fo. this mte: val, viz, 65", the 
term in 7’ 1s of 21, and may veiy well be neglected, but it 
would soon become appreciable 


ei ee ae 


Term r Term 
S Wi Ss 
00 26 33 
oe 27 37 
oy 28 42 
Or 29 46 
02 30 51 
02 bl 57 
03 32 62 
O 4 33 68 
05 34 75 
06 35 8 2 
08 36 89 
09 37 9 6 
Ir 38 TO 4 
I 3 39 Il 3 
I 5 40 12 2 
18 41 131 
20 42 I4 I 
23 43 I5 1 
26 44 16 2 
30 45 17 3 
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Instead of applying this correction to r (the difference be- 
tween the time of elongation and observation) 1t 1s mo1e con- 
venient to apply it directly to the observed time It will be 
plus before and minus after either elongation We thus 
reduce the observed times to what they would have been if 
the star had moved uniformly in a vertical cucle 

276. Correction for Change of Level Reading A change in 
the level reading indicates a change in the angle which the 
line of collimation forms with the honzon The correction 
necessary to apply to the observed times will be derived as 


follows 
Let , s = any level reading , 


#,, §, = an assumed level reading to which all are to be 
reduced 


Then t= d[3(z — s) — 4x, — s,)] 


This quantity will be an increment to 2’", and since 1t will 
always be very small it may be treated as a differential To 
find the necessary correction to r we differentiate equation 


(475) 
cos 2” dz”’ = cos 6 cos (157) a157) 


wt 
Writing dz” = / cos 2” = 1, COS Ihr = I, 
this p15 


or — ae + qd W 
15 cos * s0cos GL* — 5) — (#0 — 5)] E t elongation (476) 
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bined by subtracting the first from the middle one, the sec 
ond from the middle plus one, and so on 

[f 21s the number ol revolutions of the micrometer between 
the first and middle observations, we thus have a se1ies of 
values for the time required for the star to pass over this 
space, if all errors could be avoided, these times would con- 
sequently be the same The mean of these values multiplied 
by na C08 in accoidance with for mula (475), then gives the 
value of one revolution expiessed m seconds of arc 

277. Micrometer Value when liwml Valu snot known There 
IS nO More convenient o1 satisfactory method lor determin- 
ing the value of the micz ometer-sci ew than that just explained, 
when the value of the level has been previously determined 
This may be done by a level-tuer, or by a finely graduated 
circle, as already explained in Ait 164 

Circumstances sometimes make it necessary to dete: nine 
the values of both micrometer and level when no special ap- 
phances are at hand fon the latter In such a case the value 
of the level must first be determined m terms of the mic1om- 
eter, as follows . 

The telescope is directed to a sharply-defined mark, as the 
threads of a collimating telescope, and the bubble brought 
near one end of the tube, the mark 1s caiclully bisected by 
the thread of the mic1ometer, and both micrometer and level 
are read The instrument is then moved through a small 
vertical angle so as to bring the bubble towards the other 
end of the tube, and the mark again bisected by the microm- 
eter 

The difference between the two 1eadings of the microm- 
eter is the measure of the angle through which the instrument 
has been moved in terms of the micrometer, and the differ- 
ence between the two level readings is the measure of the 
same angle in terms of the level 


She ALE dat BEBE 
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Let WZ, M = the two miciometer readings , 
L, L' = the two level ieadings , 
R, d = value of micromete:1 and level respectively 


Then dL —L'’) = R(M— MM’) (477) 


The value of both d and & may now be determined by a 
series of approximations, as follows The value of & 1s deter- 
mined by the method just explained, neglectirig the level 
correction, then with this value of &, Z1s computed by (477), 
and the value used in a reconiputation of R This more 
accurate value of & gives a more acculate approximation to 
the value of d, and the operation may be again repeated if 
necessary If the instrument is mounted on a good founda- 
tion, the change of level during the time of observation will 
generally be so small that a very close approximation to the 
true value of & 1s obtained by neglecting the level coriec- 
tion It will seldom happen that the change will be gieat 
enough to render more than one repetition of the computa- 
tion necessary 

A method theoretically more rigorous 1s as follows 

/ 
Let sd fetal = D=the value of one division of the 
R L-L 
level expressed in terms of the 
miciometel , 

&, L,, M,, £L, = zenith distance, time, micrometer, 
and level of a circumpolar star 

observed at elongytion , 

8, IT, M, L = the same quantities at time 7 

RD = d = value of one division of the level. 


Chen e=2,+(M —M,)R—(L —L,)RD, 
2 = 2,-+ (M’ — M)R — (L’ — L,)RD, 


for a second observation. 
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= (2" __ 2,) = (2 — 4,) 

From these, KR = (M’ —M) —(L’ ~ LD (47 7): 

Z— 4%, s — #, are the same as the quantity which we 
have called 2 in the previous formula, and may be com- 
puted by (475) The correction 3(15 sin 1’’)’r* may of course 
be taken from the table and applied directly to the time of 
observation as befo1e We shall then have in one column 
the readings of the micrometer, and in another the times re- 
duced to the vertical circle We combine as before by sub- 
tracting the first from the middle, the second from the 
middle plus one, and so on, then divide each by its value of 
(M—M)—(L—L')\D This gives the time 1equired for 
the star to pass over a space equal to one revolution of the 
micrometer, which multiplhed by 15 cos 6 gives the value in 
seconds of arc 

We might compute z — 2, directly for each observation 
by (475) This will involve a little more labo: than the 
method outlined above, as each term must be multiplied by 
15 cos 6, while in the other case only one such multiplication 
1s necessal y 


Example 


278 Polaris was observed at eastern elongation 1874, June 18, for deter- 
mining the value of one revolution of the micrometer of zenith telescope 
Witirdemann, No 20 


Station Fort Buford, Dakota Observer Captain J F Gregory 


The preliminary computation necessary to prepare for the observation 1s 
first given, viz , the computation of the azimuth, zenith distance, and time of 
elongation by formule (474) 

For this purpose the right ascension and declination of Polaris are taken from 
the Nautical Almanac, viz 


a= I y2m6'q, 


5 = 88° 38! 3’ 3 
The latitude of station was @ = 47° 590) 7' 


apo UE, AB 
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The computation 1s as follows 


cos 6 = 8 37721 sin 6 = 9 99988 ‘ot 6 = 8 37733 

COS MP = g $2563 sin @ = g 87097 tan p= 04534 

sin @ = 8 55158 COS 2 = g 87109 cos ¢ = 8 42267 
@ = 2° 2' 24" Z = 41° 50! co" f= 88° ay’ 1” 
i= 5h 53” 568 


a= I 2 06 

a@—t¢=19 18 10 

AT= — 2 

Chronometer time of elongation = @ — ¢— J7'= 19" 18" 128 


The transit of Polaris was observed over the micrometer thread at every half 
turn, beginning with revolution 35 and ending with 5 5—sixtv transits in all 
In the example I have only used those observed at the even revolutions, as this 
will be sufficient for illustrating the method of reduction 


i 
v =| q q q 
o of Level O « Sod |gas g 
No | =| Chronome Beg Soe | 8200] Bu | Reduced 
og ter Time | - = acs 37s gr a8 ES § Times 
= ~_ vu vo 2H 
5 N | 8 em pa ee ee 5 
T | 35 [18 38™ 4o%o) 18 6 | 19 x |— g9™ 32% 0 + 1288 — +5 oF 6 =| 18h 38M con 4 
2 | 34 41 38 0 18 5] 19 r |] 36 34 0 93 =~ 6 a8 7 4x1 48 0 
3 | 33 44 32 8 186) 192] 33 39 2 7 3 — 6 t 7 44 40 8 
4 | 32 47 276 187/192] 50 4a 4 5 5 = 5 6 47 337 
5 | 3 50 24 0] I9 0] 19 0 27 48 0 4.1 ° fe) 50 28 x 
6 | 30 53 20 6 24 SI 4 29 ° ° 53 23 5 
7 | 29 56 13 7| 190] 19x 2r 58 3 20 —- I 56 15 8 
8 | 28 |18 59 10 0 y 20 I 3 — tr {18 59 xr 4 
9|27 19 2 4 4 190] 192 16 067 6 8 —- 2 2 |'9 2 5 4 
0 12 0 4/ + 4/=— 8 4 599 
3 19 7 2 ° ° 7 525 
° 230/+ t 3 —- 4 10 48 7 
9 30 x ° 3 [| — 4 13 41 5 
° 37.0 ° ai 2 — 2 16 34 8 
° I7 0 ° r — 1 19 28 9 
9 99 ° 6 — 7 22 21 2 
3 43/— 1 9 rr 25 15 x 
$ o | = 2 9 —rIYr 28 9 3 
9 9 4 10 —1I2 3% 23 
° ° 8 * oO — Ta 33 57 9 
6 6 I 2 ae —r4 35 50 0 
ed ° 19 If —~I4 39 42 
o ° 28 II —I 4 42 a5 
4 4 3 9 I 2 —I5 45 300 
° ° 2 Sea —21 48 a1 7 
° ° 6 9 I 5 —Iy 5r 162 
7 7 7 go I7 “si 54 8 6 
z 27 II 3 I 4 —rI7 57 1% 7 
; 2 Te 726 19 59 57 9 
2714 I 2 —2 5 |20 2 499 
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The first five columns require no explanation ‘The sixth contains the quanti- 
ties which we have called 7 [he ‘reduction to vertical” 15 taken from the table 
Ait 275) Lhe “reduction to mean state of level” 16 (2 — 5) — (0 — 50), 
where (vo 59) Oo inthis case The‘ corecuon for level” 1s this quanuty 

d 
3 COS 0 
Therefore this factor equals © 25 

The clong ition being ease the sign of the level reduction 1s aezzeus 

The “seduction to vertical” and ‘correction for level” being applied to the 
Observed time, we have the “reduced times” of the last column We combine 
these quantities by subtracung No 1 from 16, No 2 from 17, No 15 from 
30, thus obtaming a sores of values for the time required for the stu to pass 
aver a space equal to 16 revolutions of the serew The mein of these quanti 
reas O 


multiphed by Ihe value of one division of the Icvel, @ = " 893 


ties mulupled by = «04 6 then will give the value of one revolution 


in seconds of arc 
The numerical work 18 as follows 


Nos Time of 15 


Re yvolutions = : 
1G— 1 43” 28" 8 39 15 27 
17~ 2 43 27 1 22 + Sd, 
ib— 3 43 28 6 3 6 12 96 
Ig — 4 43 28 6 37 1369 
20— 5 43 28 9 4 0 10 0O 
2i— 0 43 20 5 16 2 56 
22— 7 $30 20 y 20 4 OO 
23-- 8 43 24 | 5 25 
24 9 43 2, 6 3 O9 
25-10 43 21 8 3 1 gy OL 
2() = 11 43 237 I 2 L dh 
27-12 43 TY 9 50 25 90 
43 20 2 47 22 09 
43 23 =7 1 8 32 
43 2I 0 3.9 15 2. 


[vv] = 146" 19 
Mean 43" 24" 93 
= 2604" 93 log = 3 4157961 
cos 6 = 8 3772074 
log one revolution = I 7930035 
One revolution 62" 0874 
Correction for refraction — 0315 


Corrected value 62" 056 


tT Bey 
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The correction for differential refraction is computed by the last of formule: 
(481), viz, 


log (g — s) = 1 7930 
sec? s = 257 
log (7 —7) = 84976 2 —w =" 0315 


The probable error is computed from the sum of the squares of the residuals 
in the last column by formula (27), viz , 


= 6 fe a 
e ue m(u — I) 


min this case being 15 Substituting in this formula, we find 
ig 563 


This 1s now the probable error of the determination of the time required for the 
star to pass over 15 revolutions of the screw The probable error of the above 
determination of the value of one revolution of the screw will be obtained from 

15 cos 6 
this quantity b, multiplying by the factor — = cos 6, viz, + "013 

From this series we therefore conclude the most probable value of one revo- 

lution of the screw to be 


PR = 62' 056 + "013 


Value of One Division of Level 


279 An example has been given (Art 164) of the determination of the level 
value bv means of the level trier Opposite 1s given an example of the deter- 
mination of the level value of the above instrument by means of the microme- 
ter See equation (477) 


\ 
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1473, June 15 Observer, L Hoss Mark cross-threads of transit telescope 


Ly 4 Le] Ne 
o., b IT evel Level rs) =} 
Aw § ay S | xt position | od position seo | ge a 
No ahs ae 7 oe 5 ¥E ad v vU 
228 8g g “| s8$| as] 7 
A 7 N|s |N |S 5 on 
ye eae oneness | etreteweee | eee | ooo eee | ee oe ees | ee | tee | eet 
r | 22 076 az 5427 | 13814490] 49x] 93] 35 6 50 6 I 42x | org | 00036 
2{ ars | vxyr | Sal 4o7) 5x8] so] 437 59 3 | 2 357] 083] 6889 
$) 47 ¢H)7 '7 On0 76/498) 447) 124] 37 25 55 3 1 405 | O45 2025 
4 | 20 752 a7 387 5x] sro] 192] 72] 45 45 635 t 429 | om 12r 
5 1g 825 > 386 69) 48601439 ]15 4] 37% 56 1 512 | o72 5184 
&) ao abr 20 88g 63] 490] 445] 1098] 382 52 8 1 382} 058 3364. 
7 | 20 5, “r 4th 53/499] 181] OB] t 95 | 593 1 38x} 059 | 3482 
B at 438 rx (80 95/455 |/ 48.) 05 38 85 54 8 I 41m } 02g 84x 
y | ef aga 2 555 87) 4byl apr] ro 3] 45 56 3 1 462 | o22 484 
1d | de G48 13058 771,406 /4>831ts| 35% 51 0 I 453 | Of3 109 
ix] 34 §}a yg | 4e 3] St] Gr] 4B2) 4315 | ba2 X 44x | oo1 
ra 1} Quy 13 4%} 432] 107/102] 434 32 9 4y 9 1 489 | 049 240% 
ry | 23 415 12 Ba8 | 48 1 BO! 76 | 460] 40 45 58 7 1 45z | o7r 12% 
te | 7 146 17 670 Br} 455) 4439] 89] 364 52 4 T 440 | 000 
tS | 24 82 25 310 7r1 4891400] t29| 32 95 48 8 1 481 | o4t 168r 
| 25 914 6537 | 52] 4751463 | Ox] 4225 | 593 | 1 438 | O02 


rl 
t 
1 
! 


Mean value of w = 14396 + 007! 
The above value of A’ 15 " 62056 
Therefore @= "893 + 004 


If both the level and micrometer values were unknown, the above series of 
observations of /elaris would give for one division of the micrometer, by neg- 
lecting the level readings, A” = '’ 6209, which gives practically the same value 
of ad as above 

With this value of @ the level corrections would then be computed and the 
final value of the micrometer determined, no second approximation to the value 
of @ being required 

280 For the purpose of illustrating the method of Art 277 let us apply it to 
the example already solved The first part of the computation will be precisely 
the same as before except the correction for level Applying to the observed 
chronometer times the ‘reduction to vertical” already found, we have the 
‘‘reduced times” of the following table 


4 Ser ae 
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% 
c F 
3 Level Ny Q S38 a ° 
No | g | Reduced Nos iy || | Times] 2 ie 
oS Tine. [——— s [ NR =% a 
g N | 5s a ee Bg 
= = | 
re 18538M5 88/186] 19 x | 16— 1 zi 55| 0079 | 15 0079 | 26108 x | 173% o2 
2 2 18 41 47 3| 185 | 19 1 | 17— 2 75| o1o8 | 15 0108 | 2608 9g] 173 80 
3 / 33 44 40 1} 186 | 19 2 | 18— 3 |-+ 75} o108 | 15 0108 | 2610 3 | 173 go 
4] 32 47 33 1] 187 | 19 2 | 19— 4 [4+ 75] o108 | 15 o108 | 2610 4 | 173 go 
5 } 3 59 28 r/ 190 | 190 | 20— 5 |-+ 50] 0072 | 15 0072 | 2610 1 | 173 92 
6 | 30 53 23 5 2I— 6 |-+ 55] 0079 | 15.0079 | 2007 y| 173 977 
7 | 29 59 15 7/190] 19 1 | 22— 7 [+ 0086 | 15 0080 | 2608 4/173 88 
8 | 28 | 18 59 1: 3 23— 8 Tr 00] 0086 | 15 0086 | 2005 y| 173 63 
9}27119 2 5 2| 190] 19 2 | 24— 9 JO} O1Or | TS oto | 2606 3/173 by 
to | 26 5 9 4/195 | 319 1 | 25-10 |+- 65] cog4 | 15 0094 | 2603 4/173 45 
Ir | 25 7 52.5) 19 2] 19 2 | 26—1z [+ 75] o108 | 15 0108 | 2605 0] 173 58 
12 | 24 TO 49 1119 6 | 19 3 | 27—12 |+ 70] o101 | rs o10r | 2601 6 173 32 
13 | 23 13 41 9 26—13 |-+- 55] 0079 | 15 0079 | 260r §| 173 34 
14 | 22 16 35 9 197] 19 5 | 29-14 a 55| 0079 | 15.0079 | 2604 5] 173 54 
15 | 21 19 290 19 6]19 5 30—15 5a| 0079 | 15.0079 | 2602 4/173 40 
16 | 20 22 21.9 200] 19 4 | 
17 | x 25 16 2 202 | 19 3 6865 = Loz] 
1} 1 28 10 4| 20 3] 19 4 
1g | 17 33 35 2051/19 5 
20; 16) 33 58 2! Mean ume of one revolution = 173" 666+ 0385 
21 | 15 36 51 4 206] 19 5 
22,14} 39 44 1! 
23 (13) 42 37 2, The value of one revolution is now found by 
I 20 t 
a s 3 fs 3 ae i : multiplying this time by 15 cos 6, viz, 
26 | 10 5318 t 210/19 5 
27 | 9 54 10 7 213/19 4 
28 | 8 57 34 210] 190 = 62"! 0888 + 0138 
29| 7/1959 59 5 210] 19 7 = 
30 202 514 210] 39 8 Refraction = O315 


Final value of & = 62! ox7 + Old 


If the chronometer employed has an appreciable rate the interval of time 
corresponding to one revolution of the screw will require a correction which 
may be determined as follows 


Let 67 = the daily rate of the micrometer, -+ when losing , 


/, = any interval expressed in terms of chronometer , 
f = true value of interval 


Then L fy = 24> 24% — &7 = 864008 864008 — O67, 
I 67 
ee & = 
1 a7 Ath Shion nearly 
I — 
86400 


If, for example, the above observations had been made with a mean time 
chronometer, for 6 7 we should have 37 568 = 2368 Therefore 


236° 
J=hA+h, Beqoc =1,+JZ 002735 = 173' 666 + 474 = 174° 140 
eee ere 


* When the reduction 1s made in this manner the term (Z’/ — LZ) D will be + f or | i } elonga- 
tion 
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General Formule for the Latitude 


281. Let m = the micrometer 1eading for the south star, 
expressed in seconds of arc, 
m,* = the micrometer reading for the zero-point 
of the micrometer, 
2 = the correction for level, plus when the north 
reading is large, 
ry = the coriection for refraction 


Then s=2+( —m,) + /-+=~>7 for south star. 
Similarly 2’ = z, + (a’ — m,) — ’ +7’ for north star 


s— = (m—m)+ C++ —7) 
Substituting this value in equation (472), 
P=HO+ OO) +4 m— mm) ++) +4 — 3’. (478) f 


It has been assumed in the foregoing that the readings of 
the micrometer increase with the zenith distance, but, whether 
they increase o1 diminish, practically a case will very seldom 
occur where the algebraic sign of the term 4(m — m’) will 
be in doubt, as may be seen by 1eferring to the numerical 
example 

Equation (478) shows that the value of the latitude 1s found 
by adding to the mean of the declinations of the two stars 
thiee corrections jfrst, the correction for micrometer, 
second, the correction for level, ¢Az7d, for refraction 


* Any point may be assumed arbitrarily as the zero-point, for by referring to 
equations (478) and (479) 1t will be seen that only the difference of micrometer 
readings on the two stars is required, and this will be the same wherever we 
assume the zero to be_~= [t_ will be convenient to assume this point so far to one 
end of the scale that the readings will all be plus 


ce ag % Jt tao 
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282 Zhe Correction for Micrometer 


Let 2Z and 17’ = the micrometer readings for the south 
and north stars respectively , 
R = the value of one revolution of the screw 
expressed in seconds of arc 


Then d(m — m') = 4R(M — M’) - (479) 


If the micrometer reads towards the zenith the algebraic 
sign will simply be reversed 

283 Lhe Correctton for Level Jf the mean of the north 
readings in both positions of the instrument is greater than 
the mean of the south readings, 1t shows that the vertical axis 
produced pierces the celestial sphere south of the zemith, 
therefore the instrumental zenith distance of a south star 1s 
too small, and of a north star too large 


Let ~ and s = readings of north and south ends of bubble 
for south star, 
n’ and s’ = readings of north and south ends of bubble 
for north star, 
x» = the error of the level, 
d@ = the value of one division of the level in sec- 
onds of arc 


Then l= tdn—s) +2, 
f= td(n' — s’) — «, 
#2 + 2) = fdi(x+ n’) — (s+ 8)] - (480) 


284 Correction for Refraction The difference of zenith 
distance 1s so small that nothing 1s gained by applying to 
the correction for refraction the terms depending on the ba- 
rometer and thermometer 
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Bessel’s formula for mean refraction 1s 


yr=atan g . (2) 


a for present purposes is considered constant and equal to 
577 

The correction x — 7’ being very small, we may use a dif- 
ferential formula, viz , 


/ r / 
r—7r = (2 — 2’); ne (0) 
di: 
and from (a), — = 57" 7 sec 2 


If ¢ — 2’ asgiven in minutes we may write (4) as follows 


r—r = 57" 7s8ec 2 sint’ (g—2’, 
or yr — r’ = [8 22491] sec’ 2 (2 — 2’). 


If (¢ — 2’) 1s expressed in seconds, (481) 
(7 — 7’) = [6 44676] sec’ z (2 — 2’) J 


As usual the numerical quantities in brackets are logarithms 

The computation by either of these formule is quite 
simple, but as this co11ection must be applied to every pair 
of stars observed the following table has been added, being 
the same as that given by Schott, of the U S Coast Survey 
The vertical argument 1s one half the difference of zenith 
distance, for which we may use $(#m — m’) The horizontal 
argument 1s the zenith distance, the table being extended to 
36° In the exceptional cases where stars are observed at 
greater zenith distances the coi rection must be computed by 
the formula (481) The algebraic sign will always be the 
same as that of the micrometer correction 
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TABLE B—DIFFERENTIAL REFRACTION 


Zenith Distance 


Half Difference in 
Zenith Distance 


fe) 10 20 25 30 35 
? it tt ai vt wt it 
re) 00 00 00 00 fore) fore) 
05 OI OL OL Or ol Ol 
I 02 02 02 02 O2 02 
I 5 03 03 03 03 03 03 
2 03 03 04 O4 O4 05 
25 04 04 05 05 05 06 
3 05 05 06 06 07 08 
35 06 06 07 07 08 09 
4 O07 07 08 08 og 10 
45 08 08 ore) 09 10 II 
5 08 09 10) 10 It 13 
55 0g Ke) 1X0) II 12 14 
6 Io 10 II 12 13 I5 
65 II II 12 13 14 16 
7 12 12 13 14 15 18 
75 13 13 I4 15 16 19 
8 13 14 15 16 18 21 
8 5 I4 I5 16 17 19 22 
9 I5 16 17 18 20 23 
95 16 17 18 20 21 24 
10 17 18 19 21 23 26 
IO 5 18 19 20 22 24. 27 
IT 18 19 21 23 25 28 
II 5 19 20 22 24 26 30 
12 20 21 23 25 27 31 
125 21 21 24 26 28 32 


285 Keductzon tothe Meridian If the observation has been 
missed at the instant of the star’s meridian passage, it may 
be observed off the meridian in either of two ways 

First Yhe instrument may be revolved in azimuth so as to 
bisect the star in the middle of the field, or 

Second The instrument may be allowed to remain in the 
meridian, and the star may be bisected off the line of colli- 
mation before it passes out of the field 

In the first case the correction to the zenith distance will 
be precisely the same as that already denved for reducing 
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circummeridian altitudes, viz—see equations (XIII), Art. 
149— 


COS @ cos 62 sin’ dz 


sin ¢ sin 1’? 


where # 1s the hour-angle of the star at the instant of observa- 
tion 

The quantity given by this formula is to be subtracted from 
the zenith distance at the instant of observation, therefore 


by referring to (472) we see that the correction to the latitude 
will be 


_ , 1 cos pcos 62 sin’ $7 

4p = + 2 sme sin 1” - (482) 
4gwill be plus for a noith and minus for a south star. 
2 sin’ $7 


qe is taken from table VIII A at the end of this volume. 


286 When the star ts observed off the line of collimation, the 
instrument rematwung in the meridian In the 
figure, PA is the meiidian, PS the hour- 
circle passing through the sta: If the star 
is Observed on the meridian, SX will be the 
position of the micrometer-thread If ob- 
served off the meridian at S’, this thread will 
have the position S’K’ 


Let KK' = x 
Then PR’ = 90° — (6 + 2»), 


and, by Napier’s second rule, 


cos ¢ = tan 6 cot (6 + 2) 
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This may be placed in the form 


tan 6 + tan x 
tan 6 = (1 — 2 sin’ #2) an rene 


Clearing of fiactions and neglecting the small term 
tan x 2 sin’47, we readily find 


tan x = sin 0 cos 6 2 sin’$f, 


or, with sufficient accuracy, 


2 sin’ $2 


oe 4sin 26 ene ° ° (483), 


As the apparent zenith distance 1s diminished for a south 
star and increased for a north star when obsei ved 1m this man- 
ner, the coriection to the latitude will always be plus and 
will be equal tox Thats, 


2 sin’ 47 
Ap = 4sin 20 ein (483) 


This method of proceeding will generally be preferred 
when the observation on the meridian 1s lost, as when the 
other method 1s used the stop must be unclamped, and where 
other stars follow in quick succession a pair may be lost in 
consequence Ifthe star cannot be observed before it gets 
beyond the field of view, the observer will generally prefer 
to let it go altogether 

The computation of 4g by the above foimula is very 
simple, but a table is added fiom which the value of 4 = 24 
may betakenatonce The horizontal argument is the hout- 
angle of the star, and the vertical argument the declination 
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TABLE C—RI'DUCIION TO MERIDIAN 


287 Forinule for Computation of Latitude from Observations 
qith the Zenith Telescope 


p = 4(6-+0’)-+- 4 (m—m')--A+7')+4(7-7'), 
4(m—1m') = 4R(M — MM’), 


HE 2) ~ Fut 2) - 6 +9) 


X4(7— 7’) = [8 224)1| secs h(o - 2’) 
(XXIII) 


Reduction to Meridian 


=> mire, seme 


I 
2 sing sin 1” 


2 
t 
+4gp=+t sin 20 ans 


eae cos pcos 6 2 sin’ 42 1s t star, 


sin 1” 


Combination of the Indiwidual Values of the Latitude 


288 For many purposes a sufficient degree of accuracy 
will be given by simply taking the arithmetical mean of the 
wndividual values, giving all equal waght 


rr =_ /- Coated — —_ lq are ahi EN 


* See table, p 504 + See table above 


508 PRACTICAL ASTRONOMY § 288 


When a more rigorous procedure 1s demanded we must 
consider the weights of the separate values This weight 
depends on the probable errors of the declinations of the 
stars observed, and on the probable error of observation. 


Let f = thenumber of separate pairs employed 
in determining a latitude, 
Ny, My Nyy » My = the numbe: of observations on each 
pair respectively , 
N=t,--N,+- +N, = the whole number of observations, 


¢ = the probable error of a single observa- 
tion 


Then, from (35), 


(7, — I)ee = ( 6745)[v,x,], 
(1, — 1)ee = ( 6745)*[z,v,], 


(4) — 1)ee = ( 6745)*[vp2%p] 
The sum of these equations gives 
(a — pee = (6745)'[v0]], 


aa 


therefore é= 67454 / > 2 - + (484) 


[v,v,] 1s the sum of the squares of the residuals formed by 
taking the differences between the mean of the observations 
on the first pair and each individual value, and similarly for 


[v,2,], [pp], 
[ov] = [v,7,] + [yv,J + + [UM] 
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The determination of the probable errors of the declina- 
tions isa much more comphcated problem Fora discussion 
of this subject the reader will 1efer to Articles 346 and 347 

[In order to obtain the expression for the weight of the 
value of g derived from a single pair, 


Let é, ¢5, = the probable errors of the declinations, 
Es* = 4 Ve" + esr. 


Then if x, 1s the number of observations on this pair the 


probable error of the mean will be / 3 


aa 
and Lig*® = 4 / £3? +- = 


4, being the probable error of the resulting latitude 

The relative weights are proportional to the reciprocals of 
the squares of the probable errors, or, since the unit of weight 
is arbitrary, we may write 


Peas —— ee (a8) 


Value of Micrometer from the Latitude Observations. 


289 If no special observations have been made for deter- 
mining the value of the micrometer-screw, 1t may be derived 
from the latitude observations themselves. 


* Equation (29) 


io 


A neti scree rveccmarseacoal 
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Let Rk = an assumed value of one revolution as near 
the true value as possible, 
AR = the correction required 
Then R-+ 4R = the true value of one revolution, 
gm’ = the latitude computed with the assumed 
value of & from all of the observations, 
gp -+- 4m = true value of the latitude 


Then from (478), 

P+ Ap =4(5 + 8") +4(R+4R) (M—M')+4(04-1)+4(7—7’). 
Let x = the sum of the known quantities of this equation, 

that is, 2 = g’—4(6+46’)—4R(M—M) —4(Z4+1)—4r—r’). 

Then 49 —4M— M'\AR=n (486) 


Each pair of stars observed will give an equation of this 
form for determining 4g and 4R 

This process 1s sometimes employed when there 1s 1eason 
to suspect that the adopted value of Ris erroneous, but if the 
value has been carefully determined by the transits of cir- 
cumpolar stars the result will generally be accepted as ab- 
solute. 

290. I'he example which follows 1s taken from the 1eport 
of the U.S Northern Boundaiy Survey The station is 47 
miles west of Pembina, the approximate position being 


Latitude 49° oo’, Longitude 1 24™ 52° west of W ashington 
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Twenty-nine pairs of stars were obse1ved from two to five 
times cach, in all 81 observations 

The form im which the example is given will be found a 
convenient one for the recoid and picliminary reduction 
For this pur pose a book will be required with a page of about 
7inchesin width = It will be ruled or printed in blank form 
as shown 


Lxample 


Astronomical Station No 4 —West side of Pembina Mountain 
Observer, Lewis Boss 
Zenith Telescope, Wirdemann No 20 Chronometer, Negus Sidereal No 1513. 


oo nt Robaina. EE 


tl sn eenimemmenadiimel ae enemies ee 


Tevel 
Star_ | N | Micro es Meridian 
Date >| or| meter | — M’ N —S | Distance 
ee S | Reading N ss) 
1873 
Juneaz| 4937 | N | 28 rox go9 | 357 
4974 |S | 10 a0y | — 17 982] 39 2 | 190 | +35 4 
go26 | S 18 927 3to | 272 
gogg |N | 28 265 | — 9 338| 292] 320 }+ ro 
sa7x | S ar 628 270 | 287 
a3r3 | N | 27 azo | 4408] 283) 271] 05 
sats) | N | a7 762 29 5 | 25 6 
cio s rr oto | — 16 759] 270 | 283 | 2 6 
ssoa | N 4or 32 4 | 22 3 
ssa} |S 29 O09 Svgeen le. 340 |/—™ 24 
5853 | N | as 158 3t0 | 262 am 
sarr |S | x3 sss | x 603/243] 332/— 41 E 
60 N | 26 368 34.0 | 23 4 =i 
6or) |S | 9 84 |— 16 554| azo | 354|— 28 3 
6rt4 | N 12 O7f 28 5 | 283 59° 
6147 1S as oor | + 12930] 271 | 304) —- 32 
6268 |S 14 417 269 | 3% 3 
6a89 | N | 24 ast | -- 9 834) 3905] 474) — 13 16 
Junea a7x «| S ao 69 25 5 | 309 
: ae N | 16 306 + 4338] 321 | 248 |-+ 39 
t N 27 4I 30 26 3 
eH ; S ath b48 — 16 765 | 27 a9 6 | + 24 
o2 | N 152 ag 6 | a8 o 
eas S a8 71a | +19 560/ 278 | 302|/— 08 
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| Star | Date Lati- 


Star jdoate Teatt | Mean 


a 


ard tude 
Bad Junge 4s? ay’ yo y)’ BAC June 48° 50! 
" — sad ——— on a — 
41997 ” 44 
| $057 | ae | al 87 7 | 79 |l Gog | 25 | 58733 
| yr toe ag | ge Go | ag 7y 26 | 5r 53 
| ae 7 = — a 50 92 
4oah & | ye Gey 34 1156 
‘yen | st 
17 her Qt 
{ ~ | 
ay 2 ce 
ies ee 
| aye oJ wt oe 
| 
1 9 1st 
; { 
| ay * Se 
t 
ere. ieee eee aaa aceieee! RSa 
ay ee » a 
afl ay 
| +7 ha 
| wy | ha 
ty Atte 
%42 } es ae 
af) | qr 
7 s4 
7 Lt i 
5545 
4,602 | en = 
) at 
at) ur 4! 
yhitg 
woe | | 
t) §r yt 
trey § a5 5° 
g82 | 
46] 43 
at) ht 41 
5853 1 
gis | 78 15 


aq | so ” 
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Sag ere 


Star | Date nor 
BA Cc June 46° 59/ 


If we take the arithmetical mean of the 8x determinations, giving equal 
weights to all, we find as the result 


g = 48° g9/ 51! 60 + 048 


291 If we desire the highest degree of precision, we must combine the val 
ues obtained from the individual pairs of stars according to their respective 
weights The probable error of observation 1s determined from the quantity 


[wv] above by means of formula (484), VIZ » 


ae eras4/ Fah 


Inthiscase #= 81, 2= 7% therefore e=!! 363 


We shall assume ¢ = 0" 410 com puting the weights by formula (486) 

This computation immediately follows The values of &3 are those given by 
Boss in his Catalogue of 500 Sta7s In case of a few stars where Boss assigns 
no value to the probable error, 1t has been assumed to be Oo! 75 

Referring to formula (485), the following computation will be clearly under- 
stood 


r ee eee 
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No of | 
Stir 
BAC | Obser- &s ‘ a 
Vv itions 
——-- —- | af _ 
493 2 = 
e 4084 _ = | 23 x38 | — 96 | 2 1x97 
Soret 2 
Don O07 ae 09 3Ir | — 3r |] 2393 
t 26 
ae 3304 + 22 4 92 — 20 1448 | 
Bit 
+ | sito | 4 3 396 |+ so] 477s | 
: | o5e3 ps 27 79 | + 53} 9523 | 
5515 13 _ 
eS ae j 30 3 96 29 | 2624 
¢ 
| : B84 : ee 7 56 + 42 | 6738 
5853 30 _ 
| * GQEL . 18 3 08 69 | t 6854 
i. rac 4 a 6 84 — 25 , 3263 
- 6 a 5 fe 754 | + 12 | 0647 
4 
| - 68) , 23 358 | — 74 | 2 3875 
| 
M4 rahe - a 3 28 — 16! 08599 
is ae 4 ie 379 | + s8' 5954 
Gree 3 9 579 | + 19! 3195 | 
16 ie 3 UR 148 | — 18 0347 
67.28 75 - - , 
7 67 8 ? 38 4 + 6099 | 
0780 2 a 2 
18 of 3 re 3 32 3 | 2020 | 
22 - ; 
19 $a90 a “6 277 35 ' 2805 
he 2 ay 329 | + 06 | 0073 | 
Pia) 707} - | 
an a6 2 eS 99 | — 12 | 0099 
| aa iin 2 a 538 | + 72: 1 2234 
7377 12 | \ 
| 23 ay 2 Be 240 | + 70 | 5194 
| Pe - 43 | 4402 
i: ae Hes 2 13 474 | 4 | 
| ore ee a oe Neale aces 
: 7453 25 
| 26 7480 2 *9 3.26 | + 1 43 ' 2 2289 
7499 75 
Need ss 389 | + 1, 0282 
47 7605 2 39 i | 
& 08 23 1502 
28 | 786 | (2 16 5 
7738 a ie 498 | + 54{ Sort 
| 79 | 7765 20 


epee ne te te ane ~ 


[A] = 73 98 [Ad] =115 39 [Ave] = 15 9920 


_ [2] _ A9° eo! gx!’ 56 


* In this column only the last three figures of Jp are given 
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228) + 18 86y 


Se 4 
22x — 13727 =+ 2s, 
2091 + 10 307 = — 1 58 
153% —1251y = — 24, 
1334 — 2oy=+ 77, 
Thser+ 369v=-+ 35, 
TOR - 2OQg9r = — 1g, 
I 001 + 288y=-+ 10, 
147i —- 35¥=— 04, 

1 5t\ -b 7O7V= — 53, 
I4g2t - g6oy=-+ 09, 
o3x + 7637 = — 10, 
154x— S8ry=+ 11, 


103a— 2S81y=+ 72, 
1541 + 14607 = -+ 66, 
t 61% + 778y = — 14, 
10g, + 1 21y = +140, 
153e-+ 301y=+ 17, 
169r— 4777=+ 39, 
L§4x—- 5 70y=-+ 83 


Proceeding in the usual manner, we derive from these the two normal equations 
73.98x-+ 17657 = — 004, 
17 65x + 2732 357 = — 85 80 
From these, x oz-+ 007 + 054, 
y= — 031 + 009 


The most probable values of the latitude and mucrometer-screw as indicated 
by this series of observations are therefore 


gp == 48° 59! 51" 567 + 054, 
R= 62!' 025 & 009 


In order to have the value of @ determined in this way of any value in com- 
parison with that determined by transits of circumpolar stars, the declinations 
of the stars employed must be well determined 


293. There are various ways 1n which the observation of 
stars in pairs at equal or nearly equal altitudes by means of 
the zenith telescope may be employed for the determination 
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of latitude and time As may be seen, the instrument is 
adapted to the solution of any pioblem of Spherical Astron- 
omy which depends upon the observation of two or more 
bodies at the same altitude The most favorable condition 
for latitude determination 1s when the two stars are on the 
meridian, one north, the other south, while time 1s best de- 
termined by observing two stars on the prime vertical, one 
east, the other west 

On account of the facility with which the latitude 1s deter- 
mined in the manner already explained, and the ease with 
which the instiument may be conve! ted into a transit when 
itis necessary to employ it for determining the approximate 
time, other solutions of the problem depending on observa- 
tions out of the meridian have never met with much favor 

Some of these methods are interesting from a theoretical 
point of view, but for the reasons stated the subject will not 
be developed further im this connection 


J are A 


CHAPTER IX 


DEILBERMINAIION OF AZIMUTH 


294. The Asimuth ol a pomt on the earth’s surface 1s the 
angle between the plane of the meridian and the vertical 
plane which passes through this point and the eye of the 
Observe 

Since the vertical plane 15 determined by the direction of 
the plumb line, and this lime may deviate from the true 
normal to the euth’s surface, a corresponding deviation in 
the agimuth must exist We must therefore distinguish be- 
tween the .ls/ronomual .leimuth and the Geodetic Aztmuth 

The Astronomual «isunuth of a point is the angle between 
two planes diawn through the plumb-line at the point of 
observation, the {ist plane parallel to the earth's axis, and 
the second passing through the poit 

Th Genitu sisunuth 1 the angle between two planes 
drawn through the noi mal to the earth’s surface at the point 
of observation, the first plane passing through the earth’s 
axis, and the second through the point 

In swith the Asérononucal Aswnuth only that we are at 
present concerned The azimuth may be 1eckoned from 
either the north or south point of the horizon For astro- 
nomucal purposes it 1s usually reckoned from the south point 
towards the west fiom zero to 360° In determining the 
azimuth of a point on the ea th’s surface it 1s more conven- 
ent to use stars near the north pole of the heavens, conse- 
quently for geodetic purposes the azimuth is generally 


= a. 
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Fig 58@ 
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reckoned from the north point For the sake of uniformity 
we shall in this chapter always suppose the azimuth reckoned 
from the north in the direction N,E,S,W. <A minus azi- 
muth will be reckoned from north towards west 

Extreme accuracy in the determination of azimuth 1s re- 
quired in connection with the geodetic operations of primary 
triangulation The principal methods employed in such 
cases will be given, when it will be shown how they may be 
abridged where a less degree of accuracy is demanded 
There 1s a variety of these methods, depending on the form 
of instrument employed and the position of the stars ob- 
served The instrument will be either the theodolite, used 
for measuring horizontal angles, or the astronomical transit. 
In any case the azimuth of the point 1s determmed by meas- 
uring instrumentally the difference between the azimuth of 
the point anda star Ihe azimuth of the star 1s computed by 
its known right ascension and declination, and the local time 
and latitude, which have been previously determined; from 
these data we have the azimuth of the point 

205 The Theodolite Figures 58a and 584 show two forms 
of instruments used un the U S Coast Survey The older 
form, Fig 58a, has a horizontal circle from 20 to 30 inches 
in diameter With the newer instruments, circles from 12 to 
20 wnches are considered sufficiently large, as such circles 
can now be graduated much more accurately than formerly ; 
the instrument can therefore be made more compact and 
portable, a matter of some importance 1n the field 

The horizontal circle 1s commonly divided directly to 5’, 
these spaces being subdivided by reading microscopes 
directly to single seconds, and by estimation to tenths of a 
second. Two or three microscopes are used The essential 
features of the instruments will be understood from the 

hout further description. 

ae pone azimuths a less perfect instrument will often 
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be used For magnetic work or ordinary land-surveying a 
common surveyor’s transit with 5- or 6inch circle will fre- 
quently beemployed Itis perhaps unnecessary to say that 
the insti ument must be carefully adjusted in every particulai 
296 The Signal For observing at night an illuminated 
mark 1s 1equired A convenient maik is a square wooden 
box firmly mounted on a post or other support, the light of 


ioe 


gurs MIN 


Fie 59 


a bull’s-eye lantern being thrown through a small hole in the 
front The box itself may be painted so as to form a con- 
venient target for day observation This mark must be 
placed far enough from the station so that no change will be 
required in the sidereal focus of the telescope about one 
mile will generally be sufficient. When from any cause a 
distant mark 1s not practicable a collimating telescope may 
be used, but the greatest care must be exercised in mount- 
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ing both the instrument and collimator firmly, piers of solid 
masonry being used for both 

297 Chote of Stars For first-class*azimuths only close 
circumpolar stars will be used Preference will be given to 
the four circumpolar stais whose places are given in the 
ephemeris, viz, a, 6, and A Uise Minoris, and 51 Cephei. 
Fig §9 shows their relative positions, and will assist in 
finding the smaller ones which are not readily distinguished 
with the naked eye unless the position 1s previously known 

298 Method of Observing A complete series of obser va- 
tions on one star will consist of ten or twelve readings on the 
mark and about the same number on the star, the inst: ument 
being reversed about the middle of the series The follow- 
ing order of observation 1s recommended - 


Ist 6 readings on the mark 
2d 6 readings on the star 
3d Read the level 

Ath Reverse 

sth Read level 

6th 6 readings on the star 
7th 6 readings on the mark 


If more than one series 1s taken it 1s advisable to change 
the position of the horizontal circle so as to biing the read- 
ingsin another place, in oider to eliminate to some extent 
the errors of graduation 

Readings are sometimes taken on the star directly, and on 
its mage reflected from a basin of mercury When this is 
done reading the level may be dispensed with 

By the process above described we have a carefully-exe- 
cuted measurement of the difference in azimuth between the 
star and mark It only remains to compute the azimuth of 
the star, when we shall have the azimuth of the mark 
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Let # = reading of circle on mak, 
s = reading of c.rcle on sta, 
A = azunuth of maik measured from north towards 


east , 
a2 azimuth of star measured from north towards 
east 
Then Aza+(m-—s) . (487) 


Different methods of computing a will be employed, de- 
pending on the position of the star when observed. 


Errors of Collimatwon and Level 


299 The mark and star being at different altitudes above 
the horizon, the measured difference of azimutin will be 
affected by an error of collimation, also by a want of parallel- 
ism between the horizontal axis and the horizon 

Other theoretical errois of the instrument we need not 
consider, since their effect may be made inappreciable by 
careful adjustment 

In the figure let MWSE represent the horizon, s the 
zenith, s any star, w’ the point 
where the horizontal axis pro- Pa a 
duced pierces the celestial 
sphere 


X45 ig the inclination, -+ when 
west end of axis 1s high, 
*¢ error of collimation, —- when 
thread is east of collima- 
tion aNnis, 
x, error in reading of horizon- 
tal circle due to 4 and ¢ ae 


W 


ee comet ee 
~ * This designation 1s sufficiently general for our purpose, since we shall only 
have occasion to apply it to stars observed near the pole 
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Then in the triangle sw’z, ss = ¢ = zenith distance of star, 
ew’ =90°— 6, ws=go°+e, w'ss = 90° -+ x 
Therefore — sinc = sindcos z— cosdsinzsinx 


Or, since c, 6, and x will be very small, the above may be 
written 


—-¢=-—bcosz—-zsn2z, 


Cc b 
sin 2 + Pe aa (487), 


tan 2 


from which i= 


It will seldom be necessary to apply the correction for 
collimation, since it may be eliminated bv observing in 
both positions of the axis 

If the mark 1s not in the ho1izon a similar correction to 
readings on mark will be required, where, of course, for z we 
shall have the zenith distance of the mark 


Azimuth by a Circumpolar Star near Elongation 


300 When the star 1s within a short distance of elongation, 
either east or west, the position is especially favorable, since 
the motion in azimuth then 1s very slow Only one reading 
can be taken at elongation, but we may apply a correction 
to the 1eadings near elongation to reduce them to the read- 
ing at elongation 

The azimuth and hour-angle of the star at elongation are 
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computed by considering the right-angle triangle formed at 
this instant by the zemith, pole, and star 


Let — a,* and ¢, be the azimuth and hour-e 
angle at elongation, 
a, 0,and 6, the right ascension, declina- 
tion, and sidereal time. 


Then t 


— sin a = cos 6 sec g, 
cos ¢, = cot 6 tan g, 


O= ati, 1 — ! elongation (488) z 
Fic 61. 


Chronometer time of elongation = 0 — 486. 


The chronometer correction should be known within about 
one second, and may be determined by any of the methods 
previously given, o1 the theodolite itself may be used for 
the puipose, either as a transit or by measuring altitudes 
as with the sextant, provided it has a good vertical ciicle 

301 The formule for reducing the readings to elongation 
will now be developed 

Formule (121) give the values of # and a in terms of 6 and 
¢for a star at any hour-angle MRecollecting that we now 
measure the azimuth from the north instead of the south 
point, these equations are 


(2) cos £ cos a = sin 6 cos gp — cos o sin gp cos?, 
(0) cos # sin @= — cos désin?¢ 


* —@, since a plus value of the hour-angle / corresponds to a minus azimuth 

+ If many observations of the same star are to be made, it will be convenient 
to prepare in adv ince a table of the values of a, and 9 extending over the time 
during which 1t 1s intended to observe 
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At elongation we have 


cos 6 sindocoséZ, 
cosp sing 
(d) cos a, = sin 6 sin Z, 


(c) — sina, = : 


Multiplying together first (2) and (¢), then (4) and (@), we 
have 


(e) —cos #cos asina, = sin 6 cos 6 — sin 6 cos 6 cos ¢ COS é,, 
(f) cosf#sina cosa, = — sin Od cos 6 sin ¢/ sin 4 


Add (f) to (), 


—coshsin(a,—a)= sinédcosd—sin 6 cos 6 cos (é,—2). 
sin 6 cos 6 ; 
From this, sin(@,—2) = — —>5777 2 8m 4(@ — 2) 


The computation will be more convenient if for cos Z we 
substitute 1ts value in terms of a, and 6, viz, 


cos 4 = — cota, cot 6, 
and therefore sin(a, — a2) = tan a, sin’é2 sin’ 4(z, — 7) (489) 


We now have an equation which gives the difference 
between the azimuth at elongation and at any hour-angle z 

As this will only be used for stars near elongation, and 
consequently ¢, — z,a small quantity, 1t will be convenient 
to expand it into a series, viz, 


2 sin? 4 (ft, — 2) 
sin I’ 


n? 6)° (2 sm? (te —Zz)P , 


EL (490) 


I 
Qe — a = tana, sin?d + ¢ (tan Qe Si 


a 
Leilene Orr 


*y=osn7~*2= e+e saa 
In this case (a¢ — a) = sin™ *[tan a, sin? 5 2 sin? 4 — 2)] 


t) 
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- 


When this formula is applied to the close circumpolar 
stars, sin’ 6 differs but little from unity, and the last term 
will in all practical cases be inappreciable 

We have therefore the simple formula 


2 sin’ 4(¢, — Z 
@_ —az= tana, 2 sin He 9 (491) 
302 Correctiove for Inclinatin of Axis When the west end 
of the axis 1s high the reading of the ho1izontal circle will 
be small, therefore the coirection will be plus 
The inclination will be given by the formula derived for 
transit instrument, (289) 


CE ek oe) 


Or uf the level is reversed more than once, 


6=5(W—E] . Le (493) 


Where Wand & are the means of the readings of the east 
and west ends respectively 

The effect upon the reading of the horizontal circle we 
have by equation (487):, Viz, 


oie oles 
tan 2 


Where 41s the altitude of the star 
Such a correction must also be applied to the reading 0a 


mark when appreciable. 


= aaa a a Oe 


Sen ee 
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With the circumpolar stais observed at elongation we may 
write tan pg fortan#% Then we have 


Correction for level = da = 4 [Ww—E]|tang .. (494) 


303. Correction for Diurnal Aberra- 
tzom Suppose at the instant of obser- 
vation the point from which observa- 
tion is made to be moving in the 
direction AB 

Let SA be the true direction of a 
ray of light coming fiom a star, then 
in consequence of aberration the star 
will appear in the direction AS’ 


Let AC be drawn equal to the dis- 
tance traversed by the 
ray of light 1n one second 
— ae 

AD, the distance traversed by 
the point on the eaith’s 
surface in one second 
= 


Let angle SAB=3S, S'AB=S’ Then ACD=3—S'’=49 


Then — 


v Vv 
=p or 45 = Fsins 


We have found, equation (286), 75 = 0” 319 cos M 


Therefore AS =” 319 COS @ Sin ae (495) 
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This gives the displacement in the plane determined by 
the direction of the ray of hght and the direction of motion 
of the point of observation It re- 
mains to determine its effect on the 
star’s azimuth 

In Fig 63 let s be any star, NS 
the me1idian, VMESW the horizon 
sA 1s diawn perpendicular to the 
horizon, and therefore equals the 
altitude MA equals the azimuth 
The angle at Z 1s called y 

Since the point occupied by the S 
observer 1s moving directly towards seas 
the east point of the horizon at the instant of observation, s£ 
will be equal to > 

Then the nght triangle sEA gives the equations 


(a) cos # cos a = sin 3 cos Y, 
(0) cos # sin a@ = cos 4 


We require the effect produced on @ by a small change in 
S, therefore we differentiate with respect to 4%, a, and 9 


— cos i sina da — sink cos adh = cos ¥ cos yd, 
cos A cosa da — sink sin a4 dh = — sin 5 add 


Multiply the first of these by sin a, the second by cos 4, 
subtract to eliminate d#, and reduce by (a) and (4), we readily 
find 


Cos @ 


da = oS ccsk 
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Substitute for d9 the value of 4S given by (495), and recol- 
lect that the azimuth 1s reckoned from the north, we have 


/} 
319 COS MP COS @ 
6a= 22s ee 8 (496) 


For a close circumpolar star this will not differ appre- 
ciably from 


da = ” 319 cosa ; : . (497) 


This will be added algebraically to the computed azimuth 
of the star 

304 Formule for Azgwunuth by a Circumpolar Star near Elon- 
gation 


sin @, = Cos 6 SEC 9, 
cos #, = cot 6 tan 9, 


Chron time = a + 7 Ad 1 bea 
2sin' 4(7%, —Z 
a, —-a=— tana, 2 Sin fe ) (XXIV) 


Level = “(Ww — £] tan 9, 


Aberration = ’’ 319 cos @, 
A=a,+(m—s)*— level + aberration 


* m = reading of circle on mark, s = reading on star 
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Example 


1847, October r7th, Polaris was observed near western elongation at Aga- 


menticus, York County, Maine, with one of the 30 inch theodolites of the Coast 
Survey, as follows 


Azimuth Circle 


No |Object| Tel Sidere 


Chrono Level 
meter A B Cc ' 
Pe, Sap | ee: ANE (Aaa eee eS PRONG eI |e eel eee, 
hms |e’ | a@ a@|ad@ da@\d@ @ \ wxdwe=o! | 
zt |Mark | R 6 30 63.55 |39 7 39 °|27 5 27 0|27 7 26 anoret a 
2 33 63 55 | 41 0 39 71270 280/260 243, 8" | 
3 34 63 5) | 41 0 41 0} 29 8 29 0/26 4 26 3 28 
4 D 37 243 55 | 26 2 28 2/16 8 17 0/168 1x3 3 gt 
3 39 243 55 |25 5 28 0}170 170/164 15 2) ES 
42 243 55 |27 0 29 0/19 0 19 0/16 2 40 se 
x | Star D 6 47 12 127 42 | 68 o 67 0/61 5 63.0)64 5 64 3 = | 
2 49 06 127 42 |65 o 65 0/63 5 63 2/63 12 60 5' 3 6a 
3 5r 38 127 42 | 62 8 62 81570 59 8/600 s82 + 03 44 
4 52 12 5 | 127 42|580 58 0|540 5251553 535) 6 
8 33 55 § | 127 42| 500 57 0/512 520(530 520/ co 63 73 
6 R | 70054 | 307 42 | 48 2 487/452 480\477 458: 0° _“* 48 
7 225 5 | 307 42 | 480 49 2/43 2 442/450 44816 6 fa 
8 4 0r 8 | 307 42 | 48 0 48 7/43 0 447/468 450, & 46 
9 5 5t 307 42 | 49 0 490144 7 4591479 469, © 
10 734 5 | 307 42149 2 505144 8 44 8147 2 462 ai 43 6 
tea 
7 |Mark | R 7 16 63 55 | 40 0 400/23 0 25 0/26 8 2h ae 
8 17 63 55139 7 397/23 ° 230/257 48, 85 
9 18 63 55 | 38 © 39 O| 21 5 227/25 0 23 8| 31 
10 D 23 243 55 | 260 205/13 7 140/150 14 6! @ 
Iz 24 243 555 |26 8 26 8/14 5 14 8/15 27 14 © =o 
12 26 243 55 | 26 7 27 3114 9 130/14 5 139 s* 


The horizontal circle was read by means of three microscopes designated 
A, B, C respectively, the value of one division of the micrometer head cor- 
responding to one second of arc, subject to the correction for run The circle 
being graduated directly to s', if five revolutions of the screw exactly cover this 
space there is no correction for run, otherwise it represents the excess OF 
deficiency 

For reducing these observations we have 


Right ascension of Polans = @ = 12 5™ 32° 6 
Declination of Polaris = & = 88° 29' 54" 27 
Latitude of station = po = 43 13 25 9 
Chronometer correction = 46 = — mss 


Vi BRS eh, A a 
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We first compute the azimuth and time of elongation 


cos 6 = 8 4183795 cot 6 = 8 4185287 
CoS @ = g 8625107 tan @ = 99730531 
Sin @, = 8 5558388 cos #% = 8 3915818 
@e = — 2° 3’ 39" ar Z, = 88° 35' 17" 8 
(@e 1S minus, since elongation 1s west ) f= 554m ar4 2 
a= I 5 33 0 
6= 6 59 54 2 
46= —Y1 5r 8 
Chronometer time of elongation = 74 1™ 460 


In the table which follows, the column marked con ected seadimgs is the w © 


of the readings of the three microscopes corrected for run when necessary, 
remaining columns will be explained by referring to formule (XXIV) 


Corrected 2sin?i(7, — z) Reduced 
No | Positron Readings %—? a | 2 | Readings Mean 
I R 63°55’31” 3 
2 gr I 
3 32 3 
4 D 243 5519 8 
5 19 9 
6 20 8 
I D 127 4264 7 |-+-14™34" 416" 5 — 1570) 127°42/49" 7 
2 63 41] 32 40 315 0 i 3 52 
3 60 1 10 2or 6 7 3 52 8 
4 55 2/ 9 33 5] 79 4 6 5 48 7 cy 
5 53 5 7 50 5 I20 7 4 3 49 2 | 127°%4a't, 
6 R 307 4246 8 (+ 52 Is 4] 307 4246 7 | Level 
7 45 7|- 395 8 ° 45 7 
8 46 0 215 5 Io oO 3 45 7 
9 47 rl 4 § 32 7 I 2 45 9 
XO 47 Tl— 5 28 5 58 9 —2t 45 © | 307 42 4! 
evel 
7 R 63 5530 0 
8 29 4 
9 2 4 
10 D 243 5518 3 
11 18 7 
1a 1 3 


Mean of readings on mark = m = 243° 55' 24” 86 


Mean of readings on star = s = 127 42 48 03 

mM—s =116 12 36 83 
Azimuth of star =@=—2 3 39 21 
Azimuth of mark 4A4=114 8 57 62 
Diurnal aberration + 32 


Final value of azimuth, 114° 8' 57" 94 


ut 


i 
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From the level readings we have— 


Direct Reverse 
E = 53 50 5350 
W = 53 00 53 50 
ad 
ftw Byam "97 


Azimuth by a Corcumpolar Star observed at any Hour angle. 


305 This method differs from the preceding in the manner 
of computing the azimuth of the star, which may be con- 
veniently done by either of three methods 

First By the fundamental equations (2) and (4), Art (301), 
we readily find 


sin z 


a am gp tan 6 — sin gcosZ (498) 


Second We may apply Napier’s analogies to the triangle 
formed by the zenith, pole, and star, viz, 


6 — 
tan¢(g+2)= Sn cot +2, 


cos $(6 — 9) 
tan 7 — 4) = sn a+ 9) 


p2AG 1a = eo) 


ees (499) 


Third By expansion into series 
In equation (498) wiite 2 = goo — 6 Then 


sin ¢ sing 
tan @ = — cos p cos p — Sin g cos # sin p 


a and » being small, we may expand tan 4, sin f, COS p into 


eS Fa 


= 


Be ae ee — 
~ 
=~ 
— ne 


Ss 
ay 
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series, when the equation becomes, to terms of the third order 
inclusive, 
Be sin t( p an +2’) 
at oe aa cos ~(1 — $f’) — sin pcos ¢(p — ¥p")’ 


or 


acosp=—psinztapsin p cost+4ap’cos p—$a'cos p+4p’sinz 


Solving this equation for @ by approximations, we have for 
the first approximation 


This value substituted in the second te1m of the second mem- 
ber of the above equation gives for a second approximation 


sin Z 
~~ COs P 


E + p’ tan g cos | 


This value substituted in the second, third, and fourth terms 
of the above gives finally 


sin 7 
COS @ 


=— E; Pisin r"tan pcos 24-448 sin*1' [(1-+-4 tan’) coste—tan?] | (500) 
For Polaris within the limits of the Umted States the term 
in g* will not exceed 2’, while the terms neglected will not 
be greater than oI 
For a close circumpolar star observed near culmination 
this formula may be written 


sin z 
COS P 


@o=s 


EE sini” tan g cos z-+-49’sin’1""(1-++-3 tan” 9) | (501) 


The corrections for level reading and aberration will be com- 
puted by the same formule as 1n the previous case 
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Correction of the Mean Azimuth for Second Differences 


306 In applying the foregoing method to a series of ten 
or more readings on a star we may proceed 1n either of two 
ways first, we may reduce each reading separately, com- 
puting the azimuth of the star for each time of observation, 
or second, we may take the mean of the readings and com- 
pute the azimuth for the mean of the corresponding times, 
applying to this computed azimuth a small correction for 
second diffc: ences 

The fist method involves considerable labor, but at the 
same time the individual values furnish a rough check on the 
accuracy of the work When the second method 1s pre- 
ferred we may derive the expression for the correction as 
follows 


Let Z,, 2.) Z5) t,, == the observed times, 
2,5 @,, Ley a, —= the corresponding azimuths of the star, 


ar ht th — ¢,= the mean of the observed times, 
a, = the azimuth corresponding to Z, 
Let 44, =%4,-%, 44=4—-4, - 4a =a—be 
Then we have 42, + 42, + + 4t, = 0 


We may now write 
de d'‘a 
a, = fit) = ft, + 4t) = a+ att Gees 


da a’ 
2 = fit) = At + Mt) = a, + t+ Ge aes 


da a’a : 
2, = fit, =At + 4tp) = a, + F Ata + Ge tate 
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The mean of these expressions will be 
aa,-. +a ,far4ii+4y+ + 4ie 
n mee aay tae 2 


The quantities 4z will be expressed in time multiplying 
by 15 to reduce to arc, and also multiplying each quantity 


a 


of the form (154¢)" by sin 1”, the term multiplied by ae 
will be 


9 74 2 74 a 2 
C5) een 1! aa ee = [6 73672] — At (502) 


Or, if preferred, this term may be computed by table VIII A, 
for, since the quantities 4¢ will be small, we shall have prac- 


tically 


and the above term becomes 


1,2 sin’ 447 
n> ant (503) 
a°a 
It remains to determine a convenient expression for - aii 
Differentiating equation (4), Art 301, with respect to a 


and 7, we find 
(504) 


aa tan a = — cos’ 4 


av sin? cos’ a 


For a close circumpolar star cosa differs but little from 
unity, so that we shall have very nearly 

Za 

at’ 


— tana z (505) 


ae ee eS : 2 EP 

# It will be seen that the expression which we have derived for reducing the 
reading taken near elongation to the reading at elongation 1s a special case of 
this same form 
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We therefore have for the mean of the azimuths 


wat an 


eee 
= = a, — tana, [6 73672] aa , (806) 


where, as usual, the quantity in brackets 1s a logarithm, and 
the quantities dz are expressed in seconds of time 


Lxample 


307 1848, April 5 Observations on Polazzs at Dollar Point, Galveston 
Bay, Texas Instrument, 18 inch Troughton & Simms theodolite 


One division of level = 0! 82 
Pp =29° 26’ 26, 


a= 1h 4™ 4°7, 
& = 88° 29' 57” 83, 
4T= — 128 


Azimuth Circle 
Chronometer 
Lime 


Object | Position 


A 


158° 50’ oa 
20 


337 40 
55 
75 
45 
65 
20 


55 
20 


The reduction is now as follows 


Reduced Mean of agt 
Object | Position Reading Readings Chronometer Ar 
Mark D 158° 50’ 56” 7 
R §1 13 3 
D 18 3% 7 g® 3™ 33% 5 21% 2 44r84 
0 97 38 48 3 4°47 5 136 2 18593 
7 6 70 
7 8 65 
19 95 0 9 24 0 140 
337 20 20 0} 337° 19’ 267 4 9 10 23 5 199 8 39920 


m8 5x 4 6 
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Formula (506) 
247 = 129470 log = 5 I122 Mean of times = g? 7™ 38 4 
log — = 9 2218 AT = — 188 
Constant log = 6 7367 Q@=14 47 
tan a = 8 4092x #= 822m 5482 = 120°44'18" o 


log correction = 9 4800” 
Correction = — 0” 3 


The azimuth of the star may now be computed either by equation (498), 
(499), or (500) We shall compute it by each method for illustration 


sin ¢ 


g = 
Formula (498) is tan a cos p tan 6 — sin pcos ¢ 


@Q = 29° 26' 2" 6 COS P = 9 9399792 sin @ = 9 6914542 
6 = 88 29 57 83 tan 6 = 1 5817575 cos ¢= 9 7085212z 
Sum, = I 5217367 Sume = 9 3999754” 

* Zech 0032688 Sy — Sq = 2 1257613 


log denom = I 5250055 
sin 7 = 9 9342512 
@a=>—1° 28' 11" 5s tan a = 8 4092457 


Formule (499) tan (9 --+- a) = ries cot #7, 


tand(g — 2) = —— ear cot 4 
6 = 88° 290’ 57" 83 
P= 29 26 2 6 
5—-Pp= 59 3 55 23 


3x6—g)= 29 31 57 61 sin = 9 6927762 cos = 9 9395566 

(6+ 9)=117 56 0 43 

+(6-+ p)= 58 58 © ar COS = g 7122589 SIN = 9 9329140 
t¢= 60 22 g O cot = 9 7549528 cot = 9 7549528 


tan 4(7 + 2) = 9 7354701 tand(g — 2)= 9 7615954 
= 28 32 20 60 
+¢—2) = 30 0 32 a9 
@=— 1 2811 § 


* Addition and subtraction logarithms 
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Formula (500) 


oe se ete sin x” tan pcos ¢-+- 44° sin? 1” 
aa sin? x’ {(x-} 4 tan®@) cos*¢ — tan°¢} |. 

P=]1" 30 2° 37 

= 5402" 17 

log p = 3 73257 
log £? = 7 46514 log p* = II 1977 tan’ p = 9 5029 
sin I'' = 4 68557 sin? 1” = 9g 37II log 4 = 6021 
tan p = 9 75147 log $= 9 5229 Sum = 0 1050 
cos f= 9 70852% log (r-+-4tan?g) = 3567 
cos? ¢ = 9g 4170 
log 2d term = I 61070% factor = 9 4401 Sum = 9 7737 
log 3d term = 9 5318 tan? @ = g 5029 
Zech = 9 9372 
log factor = 9 4401 
ad term = — 40’ 80 


3d term = -+ 34 
Sum = 5361 71 
log sum = 3 72930 
sin 7 = 9 93425 
log sec p = 06002 
log @ = 3 723572 @ = — 5200" 4 
@=—1° 28’ 11" 4 


For computing a single azimuth, as in the present case, formula (498) will be 
preferred For other cases, where a larger number of values are required, (499) 
and (soo) will sometimes be found more convenient 

For the level correction 


{Ww — £] tan p= 197 56 — 102 44] tan p= — 200 X tan P= —1".13 


= 337° 19 25° 35 
= 158 51 4 .6 >, 
= —I 28 10 .g=ou 
—180 328 4=4 


Mean reading on star -+ level correction 


Mean reading on mark 
Azimuth of star-+ correction for 24#-| aberration 


Azimuth of mark = a + (# — 5) 


The aberration, as before, 1s given by the formula " 32 cos @ 


542 PRACTICAL ASTRONOMY 8 308 


Conditions favorable to Accuracy 
308 Reckoning the azimuth from the noith point equations (121) become, 


(2) cos 4 cos a = sin 6 cos m — cos 6 sin M cos, 
(4) cos k sna = —cosdsinZé, ; 
(c) sin 4 = sin 6 sin @ + cos 6 cos @ cos ¢ 


Also from the tuangle whose veitices are the zenith, pole and star, 


(7)singsind = cosasm?¢— sinacos/sinng, 
(ec) sm gcos6 = — sacos 9, 
(/) cos g = — cosacos¢—snasm/sing, 


q being the angle at the star 
Dividing (a) by (4) we find 


(g) sin ¢cot a = — tan 6 cos ~ + cos /sin i) 


Differentiating with respect to @ and ¢, and reducing by (/), 


da = smacosg 
at sin 7 (507) 


This reduces to zero when g = 90°, a condition possible with any star whose 
declination 1s greater than @ 

With a close circumpolar star at elongation, ¢ will at the same time be near go" 
or 270°, and sina will be srall, this will therefore give the most favorable con- 
dition when small eriors in ¢ are to be apprehended 

Differentiating (g) with 1espect to 2 and 6 and reducing by (4) and (e), 


@a_ = co Psnea_ sing 
da ~—scos 2 cos 6 cosh (509) 


Differentiating with respect to (2) and (~), 


— tan # sin a (510) 

Both (509) and (510) vanish when the star 1s on the meridian apploaching near 
maxima values for a circumpolar star at elongation, but as they have different 
Signs on opposite sides of the meiidian they will vanish from the mcan of two 
determinations arranged symmetrically with respect to the meridian 

It therefore appeais that the azimuth will be practically free from the effects of 
small errors in 6, ¢, and pif it 1s determined from circumpolar stars obseived an 
equal number of times at both eastern and western elongation , 


For a more elaborate tieatment of this subject Crazg’s / reatise on Ammuth may 
be consulted 


8 309 AZIMUTH WHEN THE TIME IS NOT KNOWN 543 


Aagunuth by the Sun or a Star at any Hour-angle, the Teme not 
beng Known 


309 In determining azimuths for the ordinary purposes 
of land-surveying or for magnetic work extreme acculacy Is 
not requued In such cases it may be derived without a 
knowledge of the local time by using a theodolite and read- 
ing both horizontal and vertical circles 

Either a star or the sun may be employed, 1n the latter 
case the thieads are placed tangent to the limbs and a correc- 
tion for semidiameter applied The vertical thread 1s placed 
alternately tangent to the first and second limbs, and the 
horizontal thread tangent to the upper and lower limbs. If 
the observations are airanged symmetrically with respect to 
the lambs the semidiameter will disappear from the mean 

The azimuth of the star 1s computed as follows: 

The last of equations (113), substituting 90° — 4 for h, 
and recollecting that the azimuth 1s reckoned from the north 
point, 1s 

sin 6 = cos 2 sin gm -+ Sin 4COS PCOS a 


6 and gare known, 21s the zenith distance measured as 1n- 
dicated, and corrected for refraction, and, when the sun 1s 
employed, for parallax We therefore solve the equation 
for a 

Writing cos a = 1 — 2 sin’ ga, then cosa@= — 1 -+- 2 cos’ $a, 
we find by a familiar reduction 


eee eee enone: 
be jo=y/S Ve+ p+ ys het P— 4), | 


sin # COS P 


= } ee 

cos 4a = sin 3(@ — P 1C) COS BE p +o) z= ); (511) 
eS a a nS 
_ feos +e? t9) sin 4(z-+ op — 9) 
tan $4 =4 / cos (2 — gp — 9) sm 4(z2 — p+ 9) 
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The azimuth of the star may be computed by either of 
these formulze, the last being most accurate As this method 
will not be employed when e\treme accuracy is required 
this consideration will have less weight than in other cases 

When the sun 1s employed the correction for semidiame- 
ter 1s obtained as follows 


Let S = the sun’s semidiameter taken from the ephemeris 


z Then from the nght-angle triangle formed 
by the great circles joining the zenith, cen- 
tre, and limb of the sun we have, calling the 


a angle at the zenith da, 
sin S = sing sin da, 
S 
= panier \ 
or 6a = = Serer a (512) 


Fic ra the proper algebraic sign being obvious. 
If the time 1s also required, we derive it from the meas- 
ured altitudes by the method of Articles ( 124) and (125) 


Condztions favorable to A ccuracy 


310 In order to investigate the effect upon the azimuth of small errors in 
assumed latitude and zenith distance we resume the fundamental equation 


sin 6 = cos z sin g++ sin z cos P cosa 


Differentiating first with tespect to a2 and z, then with respect to a and P, we 


have 
dza = [— tan p cosec a + cot z cot alde , (513) 


dpa = [— tan pcot a+ cot z cosec ald 


The coefficients of both ds and @@ diminish as a and z approach go°, also the 
coefficients have opposite signs for @ = 90° and a = 270° Therefore by select- 
ing Stars which cross the prime vertical at as low altitudes as may be consistent 
with good definition, and observing at about the same distance from the merid- 
ian east and west, the best results will be obtained 

When the sun 1s used it should be observed as near the prime vertical as 
Possible, east and west 


When an ordinary surveyor's theoddlite is used there will be no provision for 
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11luminating the field , this may, however, be done by a bull’s-eye lantern held in 
front and a little to one side of the object glass 


Example 
311 Station, Capital, Washington, D C 


Sun near prime vertical, August 15, A M,1856 Observer, Charles A Schott 
Instrument, 5-1nch theodolite Longitude 5" 8™ 38 west of Greenwich 


Chronom Horizontal Circle Vertical Circle 
eter * 
Time A B A B Thermometer 73° 


©’s upper and first imb Telescope D Barometer 30 inches 


gh gM go8 25° 24! 30” | 205° 24’ 30!'| 61° 56’ of” | 61° 56’ of! 
5 34 25 56 45 | 205 51 30 | 61 24 30 | 61 25 © 
6 55 5| 26 4 90 |206 5 15 | 6r 8 45 | 6t 9g 30 


O's lower and second limb ‘Telescope R 


5 9 2 |205 54 15 25 54 00 | 61 19 30 | 6x 18 30 
to 32 |200 7 15 26 645 | 61 400 | 6 3:0 
iz 42 |206 18 30 26 18 15 | 60 50 00 | 60 49 45 


We also have @ = 38° 53°18" Mean chronometer time* = 55 7™ 48° 1 
6= 13 55 33 Horizontal circle = 25°56'40" 
Sun’s eq parallax 7 = 8" 5 Vertical circle = 61 1702 
Refraction =r=-++ I41I 7 
Parallax —7 4 


Corrected zenith dist = 61°18'36” 


We compute azimuth of star by the last of (511) 


xe-+ p+ 6) =57° 3 44" cos = 9 73538 
e+e —6)=43 812 sin = 9 §3489 
He—p—S)= 4 14453 sec = 00120 
H2— p+ 6) = 18 Io 26 cosec = 50598 
07745 

ta = 47° 33' 30 tanga = 038725 


a=95 6 7 
Hor circle = 25 56 40 
290 50 33 > Reading of circle for north point 


* A sidereal chronometer was used The time is only required for taking § from the ephem- 
eris and need not be very exact When a star Is used no record of the time 1s required 


| 
& ad jessie 
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Azimuth by the Transit Instrument 


312 It has already been shown, in connection with the 
general theory of the transit instrument, how the azimuth of 
the line of collimation is determined, either by special obser- 
vations made for this purpose or from a series of transits re- 
duced by least squares If now the direction of this line 1s 
hxed by a meridian mark, we have the azimuth of the mark 
Such a determination, though not of the highest order of ac- 
curacy, 1s sufficient for many purposes 

When the greatest precision 1s required, the telescope 
must be provided with an eye-piece micrometer moving a 
veitical thread The instrument will gcnerally be mounted 
either in the meridian or in the vertical plane of a circum- 
polar star at elongation 

313 Agwunuth by a Close Corcumpolar Star near Culmination 
The instrument 1s set up and adjusted as already explained 
in Articles 166-9 The mark whose azimuth 1s to be deter- 
mined must be placed so near the meridian that it may be 
well obse1ved without changing the azimuth of the instru- 
ment In positions where a distant meridian mark 1s not 
available a collimating telescope may be used, in which case 
the fi1mest possible mounting will be 1equued for both tran- 
sit and collimator 

The observations will be made as follows A shoit time 
before the star’s culmination the telescope is directed to the 
mark and a series of readings taken with the micrometer, 
both in direct and reverse position of the instrument The 
level 1s then read and a series of transits observed ove: the 
micrometer-thread, which 1s moved foiwaid successively one 
turn or less The instrument may be reversed or not at the 
middle of the series The level 1s again read anda series 
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of readings on the maik taken Touansits of zenith and equa- 
to1ial stars will also be obse:ved for determining the clock 
correction 

314 Method of Reduction The value of one revolution of 
the miciometer-screw 1s requued If not previously known 
this may be de1ived from the observed transits of the star, 
by the same method used for determining the equatorial 
intervals of the transit-threads, viz 


Let / = the interval of time required for the star to pass 
over the space corresponding to one revolution 
of the screw 


Then, eq (291), & = 15/cos 6 Ycos I . . (514) 


*/cos J being taken from table Art 174 when it differs 
appreciably from unity &, the value of one revolution, will 
be expressed in seconds of are 

The collimation constant may be derived either from the 
transits of the star, the instrument being reversed at the 
middle of the series, or by means of the readings on the mark 
in the two positions as explained in Art 182 

When the transits of the star are used for the purpose the 
formula for ¢ 1s (see Art 185) 


c= 4(T—T) cos 6-+4(T"— T)6T cos 6 + 4(6'— 4) cos (p—S). 


It is well to derive c from both the star and mark, the two 
determinations mutually checking each other. 

315. The mean of the observed times must next be re- 
duced to the tume over the line of collimation of the telescope. 
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Let z,, 74, %, = the successive readings of the micro- 
metel, 
ae ae te, = Chronometer times of observation, 
r,and 7, = micrometer reading and time for line of 
collimation 


ik Le 


7; mn 0 1 


Then, from (291),, 4—% = R= r sec 6 VYsec (Z, — 7,). (515) 


The factor “Ysec (7, — z,) 1s taken from the table Art 174 
if 1t differs appreciably from unity We thus have J, the 
chronometer time of transit over the line of collimation 

Then, equations (284), (285), (287), 


a=Tf+ 47+ Aa+t Bb+ Ce — *021 cos p);* 
m which A = sin (g—o)sec 6, B=cos (p—6)secd, C=sec o 
Let r=a—[7T+ 4T + Bb+ Cle —*o21 cos P)], (516) 
that 1s, the algebraic sum of the known terms. 


I 
Then a= ($17) 


1s the expression for the azimuth of the star in seconds of arc 
It will, however, be remembered that in the theory of the 


*If the mean of the times has been reduced to the line of collimation as 
supposed above, ¢ will be zero if not ¢ — to — ty 


Re 
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transit instrument where the above fo1mula is derived, a 1s 
considered plus when the south end of the telescope devi- 
ates to the east For present purposes, therefore, the alge- 
braic sign must be reversed, giving for azimuth of star 


, (518) 


The azimuth of the mark then follows at once from the dif- 
ference between the micrometer readings on the mark and 
star 

By observing the same star at both upper and lower cul- 
mination the effect of any constant error in the right ascen- 
sion or clock correction will be eliminated from the mean. 


EXAMPLE 
& Urse Minoris at Lower Culmination 51 Cepher at Upper Culminaton 
1882, March 20 Instrument, Simms Transit C S No 8 


MarK 8 Ursa MINorIS LEVEL 51 CEPHFI Lev EL 
Chro- Chro 

nome |~—_)___—_—«Y|nome- Saar aes | ei mai arn > 
ter |Lamp|Lamp) ter Micro- | Chro- W Micro Chro- Elw 
E Ww meter | nometer | © meter | nometer u 
——|———— —-|—_—_-] ——-! © 
a © 
5B aoM|r8 760/r2 670/5" 40|| 18 22 [66x8™44" 13 22 [6Pag™34* = 
18 760/12 665 17 72 1g II 1372 | 23 8 So 
18 750|12 670 17 22 19 37 5 [49 8 [48 1 1422 | 28 40 5 |38 0 |63 0 g 
18 760/12 665 16 72 20 4 5 135 0 |63 0 1472 | 29 15 535 [49°12 
18 750|12 675 16 22 20 31 5 |50 8 |48 2 15 22 | 29 48 39 © [63 5 | = 
18 7s50\r2 675 15 72 20 59 36 3 |63 0 15 72 | 30 22 53519 O15 
18 751|r2 670 I5 22 21 25 5 16 22 | 30 54 a 
18 751|12 672 14 72 aI 52 16 72] 31% 29 8 

18 758|12 670 14 22 22 19 1722] g2 1 5 


h 6 17 72 3z_ 36 
55 3018 750/12 665/57 50™ is Ghog™r3! 18 22 {6%357z0* 


Means 18 754 12 670 1s 72 Gh2o™sQ* 46 42985558 15 72 G@ 30721" 64 4600 56.12 
& Ursee Minoris 51 Cephe1 
gp = 29° 7' 30" 5 = 93° 24' 24" 5 = 87° 15' 33" 


AT= — 5I* 30 a= 620" 5° 61 a= 6 29"33* 15 


o UA PISA OL OTS USER 
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By the foregoing formule we compute— 


6 Ursee Minoris sr Cephe1 

A=-+15 16 A=-— 17 76 
B=-— 7 30 B=+ir 4 
C= — 16 83 C=-+ 20 gI 


b=+6" 30=0°42 b6=-+ 5! 06 = 08 337 


We now derive the value of the micrometer screw from the observed tran- 
sits of each star, asfollows Subtracting in each case the first time fiom the 
seventh, the second from the eighth, etc , we have the following values 


é Ursze Minoris 51 Cephei 


Nos _ | Interval Nos _ | Interval 

_| log J = 1 73078 _| log J = 1 82607 
7 —1 {2m qrts| log 15 = 117609 | » — 7x] 3m 208| log 15 = 1 17609 
8—2|2 410, cosd =8 77395 | 8— 2] 3 cos 6 = 8 67961 
Or= 32. 485) SS Ce 8 Tae 

1o—4/2 41 5} log R= 1 68082 |10—4| 3 log R = 1 68177 

Il—- 5/2 41 5 R= 4795 Ii—~ 513 R= 48 06 

3turns =2™ 41° 4 3 turns = 3™ 21° 

Iturn= 53 8o=>J tturn = 67 o=J/ Mean & = 48!' oo 


The mean of the readings on the mark E and W gives» = 15 712 There- 
fore, by formule (515), (516), and (518)— 


& Ursze Minoris 51 Cephei 
Observed time = 6° 20™ 588 46 6® 30™ 2T* 64 
bo — ty = + 42 — 54 
ZT == 65 20™ 565 88 6" 30™ 218 ro 
AT=-— 5I 30 — 5I 30 
6B= — 3 07 2 3 73 
®C/ = + 31 — 38 
a=6 20 5 OI 6 29 33 I5 
7 S-— 879 = Oo OO 
a= — o! 78 a’ = 00 


* ¢1s = 0, since we have reduced the times to theaxis of collimation Therefore 
ce’ = — *o2rcos ¢ 
=— o78 
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Mark west of collimation axis 3 042 revolutions = 2! 26!’ o2 
Mean value of a’ —— 39 
Azimuth of mark =—2 25 63 


316 If the telescope 1s not provided with an eye-piece micrometer, the az 
muth screw at the end of the axis may be employed (see description of instru- 
ment, Art 158) The mark in this case must be quite near the meridian as the 
range of the screw is small The method of observing is the samc as that de- 
scribed 1n the last article 

Deter mination of the Value of the Screw For this purpose a series of transits 
of acircumpolar star near culmination will be observed, extending over the en 
tire available range of the screw It will be as well not to extend it to the ex- 
treme limitin either direction 

Let M = the micrometer reading at any observed time @, 

M> = the micrometer reading at time of culmination 4, 
R = the value of one revolution of screw 


Then since the screw moves the instrument in azimuth, we have, by (517), 


RUM — Mo) = 5 (25t) 


where 7 = ¢— to 
This 1s a little more accurately written 


R(M — M)sint"! = > sin (157), 


or RM Me) = lise — He57P sin? "7], 
R(M — Mo) = =[r — 3(15 sin 1/73] : (SIG; 


Where the log }#(15 sin 1’)? = 0 94518 — 10, and the quantity }(r5 sm r!)Pr> 
may be taken from the table Art 275 When this correction 1s appreciable it 
will be convenient to apply it directly to the observed times, when we shall 
have these times reduced to what they would have been if the star had moved 
uniformly in a great circle The method of combining these reduced times 
the same as that illustrated in the preceding article 
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EXAMPLE 


6 Ursa Minors near lowes culmination, Febuary 5, 1869 
Chronometer time of lower culmination, 65 15™ 48* 


— 
re 


Time from 
Micr |Chron time| culmina- | Red’n |Redd time Time of 3 turns 


+ 


4H = SH HH eH 
NWO Hu HW 
o oocwovov0n & 


m 
99 
8 1 
64 
48 
31 
t5 
9 8 
8 1 
65 
48 
2 
2 6 
ro 


Time of three revolutions 597° 07 
One revolution = t = Ig9*0 log = 2 29885 
log 15 = I 17609 
I 
log y ae 8 82216 
log R = 2 29710 
Rk = 198" 2 


Star’s declination = 6 = 93° 23! 48!’ 
Latitude = P= 30 13 54 


The computation of the azimuth of the star at the mean of the observed times, 
and the determination of the azimuth of the mark from the combination of the 
readings on star and on mark, will require no further illustration 


Agunuth by Circumpolar Star at any Hour-angle 


317 When extreme accuracy 1s required the instrument 
must be provided with an eye-piece micrometer The mark, 
of course, must be near the line of collimation The method 
of observing will be the same as with the theodolite, Art 
298, except that the readings are made with the micrometer. 

If there 1s no eye-piece micrometer the azimuth-screw may 
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be used, in which case the reduction will be precisely the 
same as that given for the theodolite, formulze (XXIV), Art 
304 

When the micrometer 1s em- 
ployed the reduction will be as 
follows 

In the figure NESW repre- 
sents the horizon, P the pole, s the 
star, Z the zenith, u the mark, CZ : 
the direction of the line of collima- 
tion, w’ the point where the west 
end of axis pierces the celestial 
sphere 


i~J 
Fic 65 


Let JZ, = micrometer teading on line of collimation, 
MM = micrometer reading on star, 
MM’ = micrometer reading on mark, 

R = value of one revolution of screw, 

6 = elevation of west end of axis 


Then from the micrometer and level readings we require the 
expression for the difference in azimuth of s and 4. 


Let RM —_ M,) = mM, 
RM — M,) =m. 


Then from figure, 


pees se=a; 20/’=—90°—4; 
w’s=90°-+m, w'u=90°+m'; w'ss=g0°a,, wspy=90"-a,’. 


Then 1f @ == azimuth of star, a’ = azimuth of mark, 


a—a'=a,—a, = required difference of azimuth. 
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From triangle w’zs, 

—sinm =sindcosz —cosdsingzsind,. 
From triangle w’zu, 

— sin m’ = sin dcos 2’ — cos dsin 2’ sin 4,’ 


m, in', b, a, and a,’ will always be small quantities, therefore 
the above equations may be written 


—m =bcos# —a4, sing, 
— m’ = bcos 2 — a! sin 2’ 


From these equations we obtain 


, 1m 10 sin (2’ — 2) 
BG ee 7 7 
sng sing sin Z sin 2 


The micrometer reading 1s supposed to increase with the 
azimuth , if the opposite is the case the signs of 7 and mm’ 
will be changed 

6 includes the correction for inequality of pivots, also for 
flexure, if the instrument 1s of the form shown in Fig 28 
(See Art 192) Thus the complete expression for 01s 


a 
b=—W—EL)+p4+f (521) 


f is the correction for inequality of pivots, and f the flexure 
The azimuth of the star being computed by any of the 
methods before given, we have by (520) the required azimuth 
of the mark 
318 A Circumpolar Star near Elongation It will be best 
when practicable to observe the stais near the time of elon- 
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gation The 1eadings on the star may then be reduced to 
the reading at elongation as follows In the figure let 


Se == position of the star at time S 
T, = elongation, 
s = position of the star at time T Se 


Then s,a = # 18 the correction re- ¢ 
quired to reduce the reading at s to ; Fe 68 
the reading at elongation 

From the right-angle triangle sPa, we have 


cos (¢, — #) = tan 6 cot (6 + =) 
From this, by the process given for deriving equation (483) 


2 sin’ 4(z, — 2) (222) 


sin 1” 


x =4s1n 20 


On account of the rapidity and accuracy with which the 
mucrometer readings may be made several sets may be taken 
at one elongation if thought desirable 


Example 


319 In Vol XXXVII, Memows Royal Astronomical Society, Captain Clarke 
gives among others the following observation of Polaris 


Station Findlay Seat, 1868, October 23 


Position Z 
Ww—-E =-— 130 Latitude @ = 57° 34 50° 0 
M—M,= 58019 Declination 6 = 88 36 34 4 
M —-Mo=-— 7791 Right ascension @ = r® rr™ 57% 46 
Sidereal time = 185 41" 30° IT Hour-angle ¢= 17 29 32 65 
f = 262° 23' 9" 75 
Zenith dist of mark 2’ = 93 2 
We also have One division of level — ¢= ¥” 810 
One division of microm screw = R= " 8445 
Inequality of pivots f= "650 


Flexure f=sa' 17 
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The observations given are the means of a series taken in the following 
order 
ist Level 


2d Mark 

3d Direct telescope to star and read level 
4th Three readings on star 

sth Level 

6th Mark 

"th Level 


The instrument 1s then reversed and another series taken in the same order 
The level reading given is the mean of the four above indicated 

We shall first reduce the observation by computing the azimuth of the star at 
the instant of observation 

As both zenith distance and azimuth are required, equations (II), Art (65), 
may be employed These equations are rewritten here for convenience 


tan M@ = ae 
cos ¢ 
cos Af 
tan @ = sin (p — 1) tan ?, 
COS a 
tan 4 = tan (@ — a) 
cos Jf cos 6 cos Zz 
pao sin(g@ — I) ~ cos 4 cos a 
By means of these formule we readily find 
a= 2° 33' 23" 58 
h=57 22 13 38 
= 32 37 47 
By formula (521), 
6=— 63 Xr" 8r-+ 3" 171 +" 650 = 2' 645 
Mt = 58019 X 8345 log = 2 68500 
m' = — 7701 X 8345 log = 1 80798% 


me t u 
—- = -+ 14 57 92 


sin z 
m 
= 6 
sin z! ah a8 
sin (2° — 2) 
—_—_— = 2 
¢ sin z sin 2’ sy aot 
a-—a= 16 6 55 
Azimuth of star= a= 2 33 23 58 This still requires the correction for 


Azimuth of mark a’ = 2° 17 17" 03 diurnal aberration, viz , +0” 32 cos a. 
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320 The observations of the foregoing example are taken too far from elon 
gation for reduction by formula (§22), but they will serve to illustrate the method 
We compute the azimuth and time of elongation by the formule 


Sin ae = cos 6 sec p 
cos #% = cot 6 tan @ 
Time of elongation 7, = « — ¢ 
We readily find ae = 2° 35' 39' II 
Te = 19° 20™ 43% 13 
Time of observation 7 = 18 41 30 II 


7Te- T=t—-—t= 39 13 02 
2 — 
Then by (522), log 2 see ‘) == 3 47892 
26 = 177° 13/ 8" 8 sin = 8 68589 


log + = 9 69897 


log « = 1 86378 


Reduction to elongation = x = 73" 08 
Micrometer reading on star m = 484 18 
Reading at elongation = m -+- x = 557 26 


wz + x now takes the place of m in equation (520) When the observation 1s 
within a few minutes of elongation we take for z the zenith distance at time of 
elongation , but in the present example this will not be admissible Using for 
s the value derived in the previous reduction, we have 


mt +- x ae 
= 17 I 8 
sin Z 7134 
t 
mt 
— — I 6 
sin 2’ 4 3 
sin (2' — 8) 
ee 4 27 
sin z Sin 2 
@a-a=-— 18 22 iI 


a@=2 35 39 If 

a’ =2 17 17 00 

Aberration = O 32 
Azimuth of mark = 2° 17 17.32 
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CHAPTER X 
PRECESSION —NUTATION —ABERRATION —PROPER MOTION 


321 The heavenly bodies which are employed for any of 
the purposes treated of in the foregoing pages are, first, the 
sun, moon, and planets, and second, the fixed stats 

In solving the problems of practical astronomy, we have 
in most cases supposed the position of the object observed 
to be accurately known The co-ordinates which we have 
in most cases employed are the right ascension and declina- 
tion 

The motions of the sun, moon, and planets are of a com- 
plicated character, and the prediction of their places for any 
given instant belongs to another department of astronomy. 
When their co-o1dinates aie required for any of the fore- 
going purposes they will simply be taken from the American 
Ephemeris o1 a similar publication 

With the fixed stars the case 1s different, their relative 
positions change very slightly from age to age In most 
cases no change at all has been discovered 

The apparent co-ordinates of all stais, however, are vary- 
ing slowly but continuously, owing to two causes which are 
mdependent of the stat’s motion, viz first, a shifting of the 
planes of reference, giving rise to precession and nutation 5 
and second, an apparent motion of the star, due to the earth's 
motion combined with the progressive motion of light, called 
abe11ation 


= . Q = 4 
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Secular and Pertodie Changes 


iL 


322 The small changes to which many of the quantities 
employed in astronomical opetations are subject are div ided 
into two classes, viz, secular and pe11odic 

Secular changes are those which aie progressive in the same 
direction from year to year, requiring long periods of trme— 
secule—to complete a cycle, so that duiing short periods the 
changes mav be considered as pioportional to the time 

Periodic changes are those which complete their cycle ina 
comparatively short time, and where the motion from maxi- 
mum to minimum, or the reverse, 1s so1apid that the change 
cannot be considered proportional to the time, except for 
very short intervals 

The precesszon of the equinoxes produces a secular change in 
the co-ordinates of all stars referred either to the equator or 
ecliptic It will be remembered that this 1s the name given 
to the slow motion which takes place 1n the line of intersec- 
tion of the ecliptic and equator, causing the pole of the equa- 
tor to desciibe a circle about the pole of the ecliptic in a 
period of about 25,000 years This motion 1s due to the 
spheroidal form of the earth, in consequence of which one 
component of the attractive force of the sun and moon tends 
to draw the equator mto coincidence with the ecliptic 
This component of the attraction 1s not umiform It 1s a 
maximum when the sun and moon are farthest from the 
plane of the equator, and a minimum when they are in the 
equator 

Nutation The want of uniformity in the forces producing 
precession gives rise to small changes ot short pe11od which 
together are called nutation There area number of small 
changes embraced under this head, but the piincipal one 
causes the actual pole of the earth’s equator to describe a 
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small ellipse about the mean pole, the major axis of this 
cllipse 1s directed to the pole of the ecliptic and embraces 
about 18” ofarc The length of the conjugate axis is about 
14 The period is about 18 years 


Mean, Apparent, and True Place of a Star 


323. Suppose the right ascension and declination of a star 
to be accurately observed with a suitable instrument the 
place of the star so determined will be the apparent place 

The apparent direction of the star 1s affected by aberration, 
the effect of which will be considered mote fully hereafter 
If we apply to the apparent nmght ascension and declination 
the coriections necessary to free them from the effect of 
aberration, we have the ¢rue place 

If now we apply to this true place the small periodic cor- 
rections called nutation, we have as the result the mean place 

In catalogues of stars the nght ascensions and declinations 
are given, referred to the mean equator and equinox for the 
beginning of the year of the catalogue If then the apparent 
place of the star 1s required for any given date, the preces- 
sion must be applied to reduce the mean place of the cata- 
logue to the mean place at the given date, the nutation and 
aberration must then be applied to reduce the mean place 
to apparent place The determination of these reductions 
will be the immediate object of the present chapter. 


Precession 


324 The change in the position of the equinoxes 1s due 
to two causes first, the action of the sun and moon, and 
second, that of the planets The first gives rise to luni-solar 
precession, and the second to planetary precession 
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By the processes of physical astronomy it 1s shown that the 
attractions of the sunand moon upon the matter accumulated 
about the earth’s equator, which gives it its spheroidal form, 
produce a slow retrograde motion 1n the line of intersection 
of the equator and ecliptic, without changing the angle be- 
tween these planes As the celestial longitudes are measured 
from this line, or rather from one of the points where it 
pierces the celestial sphere, the effect 1s a constant increase 
in the longitudes, with no change 1n the latitudes 

This 1s /unt-solar preccssion, and 1s due simply to a motion 
of the equator 

The attiactions exerted upon the earth by the other planets 
of the solar system tend to change the plane in which 1t re- 
volves about the sun, without changing the position of the 
equator, this change 1s relatively small and tends to diminish 
the 11ght ascensions without affecting the declinations 

The latte: 1s called planetary precession and is due to a mo- 
tion of the ecliptic . 

The combined effect of the luni-solar and planetary pre- 
cession 1s to produce small secular changes 1n the right ascen- 
sions and declinations, also of the longitudes and latitudes of 
all stars, and in the obliquity of the ecliptic. 

325 In oider to be able to determine the position of the 
equator or the ecliptic at any given instant it will be neces- 
sary to select the positions of those circles at some given 
epoch as fixed circles to which all motions may be referred 
Let these fundamental circles be the mean equator and eclip- 
tic for 18000 

In Fig 67, let 44, be the mean equator for 1800 0, 

A'A”, the mean equator for 1800 + 7 

Let EE, and EE’ be the mean ecliptic for 18000 and 
1800 + ¢ respectively 

Then BD, the part of the fixed ecliptic over which the 
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point of intersection has moved, is the luni-solar preces- 
sion in # years = 7 

Let D’ be the point on the movable ecliptic which couin- 
cided with D when the ecliptic had the position ZZ, 

Then CD’ is the general precession for ¢ years = /, 

Since B 1s the point of the equator which at the instant 
18000 was at D, BC is the arc of the equator over which 
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the intersection with the ecliptic has moved in a forward 
direction 

BC is therefore the planetary precession in the interval 
¢yeais= 9 


Let wo, = the mean obliquity of the ecliptic for 18000 
i ae SY oP 
@, = the obliquity of the fixed ecliptic for 1800 + ¢ 
= ABE, 
@ = the mean obliquity of the movable ecliptic for 
1800 + ¢ = A” CE, 
ma = the inclination of the mean ecliptic for 1800 + # 
to the fixed ecliptic = BEC 


Dis the mean equinox of 1800, C is the mean equinox of 
1800 + #4. 
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Since longitudes are reckoned 1n the direction DZ,, £ will 
be the descending node of the movable on the fixed ecliptic 


Let IJ = the longitude of the ascending node of the mov- 
able on the fixed ecliptic, 1eckoned trom the 
mean equinox of 1800 
Then HZ = 180° — DE 


326 The determination of the values of the above con- 
stants, by means of which the position of the mean ecliptic 
and equator at any time 1800 + 7 can be determined in 
reference to the fixed ecliptic and equator of 1800 0, belongs 
to the depaitment of physical astronomy Three different 
series of values have been quite extensively employed, viz, 
those of Bessel, Struve and Peters, and Leverrier Bessel’s 
values aie given for the mean ecliptic and equinox of 1750, 
those of Struve and Peters for 1800, and Leverrier’s for 18500 
The values which we shall employ are those of Struve and 
Peters, being those which are more extensively used at 
present than either of the others If, however, it 1s preferred 
to use other values, it will be a simple matter to make the 
necessary changes in the formule which will be derived 
The values are as follows * 


= 50” 3798¢ — 0000 10842", 
wb, = 50” 2411¢ + 0 000 11342’, 
@, = 23°27' 54” 22, 
ot Ro a+ O00 007352", 
+t @ = w,—" 4738¢ — 000 Col 4?", 
TT = 172° 45/ 317% — Qi sosz, 

x =" 4776¢t — 000 00352’; 

S = 0” 15119¢— 000 241862" 


(523) 


*Dr C A F Peters’ Numerus Constans Nutatio1s, p 66 et 71 

+ In the American Ephemeris the value of the annual diminution employed 
is o/ 4645, instead of '/’ 4738 The difference is so small as to be practically 
almost inappreciable 
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Bessel gives the following values for the epoch 1750 * 


= 50" 375722 — 00012179452", 
= 50 21129 -+ 00012214832", 


@, = 23° 28°18” 0+ 000009842332", 

@ = 23 28 18 o— 48368f — 0000027229052, (524) 
IT = 171° 36’ 10” — 5” 21¢, 

ma = 0" 48892¢ — 000 003071972", 

JS =0 179267 — 000 26603942" 


The following are Leverrie1’s values, the epoch being 1850: 


wh = 50” 369244 — 000 108812", 

w= 50 234654 + 000112882", 

Go, = 23° 27° 31 83 + 000 0O7I9Q2’, 

co = 23 27 31 83— 47593¢ — " ooo cor4g2’, ~¢ (525) 
Was 73" 0 12 8" 604.7, 

m = 0” 47950 — 000 003122’, 

J = 0° 146727 — 000 241747 


Assuming the values of the above quantities to be known, 
we may now solve the following pioblems 

327 Problem First Vo find the precession in longitude 
and latitude for any star between 18000 and 1800 + ¢ 

Let the star be referred toa system of rectangular axes, 
the fixed ecliptic for 1800 being the plane of YY, the positive 
axis of X being directed to the ascending node of the echiptic 
of 1800 + ¢ on the fixed ecliptic, the positive axis of Z being 
directed to the pole of the fixed ecliptic 

Let ZL and B = the longitude and latitude {01 1800 Then 


«x =cos8cos(£L—I1), y=cosBsin(L—T/I), s=snB(a) 


————— ee ee 


Next, let the plane of XY be the mcan ecliptic of 1800-+ 4, 


* Tabula Regiomontane, p v, Introduction 
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the new axis of X coinciding with the old, and the new axis 
of Z directed to the pole of the ecliptic of 1800 + z 


Let 4 and # = the longitude and latitude for 1800 +2. 
Then 


#'=cos f cos (A——y,,), y’=cos f sin (A—H— 4), 2’=sin 6 (2) 
IT 1s the same in both (a) and (4), being the value for 18000. 


The new axes of Y and Z make the angle z with the old. 
Therefore 


w=4, y=ycost+ezsnz, 2=—ysna+ezecosz (c) 
From (a), (4), and (c), 
(2) cos B cos (A — IZ — ,) = cos B cos (ZL — IZ), 


(¢) cos 8 sin (A — IZ — 4) = cos B sin (L — IZ) cos zt-sin Bsin 7, tas 
(Ff) sin 8 = — cos Bsin(Z — ZZ) sinz+sin B cos x 


These equations are ngorous, but in practice they may be 
much abridged 


z 18 so small that no appreciable error will be involved in 


writing cos x = I, even when the interval 7 1s several cen- 
turlés 


Making cos z = 1, and multiplying (¢) by sin (Z — I), 
(¢) by cos (Z — JZ), and subtracting, we have 


cos # sin (A — Z — %,) = sin x sin B cos (L — IZ) 


Then multiplying by cos (Z — I) and sin (Z — ZZ), and add- 
ing, we find 


cos # cos (A — £ — ¥,) = cos B+ sin zsin #sin (L — ZL), 


and by division, 


tan (A — L — p,) = 


—_ ae 
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Developing this into a series and writing sin 7 = 7, we 
have* 


A—ZL—% =z tan Bcos (L — M1) — $v tan? B sin a(L — IL) — etc , (527) 


where the term 1n 2’ may always be omitted 
The last of (526) may be written 


sin f = sin B — sin wcos B sin (L— HZ) 


Bisa tunction of z Developing by Maclaurin’s formula, 
we have 


p—-B=—xsn(L—W)+ 42’ tan Bsin’ (L — I), etc (528) 


Formulz (527) and (528) solve the problem, where, as be- 
fore remarked, the terms in z* may always be dropped 


—_— ee —— ”~ SN 


* This expansion, which 1s of frequent application, 1s obtained as follows 


Writing AaA—-L-—-ym)=-, xtan B= m, 
goo —(L—II)=y, 


msiny — sin x 
I--mcosy cos 


the above formula becomes tan x = 


From this we have sin « = m sin (y — «) 


Adding both members to m sin x, then subtracting both members fiom mz sin + 
and dividing, 


m+1rosnx+sin(y—-s*)_ tanty 
m—1 snmx—sin(y—sx) tan («x — $y) 


Now write — = x—-—ty= y= tan “« = 7 tan v7; 
nag J = &, ae = pf tan v; 


off 
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328 Problem Second To find the precession in longitude 
and latitude between two given dates 1800 + ¢and 1800+ 7’ 


Let A and f be the longitude and latitude for 1800 ++ ¢, 
A’ and f" be the longitude and latitude for 1800 + z’ 


Then by (§27),4 —ZL=, +7 tan Bcos(L— I), 
AY —~L= ¢,' + a’ tan Bcos (L — MM’) 


Subti acting, 
MN —A=(y,’—4,) +7’ tan Bcos(L—’)—z tan Bcos(L—IT) (529) 


This may be placed in a better form by assuming the 
auxiliary equations 


asinA = (z’-+ z)sini(l’ — I), (530) 
acosA = (z’ — x)cos#(il' — I) } © 
wy —i1 
From thus we find Fil ee, =e. myni tp fe 
(p+ Te = p= tT) 
uryvai _ t+ me" —* 
r te gio wow —1 
since ks ae — mm 
p-—i 


Taking the logarithms of both members of the above and expanding, 


——— 


ae =1 = 6vY —1 
a(u—-t+-v)VY— I= me sas fees jate* 74 m8 @% , etc 


—40V—1 jm! geet. ste 


- —T 
Sesgiee + 4m’ e¢ 
Or u-+v =m sin 2v — }' sin 4v + $7 sin 6, etc 
Writing for «, v, and m their values, we have 


A—LZ—%, =mtan Bcos (Z— IZ) — 47° tan’ B sin 2(L — IT) 
— $72? tan’? B sin 3(Z — JZ), etc 
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Combining these with (529), and eliminating z and 72’, we 
find 


vi —A = (yp,’ — >) + @ cos (z == ian ma tan B (531) 


Similarly fiom (528) we have for 1800 + ¢ and 1800 + 2’ 


fB —B=-—7 sn(l—TJ), 
fi —-B=—27' sm (L — I) 


Subtracting and eliminating z aid z’ by the auxiliary equa- 
tions (530), we find 


f—f=—am(r—-2 TF _ (532) 


2 
For the auxiliary quantities @ and .4 we find, from (530), 


a +. 74 
tan A = —— — tan 4(ui’— I). 


If we substitute for z and z’ their values from (523), neg- 
lecting the term in 2’, and recollecting that $(77’ — JZ) is vely 
small, this equation may be wiitten 


“4+¢ T’—T tee 
A= a a = — 8" g05 SE (533) 


A being therefore very small even for large values of 
Zand 2’, we may write cos 4 = 1 in (530), when 


a=’ —x= (t — t)" 4776 — (t? — #) ” 0000035 (534) 


wet 
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In equations (531) and (532) we may wiite A — #, for Z, 
and #for B . Introducing the auxilary angle M such that 


jag a 
a 


L —~A=A—M, (535) 


and substituting in (531), (532), and (534) for #,’, y’ 2, ZZ, 
Struve and Peters’ values—equation (523)—we have finally 
the following practical formule for computing the preces- 
sion in longitude and latitude between any two intervals 
1800 + ¢and 1800 + 2’ 


M = 172° 45' 32" +-¢50' 241 — (#' + 2) 8" sos, 
N—-—A= (i! — 2) [50 24rr + (¢ +2) 0" 000 1134] 
+ (# — 4) [ 0” 4776 — (¢ + 2) 0" 000 0035] cos (A — JZ) tan f, 
p' — B= —(t — 2) [ 0” 4776 — (# +2) 0" 000 0035] sin (A — MZ) 


(536) 


329 If we divide the expressions for (A’ — A) and (’ — £) 


by (z’ — #), and then make ¢ = ?#’, we shall have the values 
Xr 
of she and te or the expressions for the precession 1n long1- 


tude and latitude respectively at the instant ¢, viz 


M= 172° 45" 31” + 33” 2312, 
dn 


B= ~=(50' 2411 + 0000 22681, 
+ [0 4776 — 0000 co7o!} cos (A — M) tan 8, (537) 
= — [0" 4776 — 0000 00702] sin (A — I) 


These formulz may be used to compute the entire pre- 
cession between two dates 1800 + ¢ and 1800+ 2’, if we 
compute the values of the diffeiential coefficients for the 
middle interval, viz, 1800 + 4(¢ + t’) The result will be 
accurate to terms of the second o1dcz inclusive 


ee 


| eee — bh 
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We have developed these formule (536) and (537) (which 
are those of Bessel, except that we have employed other 
constants) for the sake of completeness, although they will 
not be used in connection with the problems of the present 
treatise, the co-ordimates commonly employed being the 
right ascension and declination 


Example The mean longitude and latitude of a Lyi@ for 1850 0 are as fol- 
lows 
A = 283° 12! 48" 12, 
B= 61 44 25 45 


Required the mean longitude and latitude for 18840 
Here #= 50, fi = 84, th — z= 34, “#te¢= 134 
Therefore we find, by (536), 
M = 173° 8! 23", 
A — M= IO 4 25, 


A —A = (# — 24) X 50! 2563 + (# — 4) X 4771 cos (A — M%) tan £, 
pi—-B=—(—1)X 4771snA— MZ) 


A-A= 28/ 18/' 36 fi'-f=- 15"! 24 
A = 283° 12’ 48/12 fB = 61° 44! 25" 45 
A’ = 283° 41! 6/! 48 fi! = 61° 44! 10! at 


If we wish to employ (537), we Shall have for ¢ the middle of the interval be- 
tween 1850 and 1884, viz, 7= 67 ForA in the second member we require 
the longitude for 1867 which we shall have with all necessary accuracy by 
adding to the longitude for 1850 the general precession for 17 years and neg 
lecting the smaller terms Calling this value Ao, we have 


Ay = 283° 12! 48!’ + 50! 24 X 17 = 283° 27’ 2!, 


M=1%72 45 31 +33 231 X 67 = 173 22 37, 
Ao — = 110 4 25, 


ada 
= = 50" 2563 -+ 4771 cos (Ay — A) tan 6 = 49"! 9517, 


—-= — 4771 sin (Ac — J) = —!" 4481 
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an 
Therefore Al— A = —(# — 2) = 28! 1B"! 26> 
A 7 (4 — z) = 28! 18!) 363 
ap 
u —e — ue = i 
agreeing with the values obtained by the other formule 


330 Problem Third Given the mean nght ascension and 
declination of a star for the date 1800+ ¢, required the nght 
ascension and declination for 1800 -+ Z’ 

We first require the values of certain auxiliary constants 
simular to those employed in solving the corresponding p1ob- 
lem for the ecliptic. 


Fic 68 


In Fig. 68 let VV,’ = the fixed ecliptic for 1800, 
OV, = the equator for 1800 +42, 
OV,’ = the equator for 1800 + 2, 
VV,’ = the luni-sola: precession in the in- 
terval (7 — 2) 
Therefore VV =o’ — 
Let QV, = 90°—2, QV'=go°+s', V.QV,/=6 
z, 2’, and @ will be quite small quantities, even when the 1n- 
terval (¢’ — #) 1s considerable 
In accordance with our notation, angle QV,V,'=180°— o,, 
QVIV, = @,' 
Then in the tnangle QV,V,’ the quantities @,’, w,, and 
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’ — p are given by (523), we can therefore determine zg, 2’, 


and 0 
By Napier’s analogies, we readily find 


tan #2’ + 2) = oo te es tan H(p’ —p), 


sin $(c,' ~— G,) 


tan 4(2’ — 2) = sin 3(@,’ + @,) cot 4b’ — »), 


sin $(2’ + 2) 


tan 40 — cos#(2’ — 2) tan $(a9,' + @,), | (538) 


The second of these may be written 


_ cota(¢’ — #) 


He — 4) = an Hapa) Ko! — ©) 


In the first and third the denominator may be written equal 
to unity. 

331 Wecan now solve our problem, viz, to determine 
the right ascension and declination for 1800 + 7’, having 
given those quantities for 1800 + ¢ 


In Fig 68, S being any star, Sa=6, Sa’ = 6’. 


If V, and V,’ represent the position of the mean equinox 
for 1800 + ¢ and 1800-4“ respectively, then 


The planetary precession in the interval = V.V, = 9, 
The planetary precession 1n the interval ¢ =V,/V,'= 9’, 


The nght ascension V,a= a, V,Q = 90° —z— 8; 
Via=a', V/Q= 90° +2’ — 9 


Considering now the rectangular co-ordinates of the star, 


§ 331 PRECESSION 573 


the mean equator of 1800 + ¢ being the plane of XY, the posi- 
tive axis of X being directed to the point Q, we have 


#% = cos dsin(a+ z+ 9), 


y = cos dcos(a+ z+ 9), 
= sind 


Similarly for the equator of 1800 + 7’, 


#’ = cos &’ sin (a’ — 2+ 9), 
y = cos 0’ cos (a@’ — 2’+ 9’), 
2’ = sino”, 


The formule for x’, y’, and 2’, in terms of x, y, and 2, are 


Lane 
y =ycos9—gsin 8, 
2’ =ysin 0+ zcos0 


Therefore 


cos 6’ sin (a’ — z/ + 3’) = cos 6 sin (a +2-+ 8), 
cos 6’ cos (a! — 2/ + 3’) = cos 6 cos(@ + 2-4 9) cos 6 —sin 6 sin | (539) 
sin 6’ = cos 6 cos(a + 2+ 9) sin 69 + sin Ocos 8 


We might have derived these equations by applying the 
formule of spherical trigonometry to the triangle P p” 
formed by joining the place of the star with the 
pole of the equator in the two positions 

Thus in Fig 69, S being the star, and P and P’ the 
pole of the equator at the time 1800+-¢ and 1800+2’ 
respectively, we have the following for the sides 
and angles of the triangle Calling the angle at 


the star C, ha 69 
PP’ = 6, PS=90°—6, P'S=g0°—6"; 
SPP =atet+9 = A, say, for convenience, 


SPP = 180°—(a’—2’-+9’) = 180° — A’ 
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Another solution of the problem is obtained by applying 
Gauss’ equations to this triangle, viz 


cos 4(90°-+6”) cos $(A’-+C )=cos 4(90°-+6-++6) cos $4, 
cos $(90°-+-6”) sin 4(A’+-C )=cos 3$(g0°-+6— 86) sin 4A, 
sin $(90°-+-6’) cos $(A’—C)=sin $(g0°+6-++6) cos 4A, 
sin 4(90°-++-6’) sin $(4’—C)=sin $(90°-+6—8@) sin 44 


(540) 


The auxiliary quantities z,2’,and 0 being computed by 
(538), either (539) or (540) give the required solution of our 
problem, these equations being solved in the usual manner 

332 Practically it is more convenient to compute the dif- 
ferences, (a’ — a) and (6’— 6) <A formula for (@’ — @) 1s 
conveniently derived from the first and second of (5309), 
which we write as follows 


cos 6’sin A’= cos ¢ésin 4, 
cos 6’cos A’ = cos 6 cos A cos 0— sin 6 sin 8 


Multiply the first of these by cos A, the second by sin 4, and 
subtract, then multiply the first by sin A, the second by 
cos A,andadd We readily find 


cos 6! sin (4! — A) = cos 6 sin A sin 6 [tan 6 + cos 4 tan 46], (541) 
cos 6’ cos (A! — A) = cos 6 — cos dcos A sin O[tan 6 + cos A tan 40] 
Let p = sin O[tan 6 + cos A tan 40] 
» gv sind _ 
Then tan(4’—A) = 1— posal’ 
(a’—a) = (A'—A)te'2)—('—9) |, (gg 
By the first of Napie1’s analogies, 
cos 4(A’-+ A) 


tan 4(0’ — 0) = tan 40-5 HAA 
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It will be necessary to make the computation in this com- 
plete form for circumpolar stars when the interval (7 — 7) 1s 
large When the star is not too near the pole the computa- 
tion will be much simpler, as we shall see 


Lixample The mean place of Polaris for 1825 01s as follows 


Right ascension @ = o! 58™ 158 32, 
= 14° 33’ 49!’ 8 
Declination 6 = 88° 22! 31/! 47 


Required the precession in right ascension and declination between 1825 and 
1g00 
We have here ¢ = 25, ¢ = 100 We therefore find, from formule (523), 


a, = 23° 27! 54! 22459, = = 1259" 43, += 3"! 628, 
G),! = 23 27 54 29350, wy = 5036 90, 3/= 12 700 


Then by formule (538), which we may write 


tan 4(z’ + 2) = cos 4(c,' + @,) tan 4(p/ — vp), 
4(2! — 2) = 4(c1' — o,) cot 4’ — x) cosec 4(a@1' + aj), 


tan 40 = sin 4(z’ -+ 2) tan $(m,' + @1) 


(py — p= 31! 28! 74 ~=—s tan = 7 9617592 cot = 2 03824 
4(a, + a9,’) = 23° 27' 54” 26 cos = 9 9625128 cosec = 39991 
(2! +2) = 0° 28 52 55 tan = 7 9242720 


4,’ — o9,) = 0! 03446 log = 8 53732 
4(e! — 2) = 9 45 log $(2’ — 2) = 097547 
3! = 0° 29/ 2!! 00 tan (0: -+ 61') = 9 6375775 


#=0 28 43 10 sin 4(2’ ++ z) = 7 9242567 
tan 40 = 7 5618342 

40 = 0°12'32'' 07 

6=025 4 I4 
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We now compute (@’ — a) and (6’ — 6) by formule (542), viz 


a& = 14° 33' 49" 8 
I= 28 43 I0 
= 3 63 


A= 15° 2' 36" 53 


sin 4d = 9 4142243 


log = g 4101647 
cos 4 = 9 9848553 


pcos A = g 3950200 

Zech = 1239697 

log denominator = g 8760303 

log numerator = 8 8243890 

tan (4'— A) = 8 9483587 
A'—A= 5° 4! 26" 13 
=1I5 2 36 53 


A'’=20° 7’ 2" 66 


(A'—- d)= 5° 4' 26" 13 
)= 57 45 Io 


+ (+2 
—-(J-H\=- Q 07 
a’—a 6° 2’ 2! 16 


= @ 24™ 88 144 


tan 40 = 7 56183 
cos J = g 98486 
Sum = 7 54669 
Zech = 434 
tan 6 = 1 5472620 
sin 6 = 7 8628593 


log = 9 4101647 


4(4’—A) = 2° 32' 13” 06 


3(4'+-A) = 17 34 49 60 


Ir 57 65 
23 55 30 


sec = 0 0004259 


COS = 9 9792268 
tan 40 = 7 5618342 


~~ ~ 


tan = 7 5414869 


333 By means of the foregomg formule we readily find 


the precession in right ascension and declination, viz 


as 
and yy at any given instant 1800 + 7 


da 
> dt 


We have (A’ — A) = (a! — a) —(e'+.2)4+(9 —8) (543) 
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If now we make 7’ = ¢1n the first of (541), we may make 
6’ = 0, sin(dA’ — A) = A’ — A, sin 9 = 9, sin A = sin (a+-S), 
also, sin 9 tan $0 will vanish, being an infinitesimal of the 
second order 

Therefore this equation becomes 


A’— A =Otandésin(a-+ 9) (544) 
From (538), the same condition existing, viz, ¢= 2’, we have 


2 + 2= (%’ — 7)cos x 


6 = (yp — 7) sin @, (545) 


Combining (543), (544) and (545), writing da, dS, and aw 
for (a’ — @), etc, and dividing by az, 


an ay ab a |, 
= — ata cos @, — F sin ow, tan 0 sin (a+ 9S) (546) 


The last of (542) by a similar process gives 


dé dl 
—_ sim w,cos(a+S) .  . (547) 


3 a 
Writing ‘m= — = + st COS @,, 
. *(548) 
m= at Sin @, J 


—— a 


* If we draw in the plane of the equator lines to the mean equinox of (1800-+-4 
and (1800 -+- ¢ + 1) years, it will be observed that m represents the angle be- 
tween them, assuming the rate of change to be uniform during one year Also, 
wm will be the angle between the two lines drawn to the poles of the equator in 
the two positions 
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From the values of 7, w,, and S$—equation (523)—we have 


m = 46” 0623 + " 000 2849/7, 
= 3707082 +- *000 O1899/, 


m% = 20° 0607 — "000 08634, 
(54 
. =m—+xsin a tan 6, 9) 
ao 
v7 = 2 COS @ 


We have written w in place of (a + $), no appreciable 
error 1esulting from neglecting + 

These formulae may be employed for computing the pre- 
cession between any two dates 1800 + ¢and 1800 +z’ Ifthe 

a as 

values of a and Gy ate computed for the middle date, viz, 
1800 -++ $(¢-+ 2’), the result will be accurate to terms of the 
second order in (#’ — z) inclusive We shall return to these 
formule hereafter 


Proper Motzon 


334. When the co-ordinates of a star observed at different 
dates are 1educed to the same epoch by means of the pre- 
cession formula, a considerable difference in the values 1s 
often found, indicating a motion of the star itself This 
change 1s called proper motion, and may be due either to an 
actual motion of the star in space or to the motion of the 
solar system, producing an apparent motion of the star The 
observed prope: motion 1s in fact the resultant of the two 
For our pulposes it 1s not necessary to attempt to separate 
these components The piope: motions in most cases are 
ve1y small, 1equiring many yeais to produce an appreciable 
change in the star’s place, but there are a few important ex- 
ceptions to this rule 
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In investigating the subject, the path of the star 1s assumed 
to coincide with a great circle, and the motion to be unifoim 
It is not probable that either assumption 1s true, but such 
deviations as may exist will be very small 

In o1der to determine a star’s proper motion, its place 
must be observed on at least two dates which we may call 
1800 + ¢ and 1800+ #’ The greater the interval (7’ — f#) 
the more accurate will be the results, other things being 
equal 


Let aand 6 = the observed mean ight as- 
cension and declination for 
1800 + /, 
a+ daandéd+ 45 =the values given by reduc- 
ing the values observed at 
1800 + 2’ to the first date by 
the application of the pre- 
cession only 


Then 4a and 46 will be the changes 1n a and 6 due to pioper 
motion in the interval (z’ — #) 


Let «and w’ = the annual proper motion in right ascen- 
: sion and declination respectively 


4a Ad 

Then PS Eee (550) 
These values will be referred to the mean equator of 

1800 + 7¢ If we had reduced the co-ordinates for this date 

to 1800 + 7’ we should have obtained the proper motions 

referred to the equator of the latter date 


Aa’ Ad’ 
h=7_z and w= ray O55) 
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These values fo1 stars near the pole may differ very con 
siderably from the first 

335 Problem 1 To 1educe the 11ght ascension and dec- 
lination of a star from the epoch 1800 + ¢ to 1800 + 2’, the 
proper motion being known 

First Suppose the proper motion given in reference to the 
mean equator of 1800 + /, the solution is as follows 

Add to the 11ght ascension for 1800-+ ¢ the effect of proper 
motion for the interval (¢’ — ¢), viz, u(¢’ — ¢), similarly add 
to the declination p(z’ — 7) With these values of the 11¢ht 
ascension and declination the precession 1s computed as 
before by formule (542) 

Second The proper motion being given for the mean 
equatoi of 1800 + 2 

Reduce the star’s place to 1800 + 2’ by formulze (542), and 
add to the results u(z’ — 2) and p'(z’ — ¢) respectively 

336 Problem! Having given the proper motion in right 
ascension and declination, referred to the mean equator of 
1800 + 7, to de1ive the values in reference to the equator of 
1800 +- 7’ 

Equations (539), giving the values of # and 6” in terms of 
a and 6, are as follows 


cos 6' sin (a’ — z + 8’)=cosdsin(a+2-+ 9), 
cos 6’ cos (a’ — 2’ + 38’) = cos 6 cos (ee + 2+ 9) cos 0 — sin 6 sin 0, (552) 
sin 6’ cos 6 cos (a + 2-++ 3) sin 9-+ sin 6 cos 0 


We also have 


cos 6 sin (@-+-z-+3)= _ cos 6’ sin (a’ — x’ + 9’), 
cos 0 cos(a@-+2-+8)= _ cos 6’ cos (a’ — 2’ + 8’)cos 6-+- sin 6’ sin 9 (553) 
sin 6 = — cos 0’ cos (a’ — 2'-++ 9’) sin 0-++ sin 8’ cos 0 


The proper motion which changes the position of the star 
itself produces no change in the quantities z, 2’, $, 9’, or 9, 
as these quantities meiely serve to fix the positions of the 
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reference planes Therefore, proper motion alone being 
considered, these quantities will be constants, a, a’, 6, 6” 
being variable 


Differentiating the first two of (552) on this hypothesis, 
we have 


cos 6’ cos (@’ — 2’ + 3) da’ — sin 6' sin (a' — s' + 9) dé 
= cos 6 cos (a@-+2-+ 8)de —sindsn(xt2z+ 8) ao, 
— cos 6’ sin (cc! — 2 + 9') da — sin 6' cos (ce’ — 2’ + 9’) dd" 
= — cos 6 sin (a-+s-++3) cos dda—sin 6 cos (a+s-+3) cos ¢5—cos 6 sin 048 


Multiply the first of these by cos (a’ — 2’ + 8’), the second 
by sin (a@’ — 2’ + 9’), subtracting and 1educing by (552) and 
(553), then multiply the first by sin (a@’ — 2’ + 9’), the sec- 
ond by cos (a’ — 2’ + $'),add, andieduce We find 


,_. / 
Aa! = Aa [cos 6+ sin 6 tan & cos (a/ — 2/ + 8/)] + 48 sin esac eee fe ml ) 
cos 6 cos 6/ 
As (554) 
con 8 098 & [cos 6-+ sin @ tan 8 cos (a/ — 2’ + §)] 


Ad’ = — Aasin 6 sin (a’ — s/ + 3) + 


da, @5, da’, and do’ have been changed to 4a, 46, etc 

These equations solve the problem above enunciated with 
all necessary precision, 4a, 46, etc , being so small that it 
is unnecessary to consider terms of the higher orders They 
may be used for the entire proper motion between the two 
dates ¢ and #’ or for the annual proper motion 

337 Problem INI The proper motion being given in 
reference to the mean equator of 1800 +- 7’ to derive the 
values of Ja and 406 in reference to the mean cquator of 
1800 ++ 7 

Differentiating equations (553) and reducing by (552) and 
(553) 1n a manner simular to that explained above, we have 


Ad’ sin (a -- s+ $) 
— / — — 2 a Se ae 
Aa = Aa’ [cos 6 — sin 6 tan 8 cos (a+ 2-4+ 9)] cos 67 in 6 coat 
As! (sss) 
Sos §7 608 5 [cos 9 — sin 9 tan 8 cos (a + 2+-8)] 


,Ad = Aa’ sin 6 sin (a 4+ z +- 3) + 
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Example 


In the example Art 332 we have found by applying the 
precession to the catalogue place of Polaris the mean posi- 
tion for 19000, as follows 


a’ — Aa’ = 1 22™ 23° 46, 6’ — 46’ = 88° 46’ 26” 77 
From Newcomb’s catalogue we find for 1900* 
a = 22” 23% 76, 6’ = 88° 46’ 26’ 66 
Therefore Ja’ = -++ 10°30, AO se 7 
#’ —z=75 years Therefore 


M=+°1373, w= — “OOI47 


These values are referred to the mcan equator of 1900 
If we wish to reduce them to the equato1 of 1825 we employ 
formule (555) Fiom the values of (a + z2-+ S$) and @, 
Art 332, we find 


4a’ [cos 6—sin 6 tan 6 cos (a+2-+-3)] = 7* 742 


pee ee (e-+et 3) _ 


15 cos 6’ cos 6 sini 


4a=+7765 Therefore “w=-+* 1035 


Also, +15 Je’ sin 6 sin (@+ 2+ 3) =+" ag24 
as cos 6 [cos §—sin 6 tan 6 cos (a-+2-++3)]= — 1096 
465 =-—+-" 1828 fi=--"' 0244 


The above treatment of the problem 1s due to Bessel 


* This 1s, of course, not an observed place, but it answers equally well for 
illustrating the method 
+ 4a’ being given in time and 46’ in arc 


§ 339 EXPANSION INTO SERIES 583 


Proper Motion on the Arc of a Great Circle 


338. Let » = the annual motion onthe arc of a great circle; 
X =the angle which this great circle forms 
with the hour-circle of the star P 
When the star is on the meridian, 
x will be measured from the 
north towards the east 


In the figure P 1s the pole, Sand S’ the first and °\C74 
second positions of the star 1espectively $ 
Fic 70, 


SS’ = p, PSS’ =), SA = 46 = pcos y, (556) 
S'A= 4acoséd=psinX, p = 40° + da’ cos’ 6 


Expansion tnto Sertes 


339 The foregoing problem of reducing the mean place 
of a star from one epoch to another 1s treated in a very con- 
venient and elegant manne: by expansion into series in terms 
of the time 


If we let a, and 6, = the right ascension and declination 
for any time 7, 
a and d =the right ascension and declination 
for any time 7 -+ 4, 


we have by Maclau1in’s for mula 
an 1| aa), 1 [aia], 
ei Zz v3 rt $551 Se le a ore 


7 dé 2a i Ear 
pane Aare eT eae al? ec 


When precession and proper motion are both considered, 


(557) 
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the changes in a and 6 are functions of these two independ- 


ent variables, and E =|, E ah etc, are the total differential 


coefficients with 1espect to both precession and pioper 
motion 

If we wiite d,a, d,5 to indicate a variation due to pre- 
cession, and d@,a@, d,6 to indicate changes due to ploper mo- 
tion, we have 


da) aya |< = 29 
at| at +* ae 


aa Ay a se a 
[Se pe ae oe oS ra 


2 me (558) 


and similarly for the othe: coefficients 


pit DO 
Equations (549) give us - ae " and sa VIZ , 


Zt 
oot = m+ 2sin a tan o, 
. (559) 
—-~_ = 72, COS &. 
at 


Differentiating these, we have 


diya 

a = a+ a6 — = aie 2a Es sin a -- #2 cos a ‘tan §+ 24 s1n 2a tan?6, 

é 
ay*8 9 sin? 
aa = mn sin a cos a — mw? sin? a tan 6, 
adja mn 30, dn 

i ral a mn cos 2a +2 5 gp Sin 20 

+ [ (en — mt 322 cos 2a) # sin @ +- (2m & —=-+2 om cos a |tan ) (560) 


@ 
-- [ sent cos 2a + 3% = sin 2a |tan? § + 273 sin @ (x -+- 2 cos 2a) tand 8, 


7a = © Co sin a — (#12 + #2 sin? a) x cos a 


-@ mn sin 2a + 3% sig sin? a )tan § — 3”9 sin? a cos a tan? § 
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340 Let us now consider proper motion. 

P, X, M, and w’ have the same significance as before, Articles 
334 and 338 

a’ and 6’ = the nght ascension and declination at end of 
time 7, proper motion alone being considered 


In the triangle formed by the pole and the two positions 
of the star we have 4 


PS = 90° — 6, PS’ = 90° — 6, SS’ = Zp, 
S’PS = a’ — a, SSP = x 


Therefore 
sin 6’=sin 6 cos pz--cos 6 sin pf cos y, Pe 
cos 0’ cos(a’—a@)=cos 6 cos pf—sin 6 sin pt cos x, > (561) 
cos 0” sin(a’—a)= sin p¢ sin x Fie Sx 


Also, p siny = cose, pcosy=y', p*=(u* cos! d+") 


Differentiating the first of (561) with respect to 0’ and z, we 
find 


/ 


a 
cos 0" = = — psin dO sin pt + cos 6 cos pz p cos x 


Substituting for p cos y its value wy’, and making ¢ = 0, we 
have 


Differentiating a second and third time and reducing in a 


J an ee ~ 


cena 


i 


Seng 


he Sena 


a ae ee oh 
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similar manner, we have the following partial differential 
coefhicients with respect to yp’ 


In a similar manner, by differentiating the third of (561), 
making ¢ = o, and reducing, we find 


ks * |= (Ss = | =a cae | 4 |= —2[ wésin?d —(1-+-3tan*d) uit 7] (563) 


a,a,0 
341 For the terms tia eo and a we differentiate (559) 


with respect to wand y’, viz, 


a Apt d Mpa 


Apdo = aya 9 ou 
a = % COs & tan 6 ~— -+- 2 sin a sec? 6 —— 


ase 
Substituting for © owe and 7 the values given above, we 


,7 
have 
one = mu cos a tan 6-+- 2p’ sin asec’ 0, 
ae (564) 
a = —xzusina 
Therefore, from (558), (560), (562), (563), and (564), 
aa / 
ee = m-+-xnsintand-+ yu, 
(565) 


ao ; 
Gi |= 00s a+ H 
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a = “ + = sin 2a + 22p/ sin a - [s sin a--(vz + 2) 2 Cos a -+b2up ] tan 6 
+ 2% sin a(z cos a+ p’) tan? 6, (565): 
Sal = — (mt -- 2m) sin a+? ma = COS, @ — *u2 sin 25 — 2 sin? a tan 6 
Also we have 
aia - a a, a. a 


Differentiating the first of (560) with 1espect to «, we find 


Dy Dy Dy. an aa oe | 
eS = 7 COS 2a ae + Wp OOS eae — mn sin a tan 0 


d,,6 
—- Be sin a@ + mn cos a |sec’ 5-— Hi 


a8 


2 2 Ay, 2 p] 
-+- 2n’ cos 2@ tan Oe or 2n° Sin 2@ tan 6 sec’ 6 ¥7 


In hike manner, differentiating the first of ( 559) twice with 
respect to uv, we find 


Dyy'X (4 4] Ay O Aya 
af = — asin vtan d\-7 ++ 2 COS & sec’ oF ork 
Ay, a aya a,0 

+ ncos atan dS + “cos @ sec’ 6 or 


Qn °)' a, 
+ 2m sin @ tan 6 sec’ 6 (Ae° ae 


aa 
Substitutingin these equations for ee etc , their values from 


(562) and _{83) then substituting in (566) these values, also 
a rhe a ~ from (560) and (563), we have the required 


PA “~~ Eo 
me arnt ee ie Oe ee ee 


i ee 


het Le 
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a*o 
value of the third differential coefficient Ww |} found in 
asimilar manner They areas follows 
@ 8a, ‘a an , ; 3 
78 a = + opp/2 + 35, sina + 37u.(72 +- 2) cos a + a (mm ++ 24)22 cos 2a 
2x Me sin 2a— 248 sin? § 


+ [ (ont — m2 — 6.2 + 6/2 — 327-1 32 cos 20)” Sina 
+ (2m Sine +3 1) cos a -+- 624’ sin 2a | tand 


dn , / 
+ [ Guys +3 a’ sina + (rap ++ 372) 2! cos a (6?) 


+3 ne sin 20 -+ (372 4- 6u)222 cos 2a. | tan26 


+ [(2n? + 6u/2)z sin a +- 67224’ sin 2a + 4x5 sin 4 cos 2a] tan 4, 


8 

(SF ] = — ply! — (om + us sin a — (#22 + 342 -+ 37u)% cosa — ae sin @ 
— n§ sin? cos a — 3224’ sin?a— 2 ¢4u/ sin? d 
~ [ Samu’ sina —+ S(m + 24)#7 sin 20, + ane sin? a | tan 6 


— 32412 cosa + uw’) sin? a tan? & 


342 These expressions for the third differential coefficients 
are too complicated for use in practical computation A 
series of tables 1s given by Argelande:* by means of which 
that part may be readily derived which depends on preces- 
sion only These tables are convenient when the proper 
motion 1s so small that 1t may be disregarded They are 
given for the epoch 1850, and Bessel’s constants a1e employed 

If the third differential coefficients are required, they may 
be obtained very conveniently by computing the values of 
the second differential coefficients for two dates fifty ) ears 
before and after the giver*one and proceeding according to 
the method of Art 50 


If we make f(T) = << , then /(Z — w) and A T-+ w) will 


eee ee 


* See Untersuchungen uber die Eigenbewegungen von 250 Sternen, P 145 
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be the values for dates filty years before and after the date 
L Then the first of (101) gives 


a*a I 
if (7) vo (568) 


the notation being that of formula (1or), and the unit of time 
being one year 


343 If now we require the precession formule for any 
given date, as 1875 0, we obtain them by substituting for 
and # the values given by (549) m will generally be ex- 
pressed in time andzinarc  [t will be convenient to give 


the formule for the second differential coefficients the fol- 
lowing form. 


aie (@ m Zn) dn ilda ) re (2 ) 
oe | Marat Gage ~#) tam s PT ai 
+ = sin "(2 +x!)sin a sec? d + auy' sin 1" tan d, 


as dn (2 ) os ) (tssint” , 
oe | = z TE — @J—I5x% sin I oy, + eg ae ae sin 26 


an ao 

Mm, Fe and # will be expressed in time, 2, a and yw’ in arc 

We then have the following for mulz for 1875 0 

ex 
Be = 3* 07225 +- [o 126115] sin atand + yu, 

ye v rf 
| =0 0000322—[4 63380](9*—) +[5 98778] (F +1) cos @ tan 6 

+[4 81169] (S40) sin & sec? 6--[4 9866]uu'tan 6, $569) 

EE [I 302206] cos w + yi’, 


a6 710) ' he (<2 ; 5 
| S| =—[4 63380] (x )—b 16387] ig tH) sine—[6 7367 ]?sin2 


os we ere gt eri hw 
OO ae OR A ler Oe 


oe 
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The numerical quantitics enclosed in brackets are loga- 
rithms as usual 

A numerical example illustrating the application of the 
foregoing formule 1s givenin Art 347 


Star Catalogues and Mean Places of Stars 


344 The various catalogues of stars which are in use may 
be divided into two classes, v1Z ,covzptlarions aud those de1ived 
from original observation 

Among the most important of the first class are the British 
Association Catalogue, Newcomb’s Catalogue of 1098 Standard 
Clock and Zodiacal Stars, Boss’ Catalogue of 500 Stars, and Saf- 
ford’s Catalogue These catalogues are of very different 
degiees of excellence The British Association Catalogue 
(often written B A C) contains the 11ght ascensions and 
noith-polar distances of 8377 stars reduced to the mean 
equator of January 1,1850 The places of many of theseare, 
however, not well determined, e:rors of from 5” to 10” in 
north-polar distance, and of coriesponding magnitude in 
right ascension, not being uncommon It 1s a vely conven- 
i1ent catalogue for use in preliminary wo1k, bnt the co-ord1- 
nates of the stars should be taken from other authorities 
when accuracy 1s required 

The places given in Newcomb’s and Boss’ catalogues, on 
the other hand, have been de1ived with great care from all 
of the more ichable authorities, and are entitled to great 
confidence 

The following a1e among the most reliable ot the other 
class of catalogucs, viz, those de1ived from original observa- 
tion 


Bradley's Observations reduced by Bessel Epoch of cata- 
logue 1755 
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Bradtiy's Obse1 vations reduced by Auweis Epoch 1755 

Prasat Precipuarum Stellarum Inerrantium Positiones Media 

Epoch 1800. 

Groombridge A Catalogue of Circutmpolar Stais, deduced 
from the Observations of Stephen Groombridge 


Epoch 1810 
Struve LPositiones Medte Epoch 1830 
Argelander DXL Stellarum Fixarum Positines Medie 

Epoch 1830 
Airy First Cambridge Catalogue Epoch 1830 


Robinson Armagh Catalogue of 5345 Stars Epoch 1840 
Giuliss Observations made at Santiago, Chili Epoch 1850 
Putkowa Catalogue in Vol 1, Pulkowa Observations 
Epoch 1845 
Greenwuh The various catalogues from observations at the 
Greenwich observatory 
Radcliff. Several catalogues from observations made at the 
Radcliffe observatory, Oxford 
Washington Catalogues derived from observations at the 
Naval Obseivato1y, Washington, D C, 
Besides these there are valuable catalogues published by 
the observatories of Brussels, Paris, Cambridge, England, 
Cainbiuidge, U S, Edinburgh, Vienna, and others 


These catalogues give the mght ascension and declination 
(or noith-polar distance) of the stars referred to the mean 
equator of the date of the catalogue Generally the data for 
reducing the star to the mean equator of any other date are 
also given These are commonly given under the headings 
precession and secular variation, the prope: motion 1s some- 
times given when its value is known 

The quantities called precesston are simply the values of 
ary d as 


yp and for the date of the catalogue, precession only 
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being considered The secular variations aie the changes 
which take place in these quantities in 100 years, 1e, the 


iar | 
values of 100 TF and I00 WH 


aa 
Let 2. = the annual precession in right ascension = Te 


aa 
S, = the secular variation = 100 oe 


a, = the nght ascension for epoch Z; the date of the 
catalogue, 
a = the 11ght ascension four epoch 7 -+ 2. 


Sa # 


Then a= a, ip. ox =| as oe - (570) 


The declination will begivenbyasimilarprocess If proper 
motion 1s given, this must also be included in formula (570) 
In some catalogues the proper motion 1s included with the 
precession, when this is generally given under the heading 

aa ao 
annual motion, and it corresponds exactly to ET and aw given 
by formule (565) 

345 When a star's place 1s requued with extreme accu- 
racy it should be sought for in as many original authorities 
as may be available, and the values of the co-ordinates given 
by the various catalogues combined by the method of least 
Squares to determine the most probable values of these co- 
ordinates with the proper motion There are different 
methods tor working out the details of this process, the fol- 
lowing being perhaps more frequently employed than any 
other 

Suppose we require the mean place for 1875 0, together 
with proper motion [If the star has been well observed at 
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epochs sepaiated by a considerable interval, the latter may 
be determined , otherwise not 
We fust derive the appiosimate night ascension and decli- 
nation fo1 1875 o by reducing to that date the place as given 
in one or more of the best modern catalogues, using fo this 
purpose the annual motion and secular variation ot the cata- 
logue For this preliminary place the Gieenwich catalogues 
will generally give a value of the right ascension within ‘2 
or ~ 3, and of the declination within 2” o1 3” of the truth 
du dad d’a ao 
dt? dt? gp? MO OF 
fo1 1875 o by formule (56g) , and if great precision 1s required, 
3 3 
a and sit as explained in Art 342 Our assumed co-ordi- 


We then compute accurate values of 


nates are then to be corrected by comparing them with the 
places given in the various catalogues For this purpose 
the assumed mght ascension and declination are 1educed to 
the date of each catalogue 


Let a, = the assumed mght ascension for 1875 0, 
a,’ = the value of a,1educed to the epoch of catalogue, 
1875 — 7, 
a, = nght ascension given by catalogue, 
ft = the annual pioper motion. 


The diflerence (a, — @,'), supposing for the present a, to 
be free from error, will consist of two parts, viz, the error 
in the assumed value of a, and the change due to proper 
motion in the interval ¢ Theiefore 


t— I= (a, = a,") (571) 


Is an equation for determining the proper motion yw and the 
correction to the assumed right ascension Each cata'oene 
will give us an equation of this form, trom these the most 
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probable values of x and js are derived by least squares A 
similar series of equations will also be obtained for the decl1- 
nation 

346 The above is an outline of the method, practically it 
is much coniplicated by the fact that the different catalogues 
are of very different degiees of acculacy, and in the same 
catalogue the weight will depend on the numbe: of observa- 
tions made on the star It is impossible to give any infallible 
rule for the assignment of weights, practically much must 
depend on the judgment of the investigator In general, 
however, the moe recent catalogues are entitled to much 
greater weight than the older ones Methods and instru- 
ments aie constantly impi1oving, and 1n consequence a much 
higher precision 1s possible now than was the case a hundred 
yearsago The old catalogues are, however, indispensable 
in investigation of proper motion 

The following table shows the weights assigned by New- 
comb to the different authorities employed in deriving the 
right ascensions of the catalogue referied to above 


Number of Observations 


Bessel’s Bradley 4 +13 /3] 4 

Auwers’ Br idley vo FILE; } Lal itr] rf] ri]e 4 

Piasai Erb; el ty sey ei rire]: I 

Struve 13.5 t+irfixrizr}l2t2}/3}3i4]4 8 
| Argelin Jc, 1830 Lae leet (aac ed 6] 6] 6 ¢ bs ‘ $ 
Cs elie Mesa ead Fc a ec ee 
| Airy, Cambridge, 1830 t 66 ot ab t aé t 66 be be oe oe 6h 4 ta ia) 

Gilliss 1840 6é ae 66 be Ty &e 66 6e 66 6 66 66 (7) 7 6 ae 
| Airy, Greenwich, 1840 4 &t bé t ot && 66 6s iz) ce ac 6b bé ab &t iT} 
| Arm igh, 1840 sliel tl ele) de] a} xn] 2] 2] 2 3/4la4a]5] 6 

Pulkowa, 1845 t}/2}/2/3(4/5197|7 18 | 10/25] 20| 20] 25 25] 30 
' Radcliffe, 1845 t . : f :, fi af “f c ? 3 4 * P & 


Airy, Greenwich, 1845 
Airy, Greenwich, 1850 


| Ay cree 1860 woe (sl Si Mae [wel be) eolee ee bree 43145 | 38 
Yainill W ishington, 1860 cae ce ty (ae) Ma Oe et ae dN Ve Ws ce 


Airy, Greenwich 1864 
| Engteman, Leipzig 1866 
Airy Greenwich, 1870 
Washington, 1870 
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Boss gives a simular table of weights for the declination 
equations See Report of the U S Northern Boundary 
Comunission, p 566 

It an appioximate value of the proper motion 1s also known 
it may be employed in computing the diffe1cntial coefficients 
by formulze (569), when we shall have in equation (571), in- 
stead of uy, the correction to the assumed value of M,viz, 4 


Lxample 


347 For the purpose of illustrating the foregoing formule and methods let 
us derive the mean co-ordinates and Proper motion of the star B A C 297867 
for the epoch 1875 0 The following tabular statement shows the values of the 
co ordinates given by the vaiious authorities consulted It probably explains 
itself sufficiently 


Sam 

a ee | ThE 
5 3 = 7 3 os Wea 
: eas ae Catalogue aE Sq 

bey = bn] 

cunoeve | 2 1B. | Se | hte” [EE | SE | scone 

Sito | SOS | SS | Ascension | cfeo | 4 q 
a= | SOF] Os ade! 6 
R a Z Pe Z 


- — 


—— 


5, LY SS 


Bradley 1755 


5 | 8b 5M Bog 4 | 27° 59% 22// 6 

Piizzi 1600 7 $9 53 15 8 27 51 13:0 

Goulds D’Agelet 1800 1783 3 8 7 55 3 | 1783 3 27 51 22 o 

Weiss’ Bessel 1825 | 18202 2 8 9 24 70 | 18262 2 27 46 34 0 
Aigelander 1830 8 8 9 4, 43 | 8 27 45 40 

Tylor 1935 6 & 10 1 of 4 27 44 46 8t 

Armagh 1840 1830 2 I 8 10 19 99 | 18533 5 27 43 43 = «31 

Brussels 1656 185601 6 8 ir 18 st | 18,h 2 I 27 40 49 37 
: 1858 1848 x 4 8 11 25 98 | 18.81 4 27 40 26 

tf 18tio 1860 1 I 8 rr 33 13 | 180017 2 27 40 § § 

CapeofGood Hoje] 1860 1847 1 2 8 tr 33 38 | 18571 2 27 40 4 47 

(xreenwich 1800 1857 7 8 8 rr 33 28| 18477 8 7 40 } I. 

R idcliffe 1800 18550 5 8 ir 33 29 | 1856 3 7 27 40 4 2 

Greenwich 1864 | 18637 6 8 mr 47 $8 | 18947] 10 °7 39:18 «96 

e 1868 1868 2 3 8 12 2 53] 18t8a 9 27 38 33 76 

se 1869 1869 2 r 8 12 6 22| 18692 Q 27 38 23 10 

= 1870 1870 2 6 27 38 x11 63 

: 1871 1871 2 6 °7 38 Oo 30 

~ 1872 1872 2 4 27 37 49 02 

W ishington 1872 1872 2 3 8 12 17 08 | 187292 3 27 37 48 5 


We first require an approximate value of the star's plice for 1875 0, which we 
may readily derive froin the four catalogues which give the co-ordinates for 
1860 0, viz , Brussels, Cape of Good Hope, Grecnwich, and Radcliffe Thus we 
find 


1860 @& = 8) r1™ 938 a4 
0 = 27° go! 4/5 


* This is the number of the star in the British Association catalogue 


a a ee ee ee 


~~ 


— 
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For reducing these to 1875 we take from the Greenwich catalogue the follow- 
ing quantities 
In right ascension, precession = -++ 3° 661, 


secular variation =-— O17 
In declination, precession = — 10! 8o, 
F secular variation = — 44, 
proper motion “! = — 38 
Therefore 
1875 @ = 8) y1™ 338 27 + 15(3 661 — 75 X 00017) = 8" 12m 288 77, 


6 = 27° 40' 4” 5 -+ 15(— 10 85 —75 X 0044 — 38) = 27° 37’ 15!" 0 


We may reasonably expect these to prove very close approximations to the 
final values With these values of aw and 6, and the above value of ys’, we next 


an dd de a) 
compute ae? di? de? and ae by (569) This computation 1s given in full 


Constant = 0126115 Constant= 4 63380, Constant= 4 63380” 
sin a = 9923012 da ao 
Kees = 6326 — —uw'= 
tand = 9g 718710 dt ” 393 at ss T 03968 
log = 9: 767837 log = 5 19706x log = 5 67348 
Nat No = 058592 Nat No — 0000157 Nat No =-+ 000 047 15 
m= 307225  Constant= 5 98778 Constant = 7 16387% 
ax da _ aa = 
wT H= 365817 +H = 56326 ATH = 56326 
log 2 = I 302206 cos c= 9 73748x sin @ = 9 92301 
cosa@= 9 737476 tan dé = 9 71871 ne 
log = =I: 039682% log = 6 00723x log = 7 650T4x 
Nat No = — 1095676 Nat No =— oooi1017 Nat No =— 004 468 30 
w=— 38 Constant = 4 81169 
a6 dé oo d76 
ea II 3368 a += 1 06881, Ge = (004 421 2 
sin @ = 9 92301 
sec?6 = = I0510 


log = 5 go86Ix 
Nat No =— oooogro 
Constant =-++ 0000322 


aia 
at? 


— 000 166.24 
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For determining the third differential coefficients, we find for the dates 1825 
and 1925 respectively 


Arn dd 
1825 ae 000 164 5, Fe = — 004471 5 
1925 PP cn 000 167 9 Bes... 004 3700 
at? ? at? 
We therefore find, by (568), 
ate a6 
7s = — 900 000 034, a = -+ 000 oor o14 


Substituting the above values of the differential coefficients in Maclaurin’s 
formula, and making ¢ minus, since we shall want to apply it to dates previous 
to 1875 we have 


& = & — ¢[3* 65817-+-¢( 000 083 1 — ¢ 000 C00 006)], 
5 = 69+ ¢[11'' 3368 — x“ 002 arr + ¢ 000 000 17)] 

By means of these formulze we next reduce the above assumed right ascen 
sion and declination to the epoch of each of the authorities where our star 1s 
found 

The differences between these computed values and the obseived values are 
given in the following table The ‘correction for #’” there given is appued 
to those catalogues where the epoch of observation differs considerably from 
the epoch of the catalogue For example Gouhd's D'Avekt The mean epoch 
of observation 1s 1783, the catalogue places are given for 1800 We have as- 
sumed 4t’=—" 38, which 1n 17 years produces a change in 6 of —6" 46 This 
18 in this case, the ‘‘ correction for x’ ” 


‘ RicHi ASCFNSION DFCLINATION 
£ AUTHORITY | 3 9 ee O-C P 4/2/38 O-Cc 
5 d 3 & S| §§\8o| %| &* 2 
a AA os! 2 arelos| Y | o6 
Wr Bl an a wel eB | Os n eg 
[| | SJ J I 
r /Bradley “yaa 5 I | 03] +04 |It755, 4 | 2 — 69 | — 53 
2 |Piazzi tRoo 7 5 | 19] — 18 |/1800) 8 a 25 46 
13 |Gould’s D'Agelet —_|1783! 05] — 04 | = 03 ||1783 05|--6"' 46 279 2 09 
4 |Weiss' Bessel 1826 2 Z| — 35 | —~ 34 ||1826] 2 rj+ 38 | —x or | —t 67 
5 |Argelander 1830 8 |20 Be 06 |/18301 8 |20 — 36} — a 
6 |Taylor 1835, 6 5 25 26 |/x835] 4 2 +r 94 | +2 x9 
7 |Arm igh 1830 5 | 4) — 03/7853) 5 | 3 [+4 94] — S2}— 54 
8 Brussels os ‘t : aise if ‘ i 4 
9 1858) 4/20} —o7|~—o 18s 14 2 
10 - 1860] 1x : 1860 ; : 
tr |Cape of Good Hope |1860] 2 5 |+ 10 tz ||1860| 2 7 - 18) + ro 
t2 (Greenwich 1860] 8 |60]|—o or |/t860} 8 |j20 —- 43|— 5 
x3 /Rideliffe 1860) 5 |r 0 | tor o2 |/1860] 7 s —- 35|— of 
14 |Greenwich 1864) 6 |4.0 | — 04] — 03 |/1864/10 Ia oO — 48/— 19 
rs “ 1868} 3 { o | — or | bor ||868| 9 
6 i 1869] 1 § |3 1869] 3 
t - Te : 20 — o6 |+ 23 
Z 1877 
r eS 1872 4 
20 |Washington 1872) 3. [zo | — 11] — 09 |/2872| 3 
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The weights have been assigned 1n accordance with the systems of New- 
comb and Boss for the most part 

The quantities 2 are now the absolute terms of the system of equations of 
condition of the form 


Va(da—tu =n) and V9(46 — td! = x) 


From these we derive the following normal equations in the usual manner, 
with the values ot the unknown quantities 


21 2504a —4045u = — 304, 
— 40454a-+ 13654 =-+ 055, 
4a=— o1§ + o1g7, 
s@=— 00005 + 00078 
1r 75046 — 2 4164u' = — 3 263, 
— 241646+ o9874u'=-4+ 615, 
45=— 301 + 122, 
Ap'=— O011g + 00420 


Applying these corrections to the assumed values of a 6, and yu’, we have 
finally, as the most probable values 


a = 82 yo™ 28% 155 + O197, dM = — * 00005 + 00078, 
6 = 27° 37/14 70 + 122, wMo=—" 3811 + 0042 


Nutation 


a 


348 Nutation has already been defined as the name applied 
to the periodic part of the precession The components of 
the attractive force of the sun and moon, which tend to draw 
the equator into coincidence with the ecliptic, are not con- 
stant with respect to either of those bodies The component 
has a maximum value when the attracting body is in the 
plane passing through the earth’s axis and perpendicular to 
the ecliptic, and it 1s zero when the body 1s in the plane of 
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the equator The orbit of the moon and apparent orbit of 
the sun are ellipses, so that the distances of these bodies from 
the earth are constantly changing The angle between the 
plane of the moon’s orbit and the equator is variable, soina 
less degiee is that between the equator and ecliptic, or ap- 
parent orbit of the sun All of these circumstances produce 
periodic terms in the movement called plecession 

It will be seen that the law or laws governing this matter 
are intricate and difficult to investigate, their discussion be- 
longs to the department of Phy sical Astronomy Vanious 
Investigators have given more or less attention to the dcter- 
mination of the constants which enter into the formulz, the 
values which are most extensively employed at present are 
those of Peters 

349 Since nutation 1s simply a motion of the equator, the 
ecliptic remaining unchanged, it follows that it will produce 
no effect upon the latitudes of stars The longitudes will be 
changed, also the obliquity of the ecliptic 


Let 4A and 4 = the nutation in longitude and obliquity 
respectively 


Then, according to Peters, for 18000 


4A =—17" 2405 sin Q-+-" 2073 51n2Q—" 2oyrsin 2 C++" 0677 sin(¢ —I") 
— 1" 2692 sin2O-L" ra79 sin (O — P)—"o213sin(O+T7), 

4a= 9" 2231 cos Q —" 0897 Los 2 Q -L" 0886 cos 2 C+" 5509 cos20 [57% 
+ " 0093c0s (O-+ J’) J 


WhereQ = the mean longitude of the ascending node of the moon’s orbit Ri 
( = the moon’s true longitude , 
O = the sun’s true longitude , 

I” = true longitude of the sun’s perigee , 

I” = true longitude of the moon’s perigee 


ee — — 


* That is, the point where the moon passes from below the écliptic to above 


oe ee 
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The coefficients of the above formule vary slowly with 
the time, so that, according to Peters, the values for 1900 
will be 


AA =—19" 2877sn Q-" 2073 sinzQ—"' 2041sinzC--” 0677 sin(C —I") ) * 
— zr’ 26935iIn20 +" 1275 sin(O —I) —" o213sn(O +L), 
A'=+- 9" 2240 cos Q —" 0896 cos 2 Q +'' 0885 cos 2€ +" 5506 cos 20 p (573) 

+ "0092cos(O +I’) | 


The numerical values of 4A, and the true obliquity, 
— «o + 4w, are given in the ephemeris fo1 every tenth day 
throughout the year 4A 1s there called the eqguatzon of the 
eguinoxes, and 1s additive algebiaically to the longitude re- 
ferred to the mean equinox in order to obtain the longitude 
referred to the true equinox 

350 Zo detirmine the nutation on right ascension and declina- 
tzon Since the terms of the formule are always small, a 
sufficiently accurate result will be obtained by neglecting the 
squares and highe: powers of these quantities In other 
words, we may employ differential fo: mule, viz, 


an Lu 
74 
ao as 


For the values of the differential coefficients we employ 
the equations obtained by applying the general formule of 
trigonometi} to the triangle formed by joing the poles of 
the equator and ecliptic with each other and with the star 


*In No 2387 Astronomische Nachrichten, Oppolzer gives formule for these 
quantities carried out so as to include all terms which are appreciable in the 
fourth decimal place 


| ae pane aes 
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In Fig 72, P is the pole of the ecliptic, P’ of the equator 
S any sta 


? 


p 
PP’ = @, PS = 90° — 8, PS == 90° 6. 
SPP’ =g0°— 1, Sp/P— 90° + a 


The efore 


Cus 0 COS a = COs / cos he 


cos0 sin & = cos fsinicos@ — sin 6 sin 0, Hers 


sin 6 = cos # sin A sin w+ sin 6 cos ow Fic 72 


Differentiating these equations, considei ing @ as constant, 
since it 1s not allected by nutation, 


cos 0 sin cde -+ cos ct sin 6a = cos # sin Add , 
cos 6 cos aay — sin a sin 6a6 = cos 3 cos A cos wd 


| — (cos Bsin Asin c-+sin 8 cos G)aa0 , 
cos d@5 = cos 6 cos A sin ania + (cos 6 sin A cos w—sin f sin @)doo 


(576) 


From the second and thid of (575) we derive 
cos # sin A = cos 6 sin a@ cos w + sin 6 sin w 


| 
Reducing (576) by this and the first of (575), we have 
| 


cos 6 cos cea — sin @ sin ddd = cos 6 cos a cos dd — sin 620, 


cos & sin ade -+- cos & sin 6d6 = (cos & sin @ cos w + sin 6 sin ao)da, 
Lison 
a5 = cos & sin wad + sin adw 


From these we derive 


aa dé 
A — COS @ + sin w sin & tan 6, DL = COS a sin o, 

8 
da _ de (578) 
Jo = 7 CoS & tan 6, Jo 7 Sb @ 
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Substituting (372) and (578) in (574), we have * 
Aa=—(15" 8148+ 6" 8650 sin & tan 6) sin Q — 9 2231 cos & tan d cosQ } 


15 8321 6 8683 g 2240 
+ (1902+ 0825 sin @ tan 6) sin 282 ++ 0897 cos @ tan 6 cos 28} 


0895 
— (1872-++ 0813 sin @ tan 8) sin 2@ — 0886 cos @ tan 6 cos 2€ 
o812 0885 
+ (0621 -+ 0270 sin @ tan 6) sin (C — I’) 
| (579} 


+. 000154 cos 2& tan?6 sin 2Q — 000 160 sin 2@ tan76 cos 2 
— (1 1642+ 5054 sina tan) sin 20 — 5509 cos & tan 6 cos 20 
I 1644 5052 5506 


+ (1173-+ 0509 sin @ tan 6)sin(O — I) 
1170 = 0507 
—( o195-++ 0085 sin @ tan 6) sin(O +I) 0093 cos a tand cos(O+T), 
0092 


Ab=— 6" 86s0 cos asin Q +9" 2231 sin & cos & 
6 8683 Q 2240 
+ ' 0825 cos & sin 2Q — ‘ 0897 Sin a cos 2Q 
0895 
— o813cos @sin2€ + 0886 sin «cos 2€ 
oO812 0885 
+ 0270 cos asin (C — I”) 
— 000 077 sin2a tand sin2z Q —( 000023-+ 000 080 cos2a@) tand cos2 
—  s054cos @sin2O -— 5509 Sin & COS 20 


5052 5506 
+ 0509 cos asin (O — L) 
0507 
— 008s cos asin(O +17) + 0093 sin & cos (O +I) 
0092 


In case of those coefficients which change appreciably 
during the century the value for 1900 0 1s written below that 
for 18000 

Tables have been prepared for facilitating the computation 
of the above formule, but they do not 1equire special con- 
sideration here For our purposes the necessary corrections 


— 


ee ae ere i ee ——_ = SS — ~ 


* See Peters’ Vumerus Constans Nutatioms Also Astronomische Nachrichten, 
No 486 
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are computed in a simple manner, as explained in Artictes 
354 and following 


Aberration 


351 Aberration is an apparent displacement of a star’s 
position, resulting from the circumstance that the velocity of 
light 1s not infinitely great in comparison with the velocity 
of theeaith Two essentially different classes of phenomena 
result from this cause 

Furst The observer, who must partake of all the motions 
of the earth itself, does not see the Object in its true posi- 
tion, since the observed direction of a ray of light 1s deter- 
mined not by the absolute direction of motion of the undu- 
lations coming fom the object to the eye, but by the relative 
motion with respect to the observer This apparent change 
of position 1s called the aberration of the fixed stars 

Second The observer does not see the bod y in its true 
position at the instant when the hight enters the eye, but in 
the position which it occupied when the light left the body 
This 1s called planctary aberration This latter we shall not 
have occasion to consider, as it belongs to another depart- 
ment of astronomy 

Lhe aberration of the fixed stars 1s determined by the velo- 
c’ty and direction of the motion of the point on the earth’s 
surface occupied by the observer Of these motions there 
are thiee, viz, that due to the diurnal revolution of the earth 
on ifs axis, to its annual revolution about the sun, and to the 
motion of the earth with the sun in space 

The first’ of these motions produces drusnal aberration, 
which has already been considered so fa as 1s necessary for 
our purposes * The last motion it 1s not important to con- 


= ——- == ee ee ee 


* See Articles 173 and 303 
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sider, as 1t affects the place of the star by a constant quantity , 
further, 1t 1s not sufficiently well dete: mined for the purpose, 
even if 1t were desuable to consider it It only remains, 
therefore, to investigate the change produced by the eaith’s 
motion 1n its orbit, called annual aberration 

352 Let the velocity of the ray of light coming from a 
star and of the earth respectively be considered with respect 
to three co-o1 dinate axes, the equator being the plane of Y, Y 


Let sa o = = the components of the earth’s velocity in 
the direction of the three axes (the 
measure of the velocity being the space 
passed over in I second), 

k& = the velocity of light = distance traversed 
in I sidereal second , 
a and 6 = true right ascension and declination of 
the star, 
= the coordinates of point where the ray 
of hight pierces the celestial sphere , 
&,7, 2 = components of velocity of the ray of light 
in direction of the three co ord:nate 


axes 


Then 
&=—kcosécosa, n=—cosésina, @= — &sind (580) 


These are minus, since the light moves in a direction oppo- 
site to that in which the star 1s seen 

Let the same symbols affected by accents represent the 
corresponding quantities affected by abeiration Then 


&’=—' cos 6’cosa’, 17/=—' cos 6’sina’, 2’=—#' sin &” (581) 


a’ and 6’ are then the apparent right ascension and decli- 
nation of the star, and &’, 7’, 6’ are the components of the 
velocity 1elatively to the earth 


MM ee ee 
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Since then the relative velocities are equal to the differ. 


ences of the actual velocities, 


k' cos &” cos a’ = } cos 6 cos a + =a 


k’ cos 6” sin a’ = f cos 6 gy 
sin a oe (582) 

Rk’ sin 6” =ksnéd ae 

at 


R’ 
Let z% = * Then we readily derive from these equations 
the following 


I| ax a 
x cos 6! sin (a! —a) H E sin & 7 8 «| ; 
cos 6! cos(a’/—a@)=cos é+- = cosa sin a 
A\ ade dt ‘ 


I] dr ay 
% sin (6! — 6) =- 4 sin 6 cos ap = sin ésin a — cos ) 


8 
ee sin & oy ls ) i 
aji\ — J; cos ey tan 6, 


x cos (6’ — 6) ar] % cos 6 cos 4% cos 0 sin ats sin | 


r | dr ay : 
+ ake i sin ¢— Ww cos «| 


The first two of these are exact, the last two are exact to 
terms of the second order inclusive 
Dividing the first by the second and the third by the 


fourth, we have, neglecting terms of the third and higher 
orders, 


tie Ee ey 


Oe 


er 


Fee 


el, Ka 
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k 


Ij ax ay dz 
! = =-|% + —= eed S| 
ts) 6 i sin 6 cos & 7 sin 6 sin @ it cos 


1 | a ay : 
aa a4 sin @t— rr cos a | tan 6 


I| ax dy az 
+B Fj Sin bcos & + 7 sin 6 sin @ = cos 6 | 


I d: ay 
@—-a=— ‘seco | sin & — eos. | 
I ax ay ax ay 
— 2 eee —_ ee ——_— an 
+ psec s| & sin & — 7 COs «|x| % cosa Bina |, 


ax ay dz 
x E cos 6 cos a+ =, cos 6 sin a+ = sin 3 | 


Let & = the 1:adius vector of the eaith, 
© = the sun’s geocentric longitude, then — O = the 
earth’s heliocentric longitude, 
co = the obliquity of the ecliptic 


Then x, y, 2 being the eaith’s 1ectangular co-ordinates, 
x=—Rcos 0, y=—RsnOcos@, z= — KsinOsin w (585) 


From these we have 


ax dO aR 

ri =k sm O- a ©; 

ay aO aR 

gene «eka ee 6 
o R FF Cos O cos w — 7 sin O cos a, ¢ (586) 
az aO dR 

Zoek, Oe Sn 


By means of these equations we have the values of a’ — a@ 
and 6’ — 6 1n teims of the sun’s distance and longitude, but 
they are not in a convenient form for practical application 
unless we ate satisfied with an appioximation obtained by 
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regai ding the earth’s orbit as a circle and the motion uniform 
a. a 
In this case we make sat = 0 and < = the mean apparent 
angular velocity of the sun in longitude 
353 The true velocity of the earth in any part of its orbit 
may be taken into account as follows The orbit being an 
ellipse, its pola: equation will be 


=. a(t — é) 
AT (ore) - (587) 


a being the semi major axis, ¢ the eccentricity, and — (0 — / ) 
the angle bet ween the major axis and radius vector measured 
from the perihelion (O and I’ having the same significance 
asin Art 349) 


Let / = the area of the ellipse = 2a? 7/1 — 2, 
T= the time of one revolution of the earth = one 
sidereal year, 
af = anelement of a1ea between two consecutive radu 
vectores, 
at = time requiied to desciibe df 


Then by Kepler’s first law, viz —the areas described by the 
radius vector are proportional to the times—we have 


F df m’VI—# 1 ».dO 
T > 7 Or . ; ama a at’ (588) 


since the element of area df = $R°'a(O ~ T) = 4RdO 


Therefore 


Roo — =F Yes [1 +e¢cos(O—TI)] (589) 
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By differentiating (587) we find 


aR 2m a 
ao FS esin(O — I’) (590) 
But (his equal to the mean angular velocity of the earth 


in its orbit about the sun, or, what 1s the same, the apparent 
angula: velocity of the mean sun about the earth Calling 
this velocity 2, we have, from (536), (589), and (590), 


sad = = (sin O +e sin I’), 
. = — 7 cos @ (cos O + e cos I’), (591) 
o = — rae co (cos O +e cos I’) 
—eé 
The quantity Wes = x, say,1s called the constant of aber- 
I— é 


ration 
Substituting mm (584) these values of the differential co- 


efficients, we therefore have 


oe ~a=—x«secd[sin O sina-+cos © cosa cos w] 


2 
ry sin 1’ sec? 8[(x + cos? w) sin 2a cos 2D — 2 COS w COS 2a SIN 20] 


K2 
— xesec 6 [sin I sin a + cos [ cosa cos w] + — sin 1’ sec? 6 sin 2a SIN? o, 
4 
8 — 8 = —x«f[sin Scosasin © — (cosa sin 6 sin a — sin w Cos 5) cos O] {592) 
2 
— yon rf tan 8} [(x + cos2w) cos2 a — sin” w] cos 2O-+2 COs w sin 2QO sin 2a} | 
— ex(sin 8 cosa sin T — (cos w sin 6 sin a — Sin @ COS §) cos T] 


2 
~ > sin 1” tan 8[(x + cos? w) — sin? w cos 2a] 
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The last two terms in each are constant, or are only subject 
to a slow secular change, they will therefore be combined 
with the mean right ascension and declination of the star 
and will require no further consideiation 1n this connection, 
as we aie only conceined with the periodic terms | 

The most commonly received value of the constant x 1s 
that of Struve, who found from a very carefully executed 
series of observations at the observatory of Pulkova 
w= 20" 4451 (Recently Nyrén finds from a still more ex- 
haustive investigation 20" 492) For 1875 0 the mean value of 
the obliquity of the ecliptic 1s @ = 23° 27' 19” 

Substituting these values in (592), and dropping the con- 
stant terms, we have finally 


a — a = — 20" 4451 sec S[sin O sin «+ cos © cos a cos a] 
—_ 000 9330 sec’ 6 sin 2 cos 20 
+ 000 9295 sec’ 6 cos 2@ sin 20, 
6’ — 6 = — 20" 4451 sin 6 cos @sin O (593) 
-- 20 4451 cos © [sin 6 sin wa cos w—cosé sin w] 
— 000 4648 tan 6 sin 2@ sin 20 
+ [oco00401 — 0004665 cos 2a] tan 6 cos 20 


Reduction to Apparent Place 


354 We have now deduced the essential formule for re- 
ducing a star from mean to apparent place or the converse 
The place as given in the star catalogue will be the mean 
place fo. the beginning of the year of the catalogue The 
reduction of this place to the mean place at any othe: date 
has been explained and illustrated with sufficient fulness 
In applying the formule as we have done we obtain the 
mean place for the beginning of the year, to which we re- 
duce the star’s cu-ordinates If now we wish to 1educe this 
mcan place to the apparent place at a time r from the be- 
ginning of the \ ear (7 being expressed as a fraction of a year), 
we must add to the mean 11¢ht ascension and declination the 
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precession and proper motion for the time 7, as given by 
formulze (565), the result 1s the mean place attime zr To 
this mean place the nutation being added as given by (579), 
we have the zrue place, finally adding the aberration (593), 
we have the required apparent right ascension and declina- 
tion of the star. 

The following are the formule written out in full, omitting 
those terms in the muzatzon and aberration which are ordina- 
rily inappieciable 


ae -—-aa(m+ansin ctan 6)r+ ry 
— (15'' 8148 + 6” 8650 sin & tan 6) sin Q 
15 832r 6 8683 
+( «1902+ 0825 sin @ tan 6) sin 2Q 
—( 1872+ 0813 sin & tan 6) sin 2€ 
+( o621-+ 0270sin vtan 6) sin (C — I") 
—(1I 1642+ 5054 sin &tan 6) sin 20 
+( 31173-+ 0509 sin ev tan 6) sin(O — I) 
—(  org5+ 0085 sin atan 6) sin(O +1) 
— 9 2231 cos a tan 6 cos Q + 0897 cos @ tan 6 cos 2Q 
Q 2240 
_ 0886 cos @ tan 6 cos 2€ — §509 cos & tan d cos 20 
_ 0093 cos & tan 6 cos (CO +L’) 
— 20 4451 cos @ sec 6 cos a cos O (594) 
— 20 4451 sec 6 sin @sin O, 


é' — 6 = rncos a+ ty! 
— 6 86s0 cos asin Q +9" 2231 sin @ cos Q 
6 8683 Q 2240 
0825 cos @s1n 2 — 0897 sin & cos 282 
0813 cos@sinz€ + 0886 sin & cos 2€ 
o270 cosasin(C — 1”) 
s054cosasin2O + " §509 sin & cos 20 
osogcosasin(O — LI) 
0085 cos asin(O +7) +" 0093 sin & cos (O + TI) 
— 20" 4481 cos @ cos O (tan a cos 6 — sin @ sin 6) 
—20 4451 cos@sin 6 sin O 


The values of the constants are determined for 18000. 
Where the change 1s appreciable the value for 19000 1s 
written below 


ptitit 
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355 The formule as wiitten above aie complicated and 
ve1y inconvenient for practical application If no method 
could be devised for abridging the work, star reduction 
would be such a formidable undertaking that but little prog- 
ress would be possible in this dnection The method in 
common use, however, originally proposed by Bessel, re- 
duces the labor to a small fraction of that requued for apply- 
ing the formula directly 

It will be observed that the first part of (a’ — «) consists 
of a number of terms which have a factor of the general form 
(7' 4- n' sin a tan 6), the constants wz’ and w’ in each case 
having nearly the same ratio to each other as m to xin the 
precession formule, viz , 2 3 approximately Therefore let 


6 8650 = 72, 15 8148 = m ++ fh, 
0825; =z 1902 = 221’ + ff’, 
0813 = nz”, 1872 = mi" 4 fh’, 
0270 = n1'", 0621 = m20!” + fy!” (£95) 
5054 = mz", 11642 = mi¥ 4 Rr, 
0509 = 22°*, 1173 = mi" + fh, 
0085 = 22”!, O195 = m1! + jv 


By introducing these values equations (594) may be 


written p 


wos abr [r—zsin Q-2' sin 2Q—2" sin 2€-+- 2 sin (C —I”)—2" sin 20 
+7 sin(O —LP)—2sin(O +T)] X [w+ x2 sina tan 6] 
— [9” 2231 cos 2 —0" 0897 cos 2 Q + 0” 0886 cos 2€ ++ 0” 5509 cos 20 
-+ 0” 0093 cos(O +TJ)] cos a tan é 
— 20” 4451 cos @ sec 6 cos @cos O—20" 4451 sec dO sin a@sin O 
—Asin Q +A’ sin2Q — "sin 2€ tA" sin(C —I)— #*s1n20 
+ Ahrsin(o —P)— A" sin(o + Ty, 
O = 64 ty! + [r—2zain Q +2'’sin 2Q — 2" sin 2€ +2" sin(C —I) 
—d¥sin 20 +2%sin(O ~I)—~2"sin(O +T)] Xncosa@ 
+ [9 2231 cos Q — 0 0897 cos 2Q + 0” 0886 cos 2€ + 5509 cos 20 
+ 0 0093 cos(O +I°)] sn ex 
— 20" 4451 cos @ cos O(tan @ cos 6 — sin a@ sin 6) 


— 20" 4451 cos @ sindsin O 
t 
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[t will be observed that the corrections to the mean values 
of a and 6 consist of terms made up of two classes of factors, 
the first class independent of the star’s place and varying 
with the time, the other class depending on the star’s place 
and varying so slowly that they may be 1egarded as constant 
fora considerable time Writing them in accoidance with 
Bessel’s original notation, 


e4—= r—szsin Q-+2'sin2Q—2" sin 2C 42" sin(C — J") — #¥ sin 20 
+2%sin(O —I’) — 2 sin (Oo+T), 
B= —o" 2231 c0s Q ++" 0897 cos 2) — 0886 cos2€ — 5509c0820 
— oo93cos(O +T) 
C— — 20" 4451c0s WCosO, 
D = — 20" 4451s1n O 


= —Asn Qts sin2Q —A sin2€ + 4'"sin (C —I")— #*sin20 (596) 
LAY sin(O —I)— 2" sin (0 +T), 
a= ds(mtnsinatand),| @ = Cos @, 


6 = #,cos xtand, = — sina, 
¢ = 7 cosasec 6, c' = tan wcos 6—sin asin 6, 
d = pgsinasecd, d' = cosa sind 


Then our formule become 


a =atrm+tda+ B+ Cc-+ Dd--£,\ (597) 
O=6+ry’+Aa'4+ Be + C+ Da' | 


A, B, C, D, E bemg the same for all stars are computed in 
advance for every day thioughout the year, and the values 
given in the nautical almanac and the simila1 publications of 
other countries, so for our purposes we need only take them 
fiom these squices 

In some star catalogues a, 4, c,d and a’, b,c’, dare given 
in connection with the star’s place For the purposes of an 
accurate reduction, however, these become obsolete in a few 
years, as m, 2, a, 0, and @ are all subject to slow secular 


— ee eS ee enn a a 


* See Art 358 
| These aredivided by 15 since the right ascension 1s generally given in time 


2 ee 


§ 356 REDUCTION TO APPARENT PLACE 613 
changes It will be advisable to recompute them uf much 
time has elapsed 


Example Required the apparent place of a Lyra, 1884, November 10, for 
upper transit, Washington 


Mean a = 18! 33™ o8 678 Mean 6 = 38° 40! 34” 4o 
B= * O179 w= " 2726 
tT = 0 863 
og = 3° 0724 by formulee 
% = 20 ' 0534 (5 49) 
Then 
log @ = © 3039 log 4 = 7 8842 log ¢ = 8 0884 log ad = 8 9260, 
N A p 284, log A = 9 9602 log B = 0 9619 log © = 1 0894 log D =1 1883 
log a! = 0 4592 log = 9 9955 log ¢’ = 9 9809 log a’ = 8 9528 
log Aa = 0 2641 log BS = 8 8461 log Cc = 9 1778 log Da = 0 1152, 
log Aa! = 0 4194 log Bb’ = 0 9574 log Cc! = 10703 log Da’ = 0 1411 
Mean place @ = 18 33™ of 678 6 = 38° 40' 34" 4o 
Aae= I 837 Aa = 2 63 
Bi= 070 BY = 9 07 
C= 150 CoS Ir 76 
Dé = — I 304 Di = I 38 
= OOL 
Th = o16 Th = 23 
Apparent place a’ = 18" 33™ 1° 448 3 = 38" 4o 59" 47 


356 The above form of reduction is most convenient when a considerable 
number of apparent places isrequired or when the star catalogue gives reliable 
values of the constants a, 4, c,d, etc If these quantities are not given and 
only one or two apparent places are required, a different form may be given to 
equations (597) which will be more convenient This transformation, also due 
to Bessel, 1s as follows 


Write f=mite, 2 = Ctan o, 
gcoG=nA, hoosH= D, 
gsinG= B&B, Asin H=C 


Then we have 


e=atrmutf +gsin (G+ a) tand-+ Asin (7+ Q) sec a (508) 
= 6 + ru’ +2c08s 6+ ¢cos(G-+ a) +hceos(H + a) sin 6 


The values of 7, f, G ZF, log g, log 2, and log z are also given in the epheme 
ris for every day of the year 


\ 


heer tne le en Be RE a 
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As an example, let these formule beapplied to determine the apparent place 
of a Lyre on the date given above 


We have a = 18" 33™ © & = 38° 40’ 6 
page 291 of ephemeris, G= 1 46 3 *¥G+a@ = 20" I9™ 3 
H= 2 34 2 *7+ase]ar 7 2 
log zx = 8 8239 log 7; = 8 8239 
page 291 of ephemeris, log g = I 3109 log 4 = I 2952 
¥*sin (G + a) = 9 91422 *sin (7 + a) = 9 8373 
tan 6 = g 9033 secd = 1075 
log (£) = 9 9523 log (2) = 0639 
log ¢ = 1 3109 log A = I 2952 
cos (G + &) = 9 7570 cos (7 + a) = g 8610 
log (g') = I 0679 sin 6 = 9 7958 
page 291 of ephemeris, logz = 0 7273 log (2') = 0 9520 
cos 6 = g 8925 
log (7) = 0 6198 
a = 18" 33™ of 678 6 = 38° 40' 34" 40 
Pe 2 804 (g)= II 70 
(2) =— 895 (2') = 8 95 
(4) = — I 158 (2) = 4 17 
9 o16 4 23 
a’ = 18" 33™ 18 445 6’ = 38° 40’ 59" 45 


357 Note Certain of the sma'l te1ms which have been neglected in the 
preceding formule will sometimes be appreciable for stars near the pole where 
great accuracy 1s required 

ist The Precesston for Time t We have only used the term depending on 
the first power of r The values of the second differential coefficients are 
given by equations (565) The numerical values being substituted, the only 
terms which can be appreciable are 


A(a' — a) = +* 0000037? sin @ tan 6 — Oo 000 1497? cos @ tan 6 
— 00006577 sin 2@ tan? 6, (599) 
A(s' — 6) = + 00097574 sin’ a tan 6 


2d In the formule for aéesatton (593) rigorously a, 6, O, and @ are not 
the mean values of these quantities as there assumed but the ¢vvevalues They 


7. 


* A table giving logarithmic sines and cosines with the argument expressed in time 1s con- 
venient If this is not available, (G -+ a) and (WH -+ a) must be reduced to arc 


4 
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should therefore be corrected fo1 xztatzeon The necessary corrections to 


(a’ — &) and (6’ — 4) as given by (593) may be determined by differential 
formule 


Since (a' — a) = f(a, 6, O, @), and similarly for (6’ — 6), 


y 


Aa —@) = aa’ Ae 4 ap Be 5 4 2D 4 EB oy 


(600) 
A(s' — 8) = a ea ap = 9548 aa of =)y 


Where 4a, 46, etc , represent the corrections for nutation given by (572) and 
(579) 

Practically the terms in JO and 4 will never be appreciable, and of the 
values of Za and 46 we need only retain the following terms 
Ae=— [6” 865 sin a sin Q + 9” 2235 cOS & COS Q | tan 6, t (601) 
45 = — 6” 865 cos asin Q +9! 2235 sin a cos Q 


Differentiating (593) with respect to a@ and 6, neglecting the smaller terms, 


Aa — 9) _ = — 20” 4451 sec [cos @ sin O — sin @ cos © cos w], 
ea = — 20” 4451 sec 6 tan 6[sin a sin O -++ cos a cos O cos w], 
a) = 20 44st [sin 6 sin a@ sn O +s1n 6 cos @ cos O cos @], 
ee = — 20’ 4451 cos 6 cos @ sin O 


+ 20” 4451 cos © [cos 6 sin a cos w -++-sin 6 sin a] 


Substituting in (600) and retaining only terms multiplied by tan 6 or sec 6, 
we find 


—(6'’ 865 +9” 2235 cos w) sin 2a.cos(O-+- Q), 


1 20! 44x 4-(6 865 cos w-+9// 2235) cos 2a sin(O-+ 9), 
a 


A(a! —a)= = — ——sin r” tan 6 secd 


+(6 865—9” 2235 cos) sin 2a cos( OQ — Q) 5 
—(6 865cos w—9’’ 2235) Cos 2a siIn(C — QQ), 


—(6 865+9" 2235 cos w) cos2acos(O-+-Q), (602) 
—(6 865 cos wo” 2235) sin 2a sin(O-+ Q), 

+(6 86s—9/ 2235 cos w) cos 2a. cos(O— Q), 

-+4(6 865 cos w—9"! 2235) sin 2a sin(O— Q), 

+(6 865—9/ 2235 cos w) cos(O-+-Q), 

L —(6 865-++9” 2235 cos w) cos (C — 2) 


+t 
A(6/ = 8)= = sin x” sin 6 tan 6 
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These expressions reduce to the following 


— * 000 05065 sin 2@ cos (O + Q) 


De +- 000 05129 cos 2@ sin (O + Q) tan 6 sec 6, 
000 00527 sin 2@ cos (O — QQ) 
+ 000 00966 cos 2x sin (O = Q) 


( — "' 000 3799 cos 2% cos(O + Q) ) (603) 
— 000 3847 sin 2@ sin (O + Q) 


As" ae 8) ae 000 0395 COS 2@ cos (O — 92) sin 6 tan 6 
= 0000725 sin 2@sin (O — §) | 


— 000 0391 cos (O + Q) 
— 000 3799 cos (O — Q) 


3d Ina few cases of double stars the mean place of the star requires a cor- 
rection for orbital motion The corrections to the right ascension and declina- 
tion will have the form 


4a=a-+ b+ sin (x -+ x), 
46 =a+Ht+2 sn(xn +, 


the quantities entering into the formule depending on the elements of the star’s 
orbit 


358 The foregoing comprises all that 1s necessary for re- 
ducing stars from mean to apparent place, or from apparent 
to mean place In the latter case the corrections will be 
applied with the opposite signs to those given by formule 
(597) or (598) Since 1834 the factors A, B, C, D have been 
published by the British Nautical Almanac, and in the Amert- 
can Ephemeris since its first publication, 1855 Inthe Bnt 
ish Almanac and previous to 1865 in the American E/phemeris 
the notation 1s not Bessel’s which we have given, but that of 
Baily, viz, A isinterchanged with C, and B with D* Particu- 


* This unnecessary and confusing change of notation was introduced by 
Baily for no better reason than the following ‘‘I have thought it desirable 
that we should as much as possible make them serve the purpose of an artzficral 
memory It 1s on this account that I have made 4Z represent the quantity by 
which ABerration is determined , C the quantity by which preCession is de- 
termined , and D the quantity by which the Deviation, or (as 1t 1s now more 
generally called) the nutation, 1s determined "—Arztzsh Association Catalogue, 
PD 34, note 
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lar attention must therefore be given to the notation, othei- 
wise errors will be very likely to occur Since 1865 the 
notation of Bessel has been employed in the American 
Ephemeris 

For any date from 1750 to 1850 the logarithms of 4, B, 
C, D may be taken fiom Besscl’s Zadbule Regtomontane 
Bessel’s constants are employed and the smaller terms are 
neglected, they will, however, give all necessary precision 
in the few cases where it will be found necessaiy to employ 
them A convenient table by Hubbard for correcting them 
so as to make the values conform to the constants of Stiuve 
and Peters will be found in Gould’s Astronouzcal Yournal, 
vol iv p 142 Bessel’s tables are computed for every tenth 
day of the jicteteous year Their employ ment involves a sub- 
ject the consideration of which we have not found necessary 
heretofore, viz, 


The Fictitious Year 


359 We have heretofore spoken of the year without speci- 
fying very definitely which of the various periods called a 
year was to be understood Jhe common year is not well 
adapted to the requirements of astionomy, since the length 
is not the same in all cases, each fourth year containing one 
more day than the other three The Julian year of 3654 
days is better, but 1ts length does not exactly correspond to 
the movements of the eaith in its o1 bit 

In the reduction of star places Bessel obviates the difficul- 
ties which would follow from the employment of either of 
the above periods by employing a fictitious year to begin at 
the instant when the lonaitude of the mean sunis 280° This 
instant will of course not coincide with the transit of the sun 
over the meridian of Greenwich or Washington, but from 


618 PRACTICAL ASTRONOMY § 360 


the known mean motion of the sun the Gieenwich or Wash- 
ington time may be found at which the mean longitude 1s 
280°, and consequently the meridian over which the sun 1s 
passing at this instant This 1s sometimes called the normal 
mertdin, and may then be employed as the p1ime metidian 
from which to reckon longitudes throughout the year pre- 
cisely as the menidians of Greenwich and Washington are 
used Since the sun’s mean right ascension equals the mean 
longitude, the sidereal time at this meridian corresponding 
to the beginning of the year will be 18" 40" (= 280°) If then 
we imagine a point on the celestial equator whose right 
ascension 1s 18" 40", the sidereal day thi oughout the fictitious 
year may be regarded as beginning at the instant when this 
point crosses the meridian, just as in the common method 
the sidereal day begins when the vernal equinox crosses the 
meridian By adopting this device a uniformity and 
simplicity 1s introduced into those quantities which are 
functions of z This 1s also the date to which the mean 
places of stars are reduced in the star catalogues When 
the elements of reduction are taken from the Nautical 
Almanac or American Ephemeris no attention need be given 
to this matter, as it 1s already provided fon 

Bessel calls the instant when the sun’s mean longitude 
equals 280° Jan oo of the fictitious year This corresponds 
to Dec 310 of the usual method of reckoning, that 1s, accord- 
ing to Bessel’s method Jan 1, 2, 3, etc, indicate I, 2, 3, etc, 
days from the beginning of the year, while in the common 
method the beginning of the rst, 2d, etc , days 1s understood 

We shall now show the relation between the beginning of 
the fictitious and common years, alterwards retuining to the 
Tabula Rigiomontane 

360 During one complete century the period of the com- 
mon year is the same as that of the Julian year Suppose 
now for the moment that at 18000 the fictitious year began 
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with the date Jan oo of the common year, and that the 
length of the tropical ) ear coincided with that of the Julian 
Then for any other date 1800 + 7 we should have 


Beginning of year = Jan 00+ +75 (604) 


where fis the remainder after dividing the number of the 
year by 4 In case of a leap-year, where the number of the 
year 1s exactly divisible by 4, / must be made equal to 4, 
since the intercalary day 1s not introduced until the end of 
February 

If we choose, 1n accordance with Bessel, as our prime 
meridian that of Pans, the above formula involves two erro- 
neous assumptions fist, the beginning of the year from 
which we reckon will not coincide with Jan 00, and second, 
the length of the tropical year 1s not that of the Julian We 
shall use the constants of Bessel in order to have our results 
those of the Zabule Regiomontane 

Fo: mean noon at Paris, viz, 1800, Jan 00, Bessel finds 
for the sun’s mean longitude 


279° 54’ 1” 36, 
and for the mean daily motion of the sun in longitude 
3548” 3302 + ’’ 000 000 69022,* 


where ¢ = number of years elapsed since 1800 

For the meridian of Paris we must add to (604) the time 
required for the sun to move 3538” 64, viz, © 10107289 day 

It remains to correct (604) for the difference between the 
ste a eS Na ge ee 

* It will be observed from the expression for the mean daily motion that the 


length of the year 1s not constant, the variation, however, amounts only to 
o* 595 per century 
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Julian and tropical years The tropical motion of the sun in 
one Julian year is, according to Bessel, 


360° 00’ 27” 605844 + 0” 0002443612.* 
Therefore the mean tropical motion in z years will be 
[360° 00 27’ 605844]¢ + 0” 000122182 


The time required for the mean sun to pass over the dis- 
tance 27” 605844, expressed asa fiaction of a day, will be 
0077799535? + 0000 000 0344332" Therefore the complete 
formula for the Paris mean time of the beginning of any ficti- 
tious year will be 


Jan 00+ 0 410107289 — o 10077799535¢ —~ 0 0000000344337? +2 (605) 


To reduce any mean solar date at Paris to the date of the 
fictitious year the above quantity must be subtracted 
Therefore let 


& = — O 10107289 + 0 0077799535z + 0 000 000 0344332? — tf 


& 1s then the longitude east from Paris of the meridian where 
the fictitious year begins, or of the normal meridian 


Let d = the longitude west of Paris of any meridian, ex- 
pressed as a fraction of a day 


Then the reduction which must be applied to any mean solar 
date at this meridian to reduce it to the normal meridian is 
k+d 

361 Let us now return to the Tabule Regiomontane The 
logarithms of A, B, C, D, 7, and the quantity £& are there 
given for every tenth day of the fictitious year from 1750 to 
1850, the intervals being sidereal instead of mean solar days, 
an arrangement which 1s a little more convenient in star re- 


—_ a 


ah hee eh 
* This quantity divided by 365 25 1s the mean daily motion already given 


[atten tnd 
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duction, for the reason that, the star being generally observed 
on the méridian, its right ascension is at once the sidereal 
time of observation In order to apply the tables we must 
first convert this sidereal time to the corresponding sidereal 
time at the normal mendian 

It will be remembered that the sidereal day of the ficti- 
tious year at any meridian begins at 18* 4o™ sidereal time, 
theiefore at this meridian itself the tables are applicable for 
this instant of local time For any other meridian at the 
instant 18" 40™ local side1eal time the argument of the tables 
will beA+ a 


At any other sidereal time g at this last meridian the argu- 
ment will be 


— 18" 4o™ 
24h ? 


kt+a+é 


which must be less than unity and positive. Or we may 
write 


h m. 
fe 
as the quantity to be added to #-+ d, omitting one whole 
day when g-+ 5° 20" = or > 24" 

If, as before assumed, we regard the sidereal day of the 
fictitious year as beginning when the nght ascension of the 
meridian is 18" 40", then as long as the right ascension of the 
sun is less than this quantity it will cross the meridian before 
the point on the equator having this nght ascension, and the 
day of the fictitious year will be the same as the common 
date When the sun’s nght ascension 1s equal to 18" 40™ 
(the sun being on the meridian) the two days begin together, 
and when it is greate: than 18" 4o™ the sideieal day of the 
fictitious year begins before the common day, and therefore 
one day must be added to the common reckoning for the 
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date of the fictitious year Therefore the argument of the 


table will be 
krad+g+t 


in which z = o from beginning of the year to where the right 
ascension of the mean sun equals the sidereal time, after 
which z = I 

The TZabule Regwmontane then give the following 
quantities 


Table I gives 4 for the longitude of Paris expressed in 
hours, minutes, and seconds, and also as a fraction of a day, 
for every year from 1750 to 1849 

Table II gives d, the west longitude from Paris of a num- 
ber of the principal cities of Europe (Better values can, 
however, be found in the ephemeris ) 

h ™m. 

Auxiliary table, p 16, gives g’ = a 

Table VIII, pp 17—-116:inclusive, gives log A, log B, log C, 
log D, log t, and £ 

For C and D table [IX may be employed It requires no 
special explanation here 

Example Required the logaiithms of A, B, C, D, t, for 
1825, July 1¢ 10, Greenwich sideieal time 


Table I for 1825, k= — .157 
Table IT for 1825, @d=—-+ 007 
Page 16, g’  =+ 639 
z= 000 

Argument = July I 489 


Page 92, table VIII, log 4d = 99224 
log B = 0 3026 E=-+ "05 

log tr = 96975 

table IX, log C= 4817 

log D = I 3006, 
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The quantities have been interpolated directly from the 
tables, log C and log D aie given more accurately by table 
IX If thought desirable, the interpolation may be carried 
out to second differences, but this will not often be necessary 

As an example of a case where z = 1 let it be required to 


find the above quantities for 1825, Dec 14 108, Gireenwich 
side1eal time 


As before, k=— 157 
d=-+ 007 

Table VI, right ascension of — 639 
Mean sun Dec 11s 16" 40", thereforez = 1000 
Argument = Dec 2 480 


With this argument we find 


log A = 00867, log B= 4976, log C = 7599, 
log D = 12772, log tT = 99631, E=+ 05 


Various forms of tables for star reductions have been pro- 
posed and emploved Some of these are very useful for 
special purposes, but it is not necessary to enter into the 
details of their consti uction in this connection 

362 Conversion of Mean Selar wnto Stdereal Teme and the con- 
verse The solution of this problem for any date after the 
British and American Nautical Almanacs became available 
in their present form has been treated with all necessary ful- 
ness in Articles 94 and 93_- For earlier dates other methods 
inust be used The Zadule Regiomontane gives the data 
necessary for solving the problem for any date between 1750 
and 1850 

We have shown in Ait 94 that the mcan time at any 
meridian 1s equal to the true hour-angle of the second mean 
sun, which moves uniformly in the equator, and whose mean 
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right ascension is equal to the mean longitude of the first 
mean sun, which moves in the ecliptic 

Also, the stdereal tzme 1s equal to the hour-angle of the true 
equinox Therefore in our formula 


See One (199) 


« © must be understood to mean the true right ascension of 
the second meansun This equals the mean right ascension 
plus the nutation of the vernal equinox in might ascension 
The latter is found from the general equations (579), by 
making a = 0, 6 = 0 to be 4A cos w, and is given in the 
ephemeris as the “equation of the equinoxes 1n 11ght ascen- 
sion” It is included in the sidereal time of mean noon 
given by, the ephemeris When the ephemeris 1s available 
it will therefore require no further notice 

Table VI of the Zabule Regiomontane gives the right ascen- 
sion of the second mean sun corrected for the solar nutation 
of the equinox for every mean noon at the fictitious meridian 
The fictitious year always begins with the same right ascen- 
sion of the mean sun, therefore this table is available for 
every year The number taken from this table for any date, 
which must be the date at the normal meridian, is then cor- 
rected for lunar nutation in right ascension, which 1s given 
by table [V. _The result 1s the sidcreal time of mean noon, 
V,, at the noimal me1idian, which may be used in precisely 
the same way as the sidereal time of mean noon at Washing- 
ton (See Articles 94 and 95) Or waiting the formule 
out 1n full, 


© = T-+ table VI + table IV + (7+ 4+ 2) (u— 1),(606) 


or V= Vet (b+) (u— = VIF IVE +2) (u— 0), 
O= 74+ V+ %u—1) 
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And for converting sidereal into mean solar time, 
I 
T=9-V—-@—V)(1— 4), (607) 
The notation being that of Articles 94 and 95 


Example Given 1825, July 1" 7" 25", Greenwich mean 
sola: time Requiued the corresponding sidereal time 


By the first of to1mulz (606), Lo 7 25" Gcoo 
Table VI = 6 37 33 agg 
lable IV = 1 O15 
(T+2£+a@)(u—1), Table VII = 37 606 
f= 9X25" <0 000 
Table I,4=—3 45 261 OS i4"3" 11" 72 


Table I,d=+ 9 21 6 


(T+k+d)= 3° 48™55°5 


Example 2 Given 1825, July 14 142 3™ 11° 72, Greenwich 
sidereal trme Required the corresponding mean solar time 


Table VI = 6° 37™ 33° 099 
(A+ ad) = — 3° 36745 Table IV = I O15 
(4 + @)(u —1), Table VIT = — 35 495 


V= 64 36™ 53° 619g 
2) — 14) an 1° 720 

O—-V= 7 26" 13° 101 
Table VI] = — 1 13 101 


f= 7°25" 06 


TABLES 


Table I gives values of the function ee / ‘e “dt for 
Vn. 


values of ¢ from 0 to 

Table 1I A gives the refraction corresponding to different 
altitudes for a mean state of the atmosphere, viz, barometer 
30 inches, thermometer 50° For any other 1eading’s of the 
barometer and thermometer the factors by which the mean 
refraction must be multiplied are taken fiom tables II B, 
Il C,andIID (See Art 86) 

Table IlI A, B, C, and D are Bessel’s 1efraction tables 
These will be employed when extreme precision 1S required 
When the altitude is less than 5° no table will give reliable 
values for the refraction, but 1t may be found approximately 
by the supplementary table following III A (See Art 86) 

Table IV 1s intended for use in connection with the 1efrac- 
tion table when the barometer 1s graduated according to the 
metiic system 

Tables V or VI may be used when the thermometer 1s not 
graduated according to Fahrenheit’s scale 

Table VII requires no explanation 

Table VIII A and B give values of 7, log m, m, and log x, 
where 

_ 2 sin’ $t __ 2 sin’ 4z 
~ sini”? sin 1” 


(See Art 146) 


Table VIII C gives the factor to employ in reducing cir- 
cummeridian altitudes when the chronometer has an appre- 
ciable rate, viz, & = —— (See Art 152) 
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al ae 
Id wah at 


z 
00 000000 50 = 
520500 I 00 = 
ox 011283 5r 529244 1 Or eithe en pei 
as si :. 5378y9 I 02 850838 I 23 Ba 
540404 103 854784 I 
O04 O4511I 53 969a10 
45 54 554939 1 04 858050 I 54 970386 
05 056372 5 6 
| cee || S| See |e | eat rss | gees 
07 078858 57 579817 107 86 any =o a 
08 090078 58 587923 108 87a 48 : 23 se 
og 101281 59 595937 1 09 876803 I 33 ey 
ro 112463 60 603856 I 10 
rr 123623 6x 613681 I iz =e ; a A 
sett 619412 112 886788 || x 62 378038 
45007 3 627046 II 88 
14 156947 64 634586 z 4 ae ; e Mice 
TS 167996 65 64202 II 806 
16 L7QOI2 66 ype I 18 Ssen6 : ee ae 
17 189992 67 656628 117 go2c00 1 67 981810 
ss antic rs Pil 118 904837 r 68 982493 
9 70840 119 907608 1 69 983153 
20 222703 7O 677801 I 20 1031 
2I 233522 71 684666 I 21 aes : os | ee 
22 244206 72 691433 I 22 915534 192 8 
Pi genes 7 995003 
- te 23 i se I 23 918050 173 985578 
70467 I 24 920305 | I 74 986135 
25 276326 75 711156 I2 22 
26 286900 76 717537 I 2b pase a6 | ; 7 sah 
27 297418 77 7238-2 127 927514 1977 987691 
28 307880 78 7 0010 1 28 929734 1 78 988174 
29 318284 79 730104 I 29 931899 79 988641 
30 328627 80 742101 I 30 008 gogo 
31 338908 8 748003 I oe a : re sane 
32 349126 82 75381z I 32 938065 1 82 989943 
33 359279 83 759524 I 33 94.0035 r 83 990347 
34 369365 84 795143 I 34 941914 1 84 990736 
35 379382 85 770668 13 943762 1 86 
36 389330 86 776100 I3 aaeaes x 88 eoarse 
37 399206 87 781440 1 37 947313 I go 992 
q | 799 
3 409010 88 786687 T 38 949016 1 92 993378 
39 418739 89 791843 1 39 950673 194 993923 
40 428392 ao 796908 T 40 952285 | t 96 6 
at 437969 gr 801883 I 41 953852 |! x 38 994892 
42 447468 92 806768 1 42 95376 20 995323 
43 456887 93 811564 I 43 956857 21 997021 
44 466225 94 816271 T 44 958206 |, 22 998137 
45 475482 95 82089t I 45 959695 23 88 
46 484655 96 8254 4 1 46 96054 ‘9 4 oposite 
47 493745 97 829870 I 47 962373 25 
999593 
48 502750 98 834232 1 48 963054 |: 30 8 
11608 838508 6 ! 90909 
49 5 99 3850 1 49 964898 35 999999 
520500 842701 I 59 966105 co 1 C0000 


628 TABLE II A 


MEAN REFRACTION 
Barometer 30 inches Fahrenheit’s Thermometer 50° 


2 = very a Fe) q aq ~ =| + =| ~ q 
rs} 
S| gs ll S3| 62/83) 93 ef ||/$0] 95 || $3] a3 || 8s] 23 
sl Oa aa! o8 || e5| og OPiias| og || €8| Os || $B) Os 
Qs] s& || 25) s& || 85] sé s& || o5| s8 | a2] 28 || o5| sé 
= wo on rs) [or rT) © o= rT) (oe rB) a rT} 
q<| 2 |i << 2 || << ~) 2 il as v || << wv ijas!l wx 
0°30! 29/19" 8°35//6 8!" 5 72°35/ 4’1s/! 3 2'46" 1 27°10'|1/53/ x 42°20'|1! 3!" 9 179°00! oft! 3 
I 0|243 8 40/6 § 212 40 |413 6 244 6\|27 20|1 52 3\'42 gol|r 3 2} 80 o| 10 3 
2 0|18 19 8 45|6 2 oljx2 45 |412 0 243 1l|27 30|1 51 5|'43 Olx 2 4/8r 0 9 2 
3 oO |14 22 8 sols 58 8i\12 50 |4 10 4 241 6||27 40 |1 50 7| 43 20|t x 7| 82 0 8 2 
4 Ol1r 45 8551555 7\'12 5514 8 8 240 2(|27 50|1 50 Oo] 43 40/r x Oo} 83 0 7 2 
5 ol 952 9 O|§ 52 Gl\13 O|4 7 2 238 8|/28 0o |r 49 shel ate a 6 1 
Is s|o44 allo s|s49 Sir3 sl4 5 6 237 4(|28 20|1 47 7/'44 20j059 6/85 o|o § x 
5 10| 936 21| 9 1015 46 Sj\r3 to |4 4 1 236 0,|28 40 |: 46 2/44 40 58 9/86 oo} 4 1 
5151928 619 151543 Sliz3 15 |4 2 6 234 6|29 O]1 44 8) 45 0} 58 2/87 Oo] 3 1 
5 20| 921 2119 20 540 7/113 20/4 t 0 233 3129 20/1 43 4/45 20] 57 61/88 o| 2 o 
§ 25/914 || 9 25 537 9||13 25 |359 6 232 0||29 40 |r 42 0] 45 40] 56 g9|/89 O| 1 Oo 
Is 30/9 7 oj] 9 30 535 r\13 30/358 1 230 7||30 O|r 40 6.46 0; 56 2l\90 © ros) 
Is 35 9 0 11/9 35|532 4\|13 351356 6 229 4//30 20 |r 39 3146 20055 6 
[5 40] 853 4||9 40'5 29 Slit, 40/355 2 228 1|/30 40 |r 38 01/46 40) 55 0 
i545 845 8)) 9 45 527 01/13 45/353 7 220 g|13r 0/136 7)/\47 9] 54 3 
5 50| 840 4/19 50,524 31/13 50/352 3 225 7|/3t 20/135 51/47 20) 53 7 
5 55| 834 2/19 55152! 7/13 55/350 9 224 5/)3% 40 |1 34 21/47 49] 53 fF 
6 828 rljro o15 19 aiilr~4 913490 5 223 3\/32 O]1 33 Oll48 O| 52 5 
6 B22 xzil10 51516 Jiirq 10/3 46 8 222 ‘Nias 13r 8)|49 © O50 6 
610/816 aljro 10 |5 14 2/|r4 20/3 44 2 2.40 g!/32 40 |r 30 7) 50 ©| 48 9 
615 |8xo gijro 15 (5 3: 7\|\14 30/342 4 219 81/33 o|r29 s|5t O| 47 2 
6 20|8 4 8j|10 20/5 9 3)|14 401339 0 218 7/133 20 |x 28 alis2 O] 45 5 
6 25| 759 3||10 25'5 6 9g]/t4 50/336 5 227 5//33 4° |2 27 3/53 9} 43 9 
6 30] 753 seine | apie gaa 216 41/34 0 j7 26 2154 0] 42 3 
6 35 | 748 7/1035 5 2 3/|t5 10/331 7 215 4//34 20 |r 25 l!s5 ojo4o 8 
6 40| 743 5||T0 40 |5 © O]/r5 20/329 4 214 3/34 40 |1 24 1/56 0} 39 3 
6 451738 410 45 457 Silr5 30/327 1 213 3)/35 9|t23 1157 | 37 8 
6 733 §|{t0 50/455 O]|15 40 |3 24 8 212 2/|/35 20|r 22 of 58 oO] 30 4 
6 728 6)|10 55 |4 53 4||r5 50/322 6 2Il 2/35 40 |r ar o]| 59 Oj] 35 0 
7 723 8iijtr o]451 2/16 Of/g20 5 2%0 2/36 o|r20 1} 60 o| 33 6 
7 719 2ijtr 5 |449 1H\16 10/3 8 4 2 9 2/136 20 |x 19 les 0/032 3 
7 714 6||tr 101447 off16 20/316 3 2 8 2/136 golxr18 2|'62 of 3x 0 
7 730 Ti\rr 15 (444 g/|16 30/314 2 2 7 2|137 o|t17 2163 0] 29 7 
7 7° § ltr 20|4 42 9//16 40/312 2 2 6 2||/37 20|1 16 4) 64 oO] 28 4 
7 7 t 4ijtt 25 [4 40 g//16 50/310 3 2 5 31137 49|r15 4\/65 O| 27 2 
7 657 xrllrz 301438 9/17 9/3 8 3 2 4 4{138 o|z 14 51/66 9] 25 9 
735 | 653 oj/zx 35 |436 9/17 10/3 6 4 2 3 4//38 20/413 6/67 0,024 7 
7 40] 648 glx 40 [435 oj/17 20/3 4 6 2 2 5||/38 40 |x 12 7||68 o| 23 6 
745 | 644 gilt 45 1433 11/27 30/3 2 8 2 1 €/\39 o|rixr g|fg o| 22 4 
7 50] 642 oOl/fr 50/431 2/117 40/3 I 0 2 0 7|139 2o|z1r oll7o of] 21 2 
755) 637 xrll|tr 55|429 41/17 50/259 2 159 81/39 go|r 10 2/71 O| 20 1 
8 of 633 3iizz ol427 5/|18 O]257 5 158 gil4o clr 9 4)|72 0 18 9 
| 
8 5/629 6lir2 5/425 7/18 toj255 8 r58 rii4o 2olr 8 6\|\73 olor 8 
§ 10| 625 9g|/x2 10/423 g/|18 20/254 1 157 2||40 4ojr 7 B8ij74 Of] 16 7 
815 | 622 3/\t2 15 |422 2//18 30/252 4 156 4|l4t O|© 7 O1175 O| Ip 6 
18 20] 628 8}it2 20/420 4//18 go|250 8 155 Sil4t 20/4 6 21/76 of 4 5 
825/625 3)|\12 25|418 7//18 50|249 2 154 7/|4t 40/2 5 41177 O] 3 5 
8 30| 6rr 9/12 30/417 Oty O|247 7 153 gll42 Ojr 4 7/1/78 Oo] x2 4 
8°35/| 6/ 8 5 12°35’/4/15/! 3 19°10! 2/46!’ 1||27°x0'|1/43” x 42°20'|1/ 39 79° 0/10/11’! 3 


eg “Epp rmea-genteea NPS — af ——  a  AGa 


TABLE II B TABLE IT D. 629 


Facror DEIFNDING on 
Birourre FAcToR DEPENDING ON DETACHED THERMOMETER 


27 5 I 
27 6 y638 I 
27 7 9653 I 
27 8 gt 69 1 
279 9685 I 
28 o 9700 I 
2 I 9716 I 
a0 3 9731 16 | 1 153 | o619 || 22 | 1 058 o244 || 62 7 B99 | 
28 3 9747 17! I 151 | o6oy || 23 | 1 056 0235 || 63 ga e aes) ' 
28 4 9762 16; 1 148 | os5a9 || 24 | r 054 | 02.6 |] 64 | 973 | 0 0883 | 
28 5 9777 Ty | 1 145 | 9590 || 25 | I O51 a217 |} 65 | 972 | 9 9875 
28 6 y792 14 | 1 143 | 0580 || 26 | x o4y e209 || 60 | 970 | 9 9666 | 
28 7 y8o Ty | 1 140 | 0570 |! 27 | 1 047 0200 || 67} 968 | 9g 9858 | 
28 8 9823 12, 1158 | oor || 28 | x og, orgt || 68 | 966 | 9 9850 | 
28 9 gh38 tr | 335 | DST || 29 | F 043 0182 || 69 | 964 | g 9842 | 
29 0 9853 IO 1 133 | O54r || 30 | I o4t 0173 || 70 | 962 | 9 9834 | 
29 I 9 9868 9 | 1130 | 0532 || 3r | I 039 o164 || 71 | g6r | 9 9825 
29 2 9 4883 8 | 1 128 0522 |) 32 | 1 036 oss || 72 | «sg | 9 9827 
29 3 9 9897 7) 1125 | 0513 || 33 | 2 034 | 0147 || 73 | 957 | 9 9809 | 
29 4 9 9QI2 6 | 1 123 | 0503 || 34 | 1 032 | 0138 |] 74] 955 | 9 g8or | 
29 5 9 9927 5} 1 140 | 0494 1, 35 | I 030 o129 |) 75 | 953 | 9 9793 
29 6 9 9042 4 |r 118 | 0484 || 36 | x 028 or20 |} 76} 952 | 9 9785 
29 7 9 9956 3) 1115 | 0475 | 37 | 1 026 | orr2 || 77 | 950 | 9 9777 | 
298) 993 | 9 9972 2| 1 113 | 0465 |] 38 | 1 024 | 703 |} 78 | 48 | 9 9769 
299} 997 | 9 9486 — 1] 1rrt | o456 |] 39 | t 022 | o0a4 |) 79| 946 | 9 9761 
I o | r 108 | 0446 ,| 40 | xr 020 0086 || 80 | 945 | 9 9753 
1 + 1] 1*106 | 0437 || 4 | x 018 0077 || 8x | 943 | 9 9745 
I 2/1 103 | 0428 ;' ge | r 016 ou68 || 82 | 94t | 9 9737 
I 3 | I tor | o478 |( 43 | r org oco60 || 83 | 939 | 9 9729 
I 4 | 1 O9y | O409 |} 44 | I O12 051 || 84 | 938 | 9 9721 
I 5 | 1.096 | O400 || 45 | r oro | 0043 |] 85 | 936 | 9 9713 
x 6 | 2 094 | 0390 || 46 | r 008 | 0034 || 86} 934 | 9 9705 
I 7 | 1092 | 0382 | 47 | x 006 0026 || 87 | 93,5 1 9 96907 
I 8 | 1 089 | 0372 48 | 1 004 oor7 |} 88 | 932 | 9 9689 
I 9 | 2 087 | 0363 || 49 | I co2 o009 || 89 | 929 | 9 968: 
I Io | r 085 | 0353 !| 50 | I O00 0000 || go | 928 | 9 9673 
tz | r oR | 0344 || 51 | 998 | 9 9992 |) 9t | 926 | 9 gn6s 
TABLE IIC t2 | 1 080 | 0 35 | 52 | 996 | 9 9983 || 92 | 924 | 9 9658 
13 | 1 078 | 0320 || 53 994 | 9 9975 || 93 | 923 | 9 y650 
Facro! DFiFNDING 14 | 1.076 | 0317 || 54 992 | 9 9966 || 94 | g2t | 9 9642 
on ATLACHED + 15 | r 07, | 0308 |] 55 990 | 9 9958 || 95 | 929 | 9 9634 
TH! RMOMFTFI en tree ce en Ca ee ne 


y = (mean refraction)X BX TX# 


630 TABLE Ill A 


BESSEL'S REFRACTION TABLE 


f=) o » = _~v 
_ &3 | 28 | 2 | 222 
gs Aas loga |Duif A A eo eee loga (|Dif| A r 
= wR a= | ang 
| £4 2G ae j< a 
| 
A 
5° 0// 85° 0% r 7r020 | I O27 | I 1229 || 14° 20°! 75° 40" | £75391 | 70 I o212 
; 10 | 84 50] I 71279 mys I O12I | 1 1178 30 30 | I 75408 17 1 0208 
20 go | «74522 | 200 I OLI5 | I 1130 40 20| I 75425 | 16 I O204 
| 30 40| 1 71749 | 5,6 | t otro) I 1082 50 10 | I 75447 | 16 I 0200 
40 20 | x 71961 : I O105 | 1 1056 || 15 O}75 |] I 77457 | 96 I 0197 
| 50 ro | r 72160 ree 1 OF00 , I 0gg2 || 16 74 t 75543 | oo 1 Ot75 
6 0/84 of t 72,46) 7 rT 0096 | 1 095r || 17 73 r 75015 | 6. I 0156 
| 10 | 83 50] zr 7251y ane r 0092 | I ogi4 || 18 72 1 75075 sr I 0159 
20 40 | 1 72681 re hi 0088 | zr 0879 || 19 71 I 757.0 45 1 o124 
30 zo | = 72332 sd 1 0084 | 1 0846 |} 20 70 r 75771 | 38 t OLlt 
40 20 | I 72974 oe r oo8r ; t O815 || 2 69 1 75809 33 I OLOL 
fs) Io | I 73105 - r 0078 | 1 0784 || 22 68 I 75842 29 I 0092 
| 7 0/83 o| z 73229 a8 r 0075 | © 0754 |; 23 67 I 75871 | 36 I 0083 
| 10 | 82 50| I 73347 | sro | t 0073 | t 02-5 24 66 t 73897 | -, I 0075 
20 4o | 73450 | Toe | T 0070 | t 0697 |! 25 65 1 79919 | 3o r 0068 
30 | 30 | t 75564 > | x 0067 | 1 0674 |! 26 64 I 79>) | 18 1 0063 
40 | 20 | 1 73663 99 | : oo65 | x 0646 | 29 63 I 75997 | 16 I 00,48 
50 10 | I 73757 rf 1 0.62 | I od22 || 28 62 I 75973 | ye T 0054 
8 of 82 of 2 73342] 2 1 ono | I 0929 |} 29 6x 1 75938 13 T 0049 
10 | 8x 50} x 739-8 3 | x 0253 | 1 0579 |} 3° 60 I 70001 | 47 r 0046 
20, 40 | I 74007 % 1 005¢ | T O559 |} 31 59 r7nor | yy I 0043 
3? 30 | x 74083 7a | 1 0254 I 0540 || 32 58 r 76023 | 1 I 0040 
40 2o| x 74155 | 6g | t 9202 | t D2 || 33 57 zr 76n33 | 4 I 00,7 
5° x0 | I 74223 | 4. r 0050 | I 0503 || 34 56 1 76042 | 9 I 0034 
9 of 8t of 74.98 64 rong | I 0493 || 35 55 It 76050 8 1 0031 
10} 80 so| t 74352 | ga | 1 0047 | 1 047) || 36 54 1 76038 | 7 I 0029 
20 40] 1 74412 | 26 | t oo46 | r 0406 || 37 53 r 70065 | 6 1 0027 
30 30] x 74468 ant 0045 | I o454 |] 33 52 I 76071 6 1 0026 
40 2o| x 7452t | 22 | 1 0043 | t 0442 |) 39 gt t 76077 | I 0025 
50 Io | I 74573 o | t 0042 | T O4st |} 40 50 x 76082 5 I 0023 
to 0/80 of x 7462, 5 Loot | I 0420 || 4t 49 x 76087 I oo2t 
10} 79 §0| 1 74670 i r 0040 | I 0409 || 42 48 1 76092 ; I 0020 
20 4o| < 74714 | 44 | = 0039 | t 0398 || 43 47 t 76096 | 4 I 001g 
30 30] 1 74757 | 42 t 0938 | 1 0337 || 44 46 I 70100 4 I OO1Q 
40 20) 171799 | 4, | © 0037 | t 0377 |) 42 45 1 76104 3 Ir 0018 
50 1o | i 74339 1 0036 | t 0367 || 46 44 xr 76107 
tr. 9/79 oj t 74876 3g t 0035 } L 0357 || 47 43 I 761i 4 
| 10| 78 5o0| I 74912 3 Xr 00,4 | 1 0347 || 48 42 r 76114 3 
2o|  40| 74947 | 32 | 1 0033 | 1 0338 || 49 4x x 76117 | 3 
30 30 | t 7498c * I 0032 | 1 0328 || 50 40 Ir 76119 
40 20 | I 75013 = I 0o3r | £0513 || 5r 39 1 7612? : 
50 10 | I 75043 : I 0030 | x 0308 || 52 38 1 76124 | 2 
wz 0/78 o| I 75072 a T 0030 | t 0299 || 53 37 x 76126 ; 
10| 77 §50| I 75101 a8 I e029 | I O290 || 54 36 r 76128 o 
20 40 | I 75129 26 | 2 0028 | r o28r |) 05 35 I 76130 a 
30 30 | I 75055 X 0027 | & 0272 || 56 34 I 76132 5 
40 20 | « 75180 xr 0027 | 1 0264 || 57 33 r 76134 2 
50 to | t 75205 a zr 0026 | 1 0258 || 58 32 r 76136 | 
13 0/77 O| f 75229) 5 r 0026 | 1 0252 || 59 3r 1 76138 : 
10|76 50] 2 75252 pe 1 ozo || 60 30 r 76139) 6 
| 20 40 | 1 75274 | 5, 1 o2qt || 65 25 1 76145 4 
30 30} I 75205 | oy I 0235 || 70 20 I 76149 3 
| 40 20} 1 75316 | 3, I 0230 || 75 T5 1 76152 | 3 
50 10] 1753361 I 0225 || 80 10 r 76154) 2 
1% ©0176 o| I 75355 3 I 220 || 85 5 1 76156 a 
10175 50] I 75373 x 0216 || go° 0° of 1 76156 
I I 


TABLE IIIT A TABLE IlI D 621 


SUPPI EMENT Factor Deri nDING ON DEFrACHLD 
THELAMOME FER 


App uent| Log irithm 
Apparent | Pe ith ot 


Distince | Refraction 


Altitude 


3° 
o 


3 24142 


l 3 10472 —72 06476 | 18 o 697} 8 — 
1 3 99773 —21 06077 | 19 02600 59 — 
” 303 —.0 06279 20 054,600 — 
2 2 98769 —19 oor8r ar iver a or |— 
3 293174 —18 06083 22 0230 62 '— 
3 2 88555 —17 05985 2 02247 63 — 
4 2 S444. —16 | 05857 24 ©2157 | 64 — 
4 2 80,90 —15 05790 25 o20n8 65 i— 
5 2 76687 —i4 o,fi93 | 26 01979 Ae _ 
—13 ©5590 27 a1890 | 67 — 
—12 05500 28 or8or , & — 
—11 ©5403 29 01713 | 69 |_ 
CABLE III B TABLE III C Sy eee eee e 
re) 
Factor Det ENDING Factor DF NDING ON — 8 OsTl5 ! 32 01448 | 72 |— 
ON BAhOMETFR ATIACHFD THE! MOMETER a Z a 33 ae 73 |— 
— 04924 34 | 901273) 74 — 
7 =78 04829! ,5 o1185 | 75 |— 
Inches | Log & F ae ae pee . = 
ee eee —2 04545 | 38 SS 78 \— 
=r o3102 T= 3° =o lll-segez ie! ceere eo iS 
~ 93933 Bigsn I 0420 3 oofiog | 82 |— 
— 02876 = te 2 ne i ve oO 3 82 — 
td ener ps ie . a | 83 — 
27 — 02,64 + 10 0 3 S bo 43 a 2F a 
28 — 02409 20 a 4 3.88 44 se oa Be = 
28 = eee 3° + 6 hs 3 #2 00234 80 |~ 
28 — 07099 40 | — os pet 4 par oy = 
a8 Bice rh = 1 8 te 43 + posta 88 — 
on || ce rae ae +9] 03519 49 — coo2t , 89 — 
28 = 91040 is ie 10 0342 © — oo106 | go |— 
78 ~~ 91488 a (ie as ee 2 — oo1gt ea 
28 =r 30 9 | +12 eee : z '_ 90275 | g2 '— 
28 — o1185 Too = 4 pes 5 — Ba Z° _ 
28 — 01035 so ee sie, 3 ee 53 |— 93 = 
—~ 0088s 4 | 03060 54 444 | 94 | 
— 007 5 T15ei+ 02969 §5 j— 00528 | 95 
~- 00 36] log B= log S+-log I SAREE 
— 00438 
— 00 go 
— 00142 
+ cons 
eorst | logr=loga+A log B-+A logy-+ log tanz 
00297 
004 43 
00588 
00732 
00876 
oOTO20 
01163 
01306 
01448 
o1589 
01731 
o1871 


632 TABLE IV 


To CONVERT CENTIMEIRIS INTO INCHES 


metres 


English 
Inches 
Cent 


meties 
English 


— 


| 


68 o | 26 772 || 735 | 28938 || or | 0394 
68 5 26969 || 740 29 134!) o2 0787 
69 0 | 27 166 }] 745 203,51 || 03 1181 
69 5 | 27365 || 75° 29528 | O4 | 1575 
70 0 | 27 560 || 755 ' 29 725,} 05 | 1969 
70 512775611 700 2)922'| 06! 2,62 
710 97953 || 765 30119 |o7 2756 
715, 28150 || 770 30310 |08 3150 
720] 23 347 1775 30512 | 09! 3543 
780 30709,| 19, 3937 
78 5 , 3° go6 | | 


TABLE V TABLE VI 


To Convrrt RraDING oF CENrK RADE 
THERMOMETER INTO FAHI BNHEIT $ 


To Convert Rt ADING OF RFAUMUR’S 
THEI MOMELFI INIO FAHRENHI IT’S 


Coe lela. C | F 


—— —— ee oe et eet || eee 


—32°)—25° 6 |-+3° +37° 4}\o® rjo° 18 


—31 |—-23 81 4) 39 2/2 2]o 36 
—30 |—22 of § | 4t O]o ylo 54 
—29 |-20 2] 6| 42 Bijo 4lo 72 
—28 |-18 4| 7 44 §i]9 5]o 90 
—27 |—160 6] 81 46 4jlo 6\r 08 
—26 |—-14 8| 9 | 48 2ijo 7/t 26 
—25 |—13 o| 10! 50 ajjo Bir 44 
—24 |—ri 2 | II | 5r 8ijo gir 62 
—23|— 9 4/12) 53 6 |r ojt 80 
—22i|— 7 6/13) 55 4 
—21|— 5 8) 14 | 57 2 
—20 |— 4 o} 15 | 59 0 
—t9 |— 2 2|16| 60 8 
—18 |j—o 4/17! 62 6 
-17 |+ 1 4 | 18 64 4 
—16 |+ 3 2/190} 66 2 
—I5 i 5 o| 20] 68 o — 8 
—t4 6 8|2t | & 8 —7 
—1, (+8 6/ 22 qu 6 — 6 
—12| ro 4|//23| 73 4 — 5 
—Ir| 12 2/24] 75 2 ey 
—1to | 14 o'| 25 | 77 © — 3 
—9 rm 8/|26| 78 8 me 
—8| 17 6)27); 8 6 — 1 
—7]| 19 4/28 | 82 4 —o 
— 6] at 2 29 | 84 2 + x 
—5| 23 0| 30] 86 o 2 
—4]| 24 8] 32] 87 8 3 
— 3] 26 6| 32] 89 6 
—2| 28 al/ 33 | Or 4 
— 1} 30 2)) 34 | 93 2 

) 2 01135 | 95 0 
+1 S 8)| 36 | 96 8 

2] 35 6|| 37] 98 6 

3 | 37 4|| 38 | T00 4 


To Convirt Hours, MInNuIISs AND SLCONDS 1Nro A DECIMAL OF A Day 


THlour 


10 CON’ Chul hw NH 


Decim 11 of 


Day 


O{L 
083 
Tey 
rch 
28 
25) 
ay! 
a03 
379 
4qio 
453 
FO: 
541 
58, 
625 
6b) 
qo8 
759 


6067 
oa") 
Q00 } 
(007 


pier) 
Qu 10 


tubg 
3993 
coud 
6t 67 
3333 
own 
6167 
3333 
0000 


TABLE VII 


Minute 


rt od 
HbA ODO GN Ov hw NH 
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43 Cte 499 
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2sin° Iz 
sin 1’! 


2) 


log 22 " 
° 1/’ gn 
I 6 73673 2 03 
2 7 30879 2 10 
3 7 64097 2 10 
4 7.94085 2 23 
5 8 13 467 2 31 
6 8 79,03 2 38 
7 8 42092 2 45 
8 8 5 4291 2 §2 
9 8 b4521 2 60 
10 8 73673 2 67 
Iz 8 81951 2 75 
12 3 89309 2 83 
13 8 96161 2 9g! 
14. go.848 | 2 99 
15 9 ob38yr 3 O7 
16 9 14407 3 15 
17 9 19763 3 23 
18 9 24727 3 32 
__ 319 9 29423 3. 40 
20 9 33379 3 49 
2t g 3ott7 3 58 
22 Q $2157 3 67 
23 y 4oor 3 76 
__ 24 9 40715 3 8s 
25 Q 57°61 > OF 
26 y 40607 4 O05 
27 Y 9915 4 1. 
28 g f,104 4 2° 
29 _9 661 _4 
30 y 04217 4 
31 97°) 45 4 52 
32 971794 4 0. 
33 9 77476 4 72 
34 979978 | 4 8 
35 9 82486 t 92 
36 9 843 5 93 
37 9 87313 5 13 
38 9 Byh.9 5 24 
ec Fm ees ON I ea, Pi Lc SB 
40 9 94085 5 45 
qt 9 96229 5 50 
42 9 98323 5 67 
43 0 003 6 5 78 
44 o 363 | 5 % 
45 04315 6 or 
46 00274, 6. x13 
47 08092 6 24 
48 ogn2t 6 36 
49 __rrgr2_ | 6 48 
50 13467 6 fic 
51 15187 6 7? 
52 10875 6 8 
53 185 8 6 96 
54 2omse_ | 7 99 
55 21745 7 2 
5h 22310 7 +4 
57 24848 7 40 
58 26358 7 60 
i___59 27843 | 7. 72 
jm ! '  aqpe, |” 45 
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log 7 


89509 


30 
99945 
91654 
92357 


93°55 
93747 
U4 tot 
95115 
Q»79! 


es | te | ee |S | en eet | an 


96462 
$7127 
97788 
96443 
4209 
99749 
I Co3dr 
TON r7 
TO1O19 


1 05940 


T O0543 
107136 


I 1ouUg2 


I 11177 


3 1447 
I 15038 
r 15576 
I 16110 


1 17169 
1 17094 
1 18216 
r 18735 

Y 14250 
I 19762 
I 20271 
1 20778 
1 21281 
x1 21782 


1 22280 


1 22775 
1 23267 
I 23756 


T 47°7 


t 16641 


et eee | Se Se | 


at log #2 
17/07 | 1 24727 
17 87 I 25.08 
18 07 1 256087 
18 27 rt 26163 
18 47 t 206, | 
18 067 I 27107 | 
18 87 t-7575 | 
19 07 r 28041 
19 628 tT 28504 | 
19 48 | I 28y65 _ 
19 69 | 1 29473 | 
Ig 90 1 29879 
20 11 I 30332 
20 32 XY 30783 
-0 53 | © 31232 
20 74 I 31079 
20 95 I 32123 
~r £6 r 32566 
at 38 1 33006 
at_ho | + 33443 
2x 82 I 33878 
22 03 1 34512 
2 625 I 41743 
~~ 47 I o595172 
22 70 | 1 45598 | 
22 92 1 "6022 | 
Ree | I ,O145 
23 37 1 30806 
23 60 1 47285 | 
2382 | 13770. | 
24 05 t 38116 
24 23 1 38529 
24 5t | 1 28940 
~{ 74 | 1 30348 
a4 98 | xX 30755 
25 21 I 40160 
25 45 | T 40563 
25 68 z 40g fig 
25 92 I 41364 
“6 16 5 41761 
20 40 I 42157 
26 64 I 42551 
26 88 I 42943 
27 #12 t 43333 
27 (37 I 43722 
27 «65 I 44.109 
27 86 | 1 44494 
28 10 I 44877 
28 35 | I 45259 
a8 60 T 45639 
28 85 r 46018 
29 10 1 46395 
29 36 | 146770 
2g 61 I 47143 
29g 686 147515 _ 
30 12 I 47880 | 
30 638 1 48.55 
30 664 1 48t) 2 
30 go 1 489838 
3r 16 1 49352 _ 
gi’ 42 | 1 49714 


TABLE VIII A 635 


__ 2sin24z 
™~ gin t// 


H 


log 


a ey 

log wz | mm log #2 | 
Ee 

| 

| 


I 52012 
I 53.60 
T 53606 


I 53952 
X 54296 


171663 | 74 26 
17944 | 74 00 
I 72293 75 06 
172502 | 78 47 
1 72780 7> 88 

T 73957 70 2 
173233 | 76 69 
173,005 | 77 I0 


| 
__1 87075 _ | 
187310 | 100 84 2 00363 


fc) I 49714 09 1rog0g6 | 70’ 68 I 84931 
I I 50076 41 1 69385 | 7I O07 1 85172 
2 T 50435 74 | 169073 | 7% 7 r 85412 
3 I 50793 07 1 69960 71 86 1 85051 
4 | 51150 40 1 7o246 | 72_ 26 | 1 858yo__ 
5 I 51505 I 70531 72 06 1 8Ar2q , 
6 I 51659 I 70815 73 06 | 166,66 |; 98 97 I 90551 
7 I 5221 1 710Q9 73, «46 1 8€60, Q9 45 190755 | 
8 I 52562 I 71362 73 86 , 1 80540 99 90 I yggs8 
9 | 
en 
| 


187545 | 10% 32 
187779 | 101 78 
xr 8812 | 102 25 2 00967 
I 88244 | ro. 72 2 01167 


1 88476 | 103 20 2 01367 
188708 | 103 67 201566 
1 73883 77° «51 1 88978 | rO¥ 15 201765 
I 74157 77 93 | 1 89168 | 104 63 2 01964 

I 74429 73 14  __1 89308 | 105 10 202162 


1 74701 7> 7, | 1 846.7 | 105 58 2 02360 
1 74972 79 16 , 1 898.4 too 606 2 02557 
r75eq2 | 79 5d | Tyoo83 | 100 55 | 202753 
I 75531 80 00 190310 | 107 03 2 02950 
__175780_ Bo 42 | 190536 | 107 51 2 03146 


I "T7048 80 84 | 1.90762 | 107 99 2 03341 
| 
| 


176314 | 82 26 1.90987 | 1c8 48 2035,6 
1 76580 8x 68 1 gi212 | 108 97 2 03730 
rt 768.46 82 10 1914,6 | 100 46 2 03924 
I 77110 82 52 rgr6bo | 109 95 | 2 04118 

I 77373 82 Qs 191893 | 110 44 2 04311 
1 77630 83. 38 1g Io5 | 110 93 2 04504 
T 77898 83 81 192327 | III 43 2 04697 
1 78160 84 2 192548 | III1 92 2 04688 
t 78420 84 66 192769 | 112 41 2 05080 


z 78080 S5 09 1G2990 | I12 go 2 05271 
t 78938 8- 52 193 00 | 113 40 2 05462 
179197 | 85 95 1.93428 | 113 90 | 205652 
179454 | 86 39 | 193646 | 114 40 | 205842 

I 79710 86 82 | 393864 | 114 90 2 06031 
I 79967 By 26 194082 | 115 2 06220 
t Bo22r 87 70 194299 | I15 go 2 00409 
r 80476 88 14 194515 | 116 40 2 06597 
1 80729 88 57 1.94731 | 116 go 2 06785 

1 80q82 89 of 1.94946 | 117 41 - 06972 


181234 | 89 45 1gs51or | 117 g2 2 07159 
r 81406 89 89 195375 | 118 43 207346 
181736 | 9° 33 195589 | 118 94 | 207532 
1 81986 go 78 1.95802 | 119 45 207718 
1 82236 QI 23 1 96014 | 119 06 | _207903 


a ne re renee mem 


aN 
oO 


1 82484 gt 68 1 g0226 | 120 47 2 08088 
I 82732 g2 12 196458 | 120 y8 2 08273 
182979 | 92 57 | 296649 | t2t 49 | 2 08457 
1 83225 93 o2 1 96860 | 122 OT 2 08641 


183716 | 93 92 197279 | 123 95 | 209907 
183960 | 94 38 | 197488 | 123 57 | 209790 
1 84204 g4 83 197697 | 124 09 2 00372 
184447 | 95 29 197905 | 124 Ot | 209554 
1 84690 Q5 74 rg8rr2 | 125 13 2 00735 


1 84931 96 20 | 198320 ' 125 65 
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r6 17 
I°0) O70 
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TABLE VIII A 


a ee | ee 


log | we 
299917 159’’ o2 
2 19098 15g OL 
2 10278 IDv 20 
2? 10450 160) 00 
2 037 1At 7q 
10817 10r 98 
~ 10995 1f2 58 
2 ILI7g 1603 17 
~ 11352 O05 77 
2 11430 104 37 
2 1£707 1604 97 
~ 11884 165 57 
~ 12001 1fo 17 
2 12237 160 77 
212413 167 37 
2 12589 167 97 
2 12714 168 58 
2 12939 169 19 
2 3II4 169 80 
213288 | 170 41 
2 13462 17I 02 
2 13635 17t 63 
2 13809 17? 24 
2 13982 172 85 
_ 2 14154 173 47 
2 14326 174 08 
214498 | 174 70 
214670 | 175 3° 
214841 | 175 Yt 
2 T50Tr T70 o5f 
215182 177 th 
215,552 177 bu 
2 15522 178 4, 
° 156y1 179 05 
2 15800 179 68 
2 T0029 180 30 
° 16198 180 93 
2 16,66 18r 56 
2 TN434 182 19 
2 1O9n1 18. 8. 
21008 183 40 
217945 | 184 09 
217 09 184 7 
~ 1738 | 18, 35 
bile ra ty | 85 on 
~ 1770) 18H 63 
17at 5 187 2 
oT™059 197 yt 
mr rst 188 5, 
1859 hay ony 
@ 1Ow, Tou 8, 
1363, WO 47 
21590 1QT 12 
2 1QiuT3 Tyt 76 
« TQIZH Ty2 41 
21Q 38 193 06 
21a500 | 193 71 
2 14662 194 36 
2 19874 195 Of 
2 TQ085 195 66 
2 en116 Ta =442 


2 «1423 
2 21581 


2 22595 
2 22682 
2 22838 
2 22904 


2 23150 


2 23304 


2 23429 
2 fer, 
2 23768 


_2 23922, 
2 24070 
2 21730 
~ 24363 
2 24536 


« 29907 
2 of? 40 

27 4 
2 75 Ju 
7 emi ny) 
~ 730 

"708 4 
2231 0 
“- 77 

2 23403 
2 238509 
2 28915 
2 28861 
2 29006 
2 PQ15T 


WM log: #2 
tah!’ .2 | 2 °Q746 
196 97 ~ «0441 
107 04] 2 29566 
TQOo 8 2 247,40 
TS Og 2 2U074 
Iqg 60 2 ,0017 
200 «6 ~ vI61 
00 92 | 2 9 of 
“Or 59 249447 

_ 202 25 | 2 30,00 | 
202 G2 | 2 40752 
203 58 | 2 40874 
204 25 2 51016 
204 g2 | 2 41158 
205 59 |_ + 1300 
206 26| 2,141 
206 93 | 2,148. 
207 60 | 2517°3 
208 27 | 2 51804 
208 94 | 2 2004 
209 62 |] 2 32144 
210 30 | 252.54 
210 98 | 2 37424 
21r 06] 2 5.503 
212 3%] 2 52703 
213 02 | 2 32842 
213. 70 | 2329650 
214 38 | 233119 
215 07 | 2 33258 
215 75 |_ 2 34.006 
216 44 | 2 33534 
217 12 2 53071 
217 8r | 2 335u9 
218 50] 2 ,3046 
219 19 | 2 54083 
219 88 2 342.0 
290 58 | 2 44357 
226 27 | 2 34493 
rel 97 | 2314630 
2°2 06] 2 54766 
293° 36 | 2 34Q07 
224 08 | 7° ,50,47 
294 70 | 23517 
~ 5 $6} 2 45307 
”6 16 ° 38440 
20 8h #9899 

7 #7 wo 997 To 

20 7 245940 
2.3 45 » aso 
oa) 8 - SOIT] 

o 40 4S 
2,Y To @o Sr 
o,t Yt Qf 16 
22 52 7 fd 
23.074 731 
23305 | 7 1913 
234 67 | 237046 
235 38 | 237178 
2,6 10] 237310 
236 82 | 237442 
237 §4 | 237574 


17m 
We log wz 
237" 54 | 2 37574 
238 20 | 237705 
258 98 | 2 378,60 
234 79 | 2 +7967 
«40 42 2 380n8 
24% 14 | 2 38229 
24r 67 2 36300 
21 60} 2 38490 
“13 3 | 2 3urg 
21, 06 | 2 38749 
244 79 | 2 38879 
245 52] 7 3u009 
210 25 | 2 791,46 
1 9S ~ 9267 
217 72 7 3940 _ 
215 45 2525 
24H fo | 2 4Qh54 
-49 93 19782 
«50 07 | - Quru 
__25T 41 | 40036 
a ee ce a 401600 
62 8a ~ 4O2u4t 
263° «03 2 40421 
~54 37 | 2 40546 
755 1. | 7 40075 
25 87 o fou. 
250 62 2 409 y 
257 37 41955 
258 12 2 4llol 
255 87 | 2 41,07_ 
259 Se | 2 41134 
20 (47 2 415f0 
26r 12 | 2@ 41685 
2or @8 | . 41811 
~6. 64 > 47936 
203° 30 e141 O61 
et, 15 ~ 42186 
264 Qu 1 310 
25 (8 2 12435 
v0 Gn +4 ae t 590 
7 70 7 40683 
47 96 ° 1-807 
(8 75] 9 {7031 
26y 49 | 4,055 
7O_ | 2 43178 
Wi a. | 243,02 
C7 79 | 7 43425 
1? 80 | 7 44548 
73 oat 24 070 
74 UE | 2 43793 
71 83 | 2 q3arg 
~75 6 | 2 44037 
79 49 | = 44759 
277) 20 2 44°8E 
~77 Ob | > 44403 
«78 7b | 2445 § 
279 55 2 44040 
280 73 | 2 44767 
28m 12 | 2 4488h 
“8r 90 | 2 450n9 
282 68 ' 245130 
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ES | TS | A wenmenemenmenites fn 
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mt log 72 
282" 068 | 245130 
283. 47 | 245250 
284 26 | 245371 
285 04 | 245491 
85 83 | 245081 
286 62) 245731 
287 41 2 45850 
288 20] 245)70 
239 00 | 2 4608y 
289 79 | 240209 
290 58 | 246,28 
291 30 | 2406446 
292 8} 246,65 
292 98 | 2 40684 
293 Ju | 2 £A8>2 
204 56] « 4Oy.0 
295 3 2 470,8 
296 18 | 247150 
2y6 99 | 2 47-74 
9774 |_ 2 4730- 
~98 49] 247509 
299 40| 2476.0 
390 28} 247745 
301 02 | 247060 
gor 83 | 247977 
30. o4 2 43cQ4 
w93«446' | 2 48210 
14 27 | 248527 
195 09 | 2 48443 
305 90 | 2 48559 _ 
306 7. | 2 48675 
397 44 2 48790 
3v0 4) | «2 48,00 
3P9 «+ 2 inout 
qtu 00 2 40T,46 
210 «662 2 4Qa51 
3tr 64 | 249,66 
312 47 | 2 4048t 
oty 30] 249596 
olf ft. | 2 4y711 
31 Qo | 2492-5 
3%, 79 | 2 49939 
316 61 2 50053 
317) 44 | 2 50107 
318 27 | 2 5028r 
319 To} 2 50394 
3t9 94 | 2 50530 
320 73 2 50021 
321 62} 2 50734 
7. tr |__ 2 50847 
323. 29 | 2 5000m 
owt TZ] 2 51973 
3°74 97 @ 57185 
325 81 | 251298 
326 606 2 51410 
327 50 | 2 5152. 
328 45} 2 51834 
329 19 | 251740 
330 a4 | 251858 
330 89 |_ 2 S5tafg 


TABLE Vilt A 


_ 2sin? 4 
~ sin x 
se La | r4™ 15m | 
m log sz rit log 22 mw @) log 
33" 74 | 252081 | 3847 74 | 258510 | 441/703 |] ~ 645u0 
332 59 2 52192 5°> «65 2 s00IQ 442 0. 2 64ho3 
393 44 | 252303 | 386 50] 2 50722 | 443 00 | 26.609 
334 29 | 252414 | 367 48 | 25845 | 444 58 | 2 647U5 
3a 35 | 25255 | 308 go | 2 5uy2d | 445 56 | 2 648qr 
a20 00 | 252035 | 389 32 | 259031 | 440 55 | 7 54987 
330 86! 252746 | 390 24 | 25434 | 147 54) 249083 
337. 72 | 2 {2056 391 16 2 502,50 445 53 | 205179 | 
338 28 | 257907 | 302 co | 254,39 | 419 51 | 2 65274 
339 44) 25077 | 34. OF | 2 944 | 450 FO | 265370 
340 30 | 243187 | 393 o4 1 250843 | dot 50 | 265466 
oft 16 | 255207 | 394 86) 250645 | 4o2 40] 205501 
342 02 | 253406 | 395 79 | 250747 | 453 48 | 265636 
317 88} 255516 | 390 7. | 25yo49 | 454 48 | 2 65751 
34° 75 | 253625 | 307 65 | 259957 | 455 47 |_ 2 65846 
344 0. | 253795 | 308 sd | ~ 6005. | 420 47 | 2 Ggu4gr 
345 49 | 253844 | 399 52 | 260154 | 457 47} 2 660,6 
340 30 | 253993 | 400 45 | 260.55 | 4.8 47 | 2 Ovr31 
347. 2, | 254ub2 | gor 8 | 260357 | 459 47 | 266 25 
348 to | 244170 | que 42 | 2 00458 460 47 | 2 66,20 
348 97 | 254279 | 403 «b | 260559 | 46r 47 | 2 66414 
349 64 | 254337 jo4 20 | 2 60660 462 48 | 2 66509 
350 71 | 254406 ] 405 14 | 2 637h0 46, 48 | 2 66603 
35 358 2 54004 400 Oo 2 LOOOI 404 48 | 2 06097 
Bo- 10 | ~ 54772 407 02 | 2 O0Y6rI 405 49 | 2 60791 
253 34 | 25450 | 407 96] 2 Olob2 406 50 | 2 66885 
354 2. | 2 4923 408 go | 2 611f2 467 51t | 2 66979 
355 10 55955 jog «684 | 2120, 408 521] 2 67073 
359 G8 | 25143 | 410 79 | 261353 | 469 53 | 267106 
356 th 2 95252 41t jy 2 61403 47° 54 2 A720 
357 7# 1 255595 | 412 638 | 261563 | 47r 55] 2 67353 
398 6.) 250465 | 413 63 | 26166. | 472 57 | 7 67446 
399 St | 252072 | 4t4 5Q | 261702 | 473 58 | 27539 
280 39 | 2 3670 475 54 | 261861 474 60} 7 67653 
oft 20 | 255795 | 416 du | 7 61rg6t | 475 62 | ~ 67720 | 
302 17 | 2 S504. 417 44 | 2 6.060 476 04} 2 67816 | 
303 07 | 253999 flo 4o | 2 6°r1gg 477. 65 | 2 Gtr | 
363 06) 2 6105 419 45 | 2 62258 47> 07 | 2 68004 
304 8, 2 46.11 420 31 26.357 479 70 | 268007 | 
365 «75 2 51317 4?1T 27 2 6.456 460 72 | 2 €°xSq_ 
306 o4 542, 422 23 | 262555 48. 74 2 68281 r | 
307 53 | 2 50429 423 19 | 2 Gatsy 482 77 | 2 68374 
368 42 | 2 546.45 424 15 | 2 6°742 483 79 | 2 48466 | 
309 631 2 30740 45 Ot 2 6°8.0 484 82] 2 68558 
2s 370 2 2.té46 | 470 07 | 2 62049 485 85 | 2 68050 | 
371 «11 2 50951 4°7 O04 2 63047 436 88 | 2 68742 
37-~ O1 257 150 123 OL 20,145 487 gt | 2 68834 
372 aL | 257101 | 428 97 2 63243 438 94 2 #8926 
373 82 | 257 76 | 4-0 9 | 263341 | 489 97 | 2 6rorz | 
374_ 7? | 2573 1 | 430_ ae _ 263458 | 49t of 2 Cyroy 
375 02 | 247476 ; 431 37 | 263536 | 492 05 | 2 6g201 
370 52 | 257580 | 432 84, 263634 | 493 08 | 2 6q292 | 
377 43 | 25768, | 433 82 | 26374: | 494 12] 2 69383 
378 34 | 257789 | 44 79 23028 | 405 15 | 2 6o47q | 
37q_ 76! 2 57893 | 4 4 70:1 263025 | anf ra | 2 69565 
380 17 | 257097 | 430 73 | 7o4022 | 497 23 | 2 69656 
38: 08 2 §810r 437 70 2 64119 498 28 | 2 60747 
38t ag | 258205 438 09 | 2 04216 499 32 | 2 69838 
382 go | 258309 | 439 67] 264313 | 500 37 | 2 69929 
383 82 | 2 5s84re 440 65 | 264410 | Sor 4t | 2 70019 


74! 2 ~ 2 R208t 


44t 63 ! 


2 64 506 


2 FOI0g 


16™ 
S 
@ on log 2 
° 502’ 5 2 70109 
I 503 5 2 70200 
2 504 5 2 702Q1 
3 505 2 70381 
4 __| 506 6 2 70471 
5 5°97 7 2 70561 
6 508 8 2 70651 
7 509 8 | 2 70741 
8 5I0 9 2 70830 
9 BIL Qg | 2 70920 
10 513 0 2 71010 
II 514 0 2 71099 
12 515 t 2 71188 
13 516 1 2 71278 
a st7_ 3 |_2 71307 _ 
15 518 3 2 71456 
16 519 3 | 275545 
17 520 4 2 71634 
18 52t 5 2 71723 
19 522 5 271811 
20 523 6 2 71900 
21 524 7 2 71989 
22 525 7 2 72077 
23 526 8 2 72105 
24 527 9 | 274254 | 5 
25 529 0 2 72342 
20 539 +O 272450 
27 531 U 272518 
28 532 2 2 7.006 
oe ee 
3° 534 3 27-781 
31 535 4 2 72869 
32 530 5 | «72057 
33 537 6 | 273044 
34 538 7_|_2 7342 
35 539 7 2 73219 
36 540 8 2 73300 
37 541 9 2 73393 
38 543 0 | 273460 
39. | «=544_1 2 73567 
49 545 2 27,654 
4t 546 3 | 27374" 
42 347 4 | 273827 
43 548 5 2 73914 
___ 44 540 5 | _2 74001 

45 550 6 2 74087 
46 Sot 7 | 274173 
47 552 8 274259 
48 353 9 | 274346 
49 | 555 © | 2 74452 
50 g56 1 274515 
51 557 2 | 274604 | 
52 5.8 3 2 74690 
53 559 4 2 74775 
54 560 5 | 2 74801 
55 561 7 | 274917 
56 562 8 275042 
57 543 9g | 2 75118 
58 545 0 2 75203 
59 | 566 1 2 75788 | 
60 ' 367 °? 2 75372 


TABLE Vill A 


———— 


log 7 m 
2 $0336 708" 4 
2 80416 709 7 
2 80490 710 9 
2 0576 7t2 1. 

280656 | 713 
2 80736 714 6 
2 80816 7I5 Q 
2 8o89b 717 ~«25 
2 80976 718 4 
281o,0 | 719 0 
2 61135 729 Q 
2 81-15 722 1 
2 §1295 723 4 
281375 | 7-4 0 
281454 | _775_9 
2 81533 7.9 2 
2 81612 723 4 
2 81691 749 7 
261770 | 729 9 
281.49 | 7.2 2 
2819.8 | 753 5 
282007 | 734 7 
2 82086 736 0 
28.165 | 757 3 
2 82044 7 5 
28°32 719 
2 8. ,o1 71t t 
2 $2470 742 3 
~0 555 743 0 
282h36 | 744 9 
2 8°714 740 2 
28 79- | 747 4 
28 870 743 467 
“8 948 750 0 
28,0 6 7ot % 
2 83104 752 0 
283162 753 8 
2 8 ,2fin 755 1 
283547 | 750 4 
o8yitt | 7977 
2Po4y my 0 
2 83570 gto 7 
23% ,618 WL 5 
08375, 7 93 
2 83302 ah, 1 
~ 4870 | 705° | 
oN3057 atu 7 
240 4 7% 9 
Qhqrit Wn) 3 
341P3 77 6 
~o- Of ) 771 9 
a2s4aqr | 773 2 
3441S | 774 5 
Byyu5 | 775-7 
~ S571 77 F 
2S34'45 | 773° 4 
23474 | 779 7 
* haoor 721 0 
2 84877 42 3 
_ 7 34953 | 7°36 
Baar 784 9 


SS 


_ 2 sin? iz 
~ gin 
a 18m 
mm log we ne 
567” 2 | 275373 | 635’79 
568 3 | 275458 | 637 © 
509 4 | 275.43 | 638 2 
57° 5 275628 | 639 4 
571 6 | 27573 |_ 640 6 
572 8 275798 | G41 7 
573 9 275853 | 642 9 
575 0 277907 | 644 1 
576 1 276052 | O45 3 
_577_2 | 2761201 640_ 5 
578 4 | 276220 1 047 7 
579 5 | 276304 | 648 9 
580 6 270,06 50 oO 
581 7 « 76472 65r 2 
582 9 _2 70556 652 4 
584 0 276640 | 653 6 
585 1 2707.4 | 654 8 
586 2 2 76608 6,6 o 
587 4 270892 | 647 2 
s88_5_| 2 7na7n | 6.8 4 
58) 6 | 277039 | 659 © 
5j0 8 2 77143 660 3 
59I 9 2 77220 662 0 
593 9 | 777509 | 663 2 
594 2 277. G2 ) 604 4 
59, 3 | 777476 | O6n5 6 
590 5 277559 660 8 
597 6 2 7642 668 o 
598 7 2777 609 -{ 
Re eee Oe Pa 
Gor Oo 77 40 671 6 
602 2 = 7797 5 672 8 
603 3 2 780 ,6 674 1 
bo4 5 27815 675 3 
_005 apenas El o 670 5 
606 8 ~ 724? 677 7 
607 9 2 72385 678 9 
Gog t 2 78407 "> 1 
610 2 2 78449 681 3 
_61r_ 4 | 2 78631 682 6 | ° 
612 § 2 78713 683 6 
613 7 | 278795 | 685 © 
614 8 2 78877 686 > 
616 o 2 78958 087 4 
_&t7_2_| a790q0_| 988 7 | _ 
618 3 2 7121 689 9 
619 5 27203 | 6yt 
620 6 2 79284 O92 4 
6er 8 2 777366 603 6 
6-3 0 | (270447 _ 604 8 
624 1 ~795 8 fqn oO 
625 3 279609 | 607 3 
626 5 2 79690 fo8 5 
fog 6 | 27977t | SAD 7 
ee 2 7985 7or Oo 
63) 0 279933 | 702 2 
631 2 2 80014 FOZ 5 
632 3 2800y4 | 794 7 
633 5 280175 | 705 9 
634 7 | 280255 | 707 7 
635 9 | 280336 | 703 4 


log 


2 85029 
2 85105 
2 85161 
2 85.57 
2 85343 
7 85409 
2 85 485 
2 85501 
26 646 

20571 
2 84767 
~ 5506, 
2 85936 
2 8hor4 
. 80089 

2 86104 
2 86<34 
2 80314 
2 86 8y 
~ SOYO4 


n 


. 88170 


o §8¢ 83 _ 


1” 9 8ka956 


88828 
2 88q0r 
2 88974 
2389047 
2 89719 
2 8q192 


t 


| 


TABLE VIII A 639 


__ 2 sin? 4? 
~ gin 1” 
—e—_—eeeeeeee__ee —————— ~ 
a ym 220 237 | 
log Fed log # nt log mt log mm 
2 89481 865”' 3 2 93717 949/’ 6 297755 | 1037/8 3 01013 
2 89554 866 6 29,780 Q5I Oo 297820 | 1039 3 3 01675 
2 84026 8n8 oo 2 94855 gs2 4 297886 | 1040 8 3 01738 
2 89698 869 4 2 93923 953 8 297052 | 1042 3 3 OIbOL 
2 &9770 870 8 | _ 2 43492 055 3 298017 | 1043 8 | 3 01864 
2 59842 872 1 2 9 400t 956 7 296063 | 1045 3 3 01926 
2 89914 873 5 2 y4129 g58 2 2 98148 1o4(; 8 3 O1y8y 
2 89986 874 9 2 9419% 959 6 2go214 | 1048 3 3 0205. 
2 90058 870 2 94200 gol 1 2 48279 | 1049 8 3 O21 
_2 90130 )_877_6 |_294335_|_962_5 | 28244 | 7O5r 3 _3 07777 _ 
2 yo202 879 oO 2 Y4403 963 9 2q8410 | Io5. 8 3 02739 
2 90274 B80 4 2 94471 965 ¢ 298475 | 1054 3 3 0° 02 
2 90340 88 8 2 94940 gfo 9 2q8540o | 1055 9 3 02304 
2 QN4T7 883 2 2 94608 968 3 298605 | 1057 4 3 02426 
2yosso | 88, 6 | 294676 ufg 6 | 2qgub7o | 1058 g | 3 07489 
2 go500 886 o 2 04744 971 2 2 98775 1ofo 4 3 02551 
2 40632 807 4 294812 y72 7 24800 | 1062 o 3 07613 
2 90703 888 8 2 94880 974 I 26u05 {| 1063 5 3 02675 
290774 | 890 ae Ge 94948 | 975 5 | 2¢8y30 | 1065 0 | 3 02737 


29010 | 977_0 | _298995_| 1066 5 |_302799 


2 9OQI7 893 0° 2 94084 978 5 2aqgoro | 1068 1 3 02861 
290988 | 894 4 | 295152 | 979 9 | 299725 | 1009 0 | 30.923 
2 91058 895 8 2 05219 ad: 4 2ggtSg | 1071 1 3 0298, 
2 gl129 8y7 2 2 95287 982 9 299254 | 1072 6 3 03047 
_2 91200 808 6 295355 __ _ 984 _ 4 {| 249319 | 1074 2 3 03109 
2 Qt271 goo of | 295422 985 8 299303 | 1075 7 3 03171 
291342 | gor 4 | 295490 | 987 3 | 200448 | 1077 2 | 303232 
2 91413 go. 8 ~ 95557 988 8 2Qj512 | 1078 7 3 03294 
2gr484 | gog 2 | 2gsf25 | 990 3 | 299576 | 1080 3 | 303356 
2 91555 gos_ 6 | 29-692 ogt 8 2g9g64r | ro8r 8 3 03417 
291693 | gov o | 29,79 | 993 2 | 299705 | 1083 3 33470 
291696 | 908 4 2 95227 994 7 2yy7tg | 1084 8 | 3 93540 
2 91760 gog 8 7 94804 995 2 2yqb*4 | 1086 4 3 03602 
291837 | 9It 2 29,961 Qy7 6 299898 | 1087 9g | 3 03663 
2qtgo7_| 912 6 | 2900-8 | Gag _1_| 299962 | 1089 5 '_3 03725 
291977 914 0 2 gfog5 | 1000 6 3.00026 | 1ogt o | 303787 
2 9°048 ots 5 296162 | roo2 1X 3 00090 | 10og2 6 3 03848 
2 g2t18 916 a 29f279q | 1003 5 300154 | 1094 1 3 03909 
2 92188 q18 3 2y6296 | 1005 o 300218 | 1005 7 3.03970 
2 92248 QIa 7 2 of362 10060 «65 3 00282 1097 2 | 3 04031 | 
2Q- 2b g2i 1 29f429 } 1008 o 300 44 | 1048 8 3 o40y 
2 y~ 98 g22 5 296496 | 1009 4 300409 | IIloO 3 | 3 04153 
2 924h8 923 9 296563 | IOIy Q 3 00473 T1QI_ Q 3Og2t4 
2925,8 925 3 29630 | 1012 4 3.00, 7 | 1103 4 , 394275 
2 97008 926 8 296696 | 1073 9 | 3ONbMO | ITO, © 304336 
2 92677 928 2 296763 | ToIs 4 3.00664 | 1106 5 3 04307 
2 9°747 929 6 296829 | 1016 9 3007.8 | trod zr | 3.04458 
2 92817 931 0° 290896 | 1018 4 300791 | Iru9 6 | 304519 
2 92886 932 4 296962 | 1019 9 3 00855 IIII 2 3.04580 
2 92956 933 8 | 297028 _lo2t 4 300918 | I1re 7 | 304641 
2 93026 935 2 - 97095 | 1022 8 3.00981 | 1114 3 3 04701 
2 93096 936 6 297161 | T1024 3 3orog45 | r115 8 3 04762 
2 93104 938 1. 297227 | 1025 8 gorzo8 | 1117 4 3 04823 
295233 | 939 5 2.97293 | 1027 3 zorizr | rri8 9 | 3 04883 
293303 | 940 9 | 297359 1028 8 | 3 0T234 |_T120 5 3 04944 
2 93372 y42 3 207425 | 19,0 3 301298 | 1172 0 2 05004 
2 93441 043. 8, | 297491 | To31 8 301,6t | It2, 0 3 0506, 
293510 948 2 2097 57 | 1033 3 301474 | 1125 1 3 05125 
293579 | 946 6 | 297623 | 1034 8 | 301487 | 1126 7 | 3.05785 
293448 a48 1 _|_2 Q768q 1036 3 3.01550 1128 3 3 05246 
2 03717 g49_ 6 |! 207755 | 1037 8 30T613 | rr29 9 305306 


TABLE Vill A 


aoe sin? i 
~ sun x! 
ne log 7 ne log 2 2 log #7 mt log 72 
hie Q 305,06 | 1225/'9 3 08848 | 1324// 9 312-5. 1420!’ 7 3 15526 
Itt 4 305 60 | 1227 § 3.08906 | 15.7 6 312,07 | l4t 4 > 15560 
Il4, 9 3.05420 ~29 2 3 02904 | 13-9 3 3.72303 | 14°93 2 3.15053! 
mr 4 0 405 }07 1230 8 5 Lgo. 1,31 0 3 [24I0 1455 0 > T3086 
amt. 3295517 | 1232 5 | 3.04079 | 113+ 7 31.474 | 14,6 7 | 3.345710 | 
1147. 0 305007 | 1234 1 3OU157 | 1534 4 375 y | T4. 5 ae 
115) 3 | 305607 | 1935 7 | 3091Y5 | 15.6 7 312585 | I44O 3 31 $47 
1p? Q | 3972 1237 3 304 52 | 1337 8 ZrOfO | thf 1 > 151.00 
114 § | 300737 | T-99 © | 904,70 | 1339 5 | 317695 | T4413 9 | 315953 | 
IT4¢ O | 395047 | F240 6 3.09307 | 134m 2 | 3t-75T_ | 1445 6 |__3 Thou7 
1145 0 30597 | 1242 3 3.09425 | 1342 9 zrac06 | 1447 4 3 10000 | 
1147 = | 305960 | 1243 9 | 3.0938 1344 0 | 37-861 | 1149 2 | 3BINIT, | 
tTIgo 8 306076 | 1245 6 3 09940 | 13463 Zi2gio | TE5t Oo 3 TOTOO 
It5s0 4 3.06086 | 1247 2 09597 1348 © 3 12971 1452 8 210 oO 
ty? 8 | 3 06146 | 1218 9 | 3.99655 | 249 7 7TO.0 | 1454 5 ee ke 
l153 6 306205 | 1250 5 30971. | 135t 4 3 1,001 1450 4 4 10546 
It, 2 306765 | 1252 2 3.09769 | 1353 2 31 130 | T4538 1 4 £1379 
1150 8 Zot. 4 | 253 8 3.0732m | T5454 9 3 1,00r 1459 9 3164 2 
IIo 3 506,84 9 T4455 5 309"3, | 1356 6 31, qo | ryt of 3 1045 
1159 9 24d ba7 T_o{ 5 0094! 498 ” Zr ou Te ee 
Tron 5 3oneng tuna 8 Zaqggys | 1 ho tT Zry30 7 1465 5 10 Qi 
Itu5 tf Zo05,07 | Tabu § R035, | 1401 % I34rT 1100 9 Zitoye 
1mOt 7 306622 | Th. 2 Ztotf. | 1302 5 31,476 | ryoS 7 - TAGYN 
t1fo 3 300681 | 1263 8 Zui | 1 05 sr ser | 0470 § 310749 
1167 Q 306740 | 12m5 8 | 3m 7) | I 67 0 1 7h fri | 3rhsa 
110g 5 300800 | 197 =I gm 5, [150 31,0 © ri7e ot ZU 4, 
117T ‘I 3968.9 | 108 8 310 49 | 1,70 4 Ztytob | 1475 9 5 10097 
1177-7 «| 3oogtS | 1°70 5 | 3510490 | 137- 1 313740 | 1177 7 4 1A1)60 
1174 3 | 304977 | 1°72 EF | 71045, | 1373 9 3795 | 1179 5 | 317 15 
re) 68 3070,6 | 173 7 3Ziosto | 175 A Rr, | Mer 3 | 1700 
1177, 5 307095 | 1 7. 4 210,07 | 14°73 buoy | T4H?3 > «7 3.17118 
r17Q_ «iT 307154 | 1277 1 3 Tune 1379 0 313759 | 1464 9 31717) 
lle? 7 307-13 | 1270 8 Z1othso | 1350 8 TH9T3 | 1466 7 » 1722, 
1182 3 397°7 TBO 4 3.10737 | 1382 5 grgoFS | 1x89 5 317 74 
1183 9 | .9774t | Ft bo or | 3 rez 13 1384 2 Bria. | riqo 3} 9 3707. 
tgs 5 307,°9 | 18, 8 3 10540 | 13385 9 RIt77 | 1408 T 3 17340 
rr87 tr | ,o7yg? [|r 35 5 | Zreun6 | rm87 7 | atte FT | 1493 9 | 317133 
1158 7 ,OT oO" °S7 ~«T - rouf, | 13°qQ 4 > 14285 1405 7 3.17435 
TI99 3 ,o7,ou | r.0o8 8 Z tc | t30r 2 Zit qo | 1407 5 3.17533 
TIgt g |_3o7fee | rego 5 311076 | 1292 9 Bry at | Tt9y 3 | 3 7T7590_ 
T1435 3.07683 | 1°92 2 3117 | 1,94 7 314f4d | I,0r 1 3 17042 
1194 1 3 0774 1.93 3 11188 | rqu0 4 3 14507 IKO. Q 3 176y4 
11y6 7 go7v%et | 14, § R11745 | 1398 2 314557 | 1594 7 3 17740 
TIQs 3 307559 | 1207 °? Ruger | 1409 9 Zigotzr | 1506 5 3.17799 
1199 9 | 2 a7qTS _ r-98 Q | 3tr3zn7_ | Tyr 7 3.14665 7508 4 317850 
T20t 5 ,0797 | 1300 § ,Ir4t, | 1403 4 Z1471yg | 1§10 2 + 17903 
T2031 3.03035 | 1302 2 Z 11469 | T40o, 7 314773 | 1912 0 3.17955 
T204 7 3 08993 | 1303 9 3115 5 | ryoh g 3143 7 1512 8 3 18007 
T206 4 ,after | 1305 6 311-82 | 1405 7 g1gs3r | t5r5 6 3 18059 
To8 0 3 e810 | 1307 3 2116 8 1470 4 | 314035 | 1517 4 3 18111 
4209 6 308 68 | 1,99 0 Zion, | 412 2 3149089 | I519 2 3 18163 
I2IT 2 30° 26 | 131nN 7 311759 | 1413 9 3135043 | 142 0 3 18°rs 
1712 9Q 405,354 | 1312 4 zirse5 | 1415 7 319099 | 15 2 Q 3 1%.67 
IQt4 § 30%44. | 1314 T 3 11361 | 1417 4 315150 | 1524 7 3 13,19 
ta1fi gosar | mats 7 | 3 t9T7_ | TtT9 2 3rs.oy | tea 5 3 18577 
1217 7 na? ay | 17717 4 311973 | t4.0 9 Z1gr4o | 1528 3 3 184 
1°19 4 30717 | T3IQ T 31°09 | 14.7 7 RI53I2 | T5370 2 3 15474 
r27L oO 30°75 | 1720 8 gran, | 44 4 ZI5305 | 1932 0 319, A 
1272 6 709733 «| 13°25 3r2t4n | r426 2 315479 | 1533 8 3.18579 
1°24 2 3.08791 _| 1 24 2 q12196 | 1427 9 | 31547~ | 1535 6 | 3 t3he0_ 
wees: 08348 r°25 (9 3 19252 T{?Q) 7 3.15596 1537 5 3 1RORT 


TABLE VII A 64% 


2sin?7 17 
n= 
sin 1!/ 
28™ 29™ om {m 
| Ss Pages Ee eee, eee ee ss | 
| In log 22 mn log: #2 22 log |, 7m log mw | 
Yo 1507" 5 | 3 18681 | 1649/1 32t725 | 1764/" 6 3 24605 | 1884/70 | 3.~7509 | 
I 155Y 31875, | 1651 © 321775 | 1760 6 324713 | 1886 1 3 27450 | 
2 1541 I 3.16704 | 1652 9g 321825 | 1768 5§ 324761 | 1088 1x 327602 | 
3 1542 Q 3 18830 | 1654 8 321875 | 1770 § 3 24610 | 18y0 1 > ~7649 | 
__4+__| 1544 8 3.18807 | 1050 7 321924 | 1772 4 , 24856 | ron. 1 > 27695 | 
5 1546 6 3 18939 | 1658 6 321974 | 1774 4 3 24yob | 1844 2 327742 
6 1548 4 318 390 | 1t60 5 322024 | 1776 4 3.24954 | 14960 2 3 2778u 
7 I55. 2 3 1yo42 | 1662 4 322073 | 1778 4 3 2500. | 1898 2 3297835 | 
3 I552 C 3.19093 | 1664 3 322123 | 1780 3 3 25050 | rqo00 3 327861 | 
__9 1554 9 319145 | 1066 2 322172 | 178. 3 325,046 | Ty02 3 7979 8 
10 1555 8 319196 | 1662 1 322222 | 1784 3 3.25146 | Ig04 3 3 27074 
IZ 1557 6 319247 | 1670 0 3.22272 | 1786 2 325194 | 1906 4 3 abun 
12 1599 5 319299 | 1671 9 32°321 | 1788 2 3.25742 | 1908 4 3.38067 | 
13 1561 3 319350 | 1673 8 3.22371 | I7yOo 2 325289 | 1910 4 3.8113 
14 T5632 | Zygor | 1675 7 3.22490 | 174? I 37547 | Wt2 § 8159 
15 1465 0 319452 | 1677 6 322470 | 1794 1 3.25385 | 1914 5 3 28206 
16 1560 9 314,03 | 1679 5 322519 | 1796 1 325433 | 1916 5 3 8252 
17 1508 7 3 1Y554 | 1681 4 3.22568 | 1798 1 > 25460 | 1915 6 3 28298 
18 1570 5 319406 | 1683 3 222618 | 1800 0 3 255- 1yz0 6 3 28344 
1g 1572 4 319657 | 168, 2 3.22667 | 1802 0 3 25576 | 1922 7 | 3 28390 
20 1574 3 3.y708 | 1687 2 3.22716 | 1804 a 325624 | 1924 7 3 284,47 
2t 1576 1 319759 | 169 3 22766 | 1806 o 325671 | 1926 8 3 28483 
22 1578 0 319810 | thar oO 322815 | 1808 o 3.25719 |} 1928 8 3 28520 
23 1579 8 319861 | 1692 9g 322864 | 1809 9 3.25766 | 31930 9 3 -8575 
24 158i 7 ZIgg12 | 1994 8 3.22013 | r8ir g 3.25814 | 1932 9 2 28627 | 
25 1583 5 319962 | 1606 7 3.22063 | 1813 9 3 .258n2 | 1434 9 3 28067 
26 T585 3 3 20013 | 1698 6 32,012 | 1815 9 3 °5Q04 | 1937 © 3 28713 
27 1587 2 3.20064 | 1700 § 323061 | 1817 9 3.2557 | 1a3G 1 3 28759 
28 1589 1 3 701T5 | 1702 5 3.27110 | 1319 9 3 26004 | 1y4I Ft 3 28805 
29 1590 9 320160 | 1704 4 32159 | 189% 9 326051 | 1943 2 3 28851 | 
30 1592 7 320216 | 1706 3 3.23208 | 18°93 38 3 °6099 | 1945 2 3 28897 
3t 1594 6 3 20267 | 1708 2 3.23257 | 1825 8 326146 | 1947 3 3 28943 
32 1596 5 320318 | 1710 2 3 2350 1827 8 3 26194 | 1949 3 3 28988 
33 598 3 320369 | 1712 I 3 23355 | 1829 8 320241 | I95r 4 3 29034 
34 1600 2 320479 | T7T4 O 3 23404 | 1031 8 3 26268 | 1953 4 3 29080 
35 1602 1 3.20470 | 1715 9 9 25453 | 1833 8 3 20336 | 1955 § 3 29126 
36 1604 0 3.20570 | 7717. 9 3 23501 | 1835 8 3 26383 | 1957 6 3 29172 
37 1605 9 320571 | 1719 8 323550 | 1837 8 3.26430 | 1959 6 3 29217 
38 1607 7 320621 | 1721 7 3.23509 | 1839 8 326477 | 1961 7 3 29263 
39 1 6 3 20672 | 1723 6 323648 | r84r 8 326524 | 1963 8 3 29309 
40 m6rr 5 3.20722 | 1725 6 3.23697 | 1843 8 326571 | 1965 8 3 20354 
41 161, 3 320772 | 1727 5 3.23745 | 1845 8 326619 | 1a67 9 3 29400 
42 1615 2 320822 | 1729 5 3.23794 | 1847 8 326666 | 1970 0 3 29446 
43 1617 1 3 20873 | 173% 5 3 23843 | 1849 8 3.20713 | 1972 © 3 29495 
44 1619 0 | 320924 | 1733 4 3.73891 | rasr 8 | 326760 | 1974 1 3 29537 
45 1620 8 320974 | 1735 3 3 23040 | 1853 8 326807 | 1976 2 329582 
46 1622 7 3.21024 | 1737 2 3.23988 | 1855 8 326854 | 1978 2 3 29628 
47 1624 6 3.21075 | 1739 2 3.24037 | 1857 8 396901 | T980 3 3 29673 
48 1626 5 321125 | I74r 2 3.24086 | 1859 8 326948 | 1982 4 3 29719 
49 1628 3 | 3 2tr75 | 1743 324134 | 186t_ 9 3.20905 1484 5 3 29764 
50 1630 2 3.21225 | 1745 1 324182 | 1863 9 327042 | 1086 5 3 29810 
51 1632 1 321275 | 1747 0 324231 | 1865 9 327088 | 1 88 6 3 20855 
52 1634 0 3 21325 | 1749 0 3.24279 | 1867 9 327135 ; In0Q0 7 3 29900 
53 1635 9 | 321375 | 1750 9 3.24328 | 18fg 9 327182 | rquz 8 | 3 29946 
_54__ | x637_7_| 3 20425 | x752_ 8 |_3 24376 | 787t_ 9 | 327229 |_1904_8 | _3 20997 
55 1639 6 | 3°1475 | 1754 8 3 24424 | 1873 9 3.27276 | tqn6 g | 3 30036 
56 164r 5 321525 | 1756 8 3.24473 | 1876 o 327322 | 1999 9 3 30082 
57 1643 4 3.21575 | 17,8 7 324571 | 1878 o 327369 | 2001 I 3 30127 
58 1645 3 321625 | 1760 7 324569 | 1880 0 327416 | 2003 2 3 30172 
59 1647 2 3 21675 | 1762 6 324617 | 1882 0 327462 | 2005 3 3 30217 
60 1649 1 321725 ' 1764 6 | 324665 | 1884 0 327509 | 2097 4 3 30262 
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Armsby’s Manual of Cattle Feeding . : 12mo, $1 75 
Downing’s Fruit and Fruit Tiees 8vo, 5 00 
Grotenfelt’s The Piinciples of Modern Dairy Practice (Woll ) 
12mo, 200 
Kemp’s Landscape Gardening e.. « 12mo, 2 50 
Maynard's Landscape Gardening -. 12mo, 1 50 
Steel’s Treatise on the Diseases of the Dog . 8vo, 8 50 
‘ Treatise on the Diseases of the Ox 8vo, 6 00 
Stockbiidge’s Rocks and Soils 8vo, 2 50 
Woll’s Handbook for Fai mers and Dairymen » 12mo, 1 50 
ARCHITECTURE. 
Burtping—CaRPENTRY—STaIRsS—VENTILATION—LAwW, Ero 
Beig’s Buildingsand Structures of American Railroads .4to, 7 50 
Birkmue’s Ame1ican Theatres—Planning and Construction 8vo, 8 00 
es Aichitectural Iron and Steel : 8vo, 8 50 
« Compound Riveted Guiders z : 8vo, 2 00 


« §keleton Construction in Buildings ....... 8vo, 8 00 
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Birkmne’s Planning and Construction of High Office Buildings 


8vo, 

Buggs’ Modern Am School Building 8vo, 
Caipenter’s Heating and Ventilating of Buildings - 8vo, 
Freitag’s Architectural Engineering 8vo, 
«The Fireproofing of Steel Buildings 8vo, 
4ferhard’s Sanitary House Inspection - 16mo, 
«« Theatre Fires and Panics - «+ 12mo, 
Hatfield’s American House Carpente1 ‘ ; 8vo, 
Holly’s Carpenter and Joiner . - 18mo, 
Kidder’s Architect and Builde:’s Pocket-book . 16mo, morocco, 
Meurill’s Stones for Building and Decoration 8vo, 
Monckton’s Stair Building—Wood, Thon, and Stone . . 4to, 
Wait’s Engineering and Architectural Jurisp.udence 8vo, 
Sheep, 


Worcester’s Small Hospitals—Establishment and Maintenance, 
including Atkinson’s Suggestions for Hospital Archi 
tecture 12mo, 

Would’s Columbian Exposition of 1893 Large 4to, 


ARMY, NAVY, Etc 


Miurrary ENGINELRING—OrRDNANCE—Law, Etc 


* Bruff’s O.dnance and Gunnery 8vo, 
Chase’s Screw Propellers . 8vo, 
Cronkhite’s Gunnery for Non com Officers 32mo, morocco, 
* Davis’s Treatise on Military Law " 8vo, 

Sheep, 
* <« Flements of Law : 8vo, 
De Brack’s Cavalry Outpost Duties (Oai1) 3%mo, morocco, 
Dietz’s Soldier’s First Aid 16mo, morocco, 


* Dredge’s Modern French Artillery Large 4to, half mo1occo, 
e Record of the Transpoitation Exhibits Building, 


World’s Columbian Exposition of 1898 4to, half morocco, 
Duzand’s Resistance and Propulsion of Ships 8vo, 
Dyer’s Light Artillery . 12mo, 
Hoff’s Naval Tactics ae ae 8vo, 
*Ingalls’s Ballistic Tables 3. eebewese .% OVO; 


$3 50 
4 00 
3 00 
2 50 
2 50 
1 00 
1 50 
5 00 

75 
4 00 
5 00 
4 00 
6 00 
6 50 


1 25 
2 50 


6 00 
8 00 
2 00 
7 00 
7 50 
2 50 
2 00 
1 25 
15 00 


10 00 
5 00 
8 00 
1 50 
1 50 


Ingalls's Handbook of Problems in Direct Fue 8vo, 
Mahan’s Peimanent Fortifications (Mercur ) 8vo, half mouocco, 
* Mercui’s Attack of Fortified Places : 12mo, 
BY SS Elements of the Art of War . 8vo, 
Metcalfe’s Ordnance and Gunnery 12mo, with Atlas, 
Muiray’s A Manual for Cou1ts Martial - 16mo, morocco, 

‘Infantry Diill Regulations adapted to the Springfield 

Rifle, Caliber 45 32mo, paper, 

* Phelps’s Practical Marine Sui veying 8vo, 
Powell’s Aimy Office:’s Examine 12mo, 
Shaipe’s Subsisting Armies 82m0, morocco, 
Wheeler’s Siege Operations 8vo, 
Winthrop’s Abiidgment of Military Law : 12mo, 
Woodhull’s Notes on Miltary Hygiene 16mo, 
Young’s Simple Elements of Navigation 16mo, morocco, 

as o “ ‘s ab first edition : 

ASSAYING. 
Smpctina—Orzu Dressine—ALLoys, Ero 

Fletcher’s Quant Assaying with the Blowpipe 16mo, morocco, 
Furman’s Practical Assaying ss» 8¥O0, 
Kunhardt’s Ore Dressing 8vo, 
O’Duiscoll’s Tieatment of Gold Ores See 8vo, 
Ricketts and Mille:’s Notes on Assaying : 8vo, 
Thurston’s Alloys, Brasses, and Bionzes . 8vo, 
‘Wilson’s Cyanide Processes a ; 12mo, 

«<The Chloumation Process ‘ Se 12mo, 

ASTRONOMY. 
PRACTICAL, THEORETICAL, AND DesoRrerrve 

‘Craig’s Azimuth Ato, 
Doolittle’s Piactical Astronomy - 8vo, 
Gore’s Elements of Geodesy . 8vo, 
Hayford’s Text-book of Geodetic Astionomy - 8vo 
* Michie and Harlow’s Practical Astronomy - +  8yo, 


* White’s Theoretical and Descriptive Astronomy ...... .12mo, 
8 


$4 00 
7 50 
2 00 
4 00 
5 00 
1 50 


10 
2 50 
4 00 
1 50 
2 00 
2 50 
1 50 
2 00 
1 00 


1 50 
8 00 
1 50 
2 00 
3 00 
2 50 
1 50 
1 50 


8 50 
4 00 
2 50 
8 00 
8 00 
2 00 


BOTANY. 


GARDENING FoR LaDIEs, Eto 


Baldwin’s Orchids of New England 2 Small 8vo, 
Thomé’s Structural Botany : ; . 16mo, 
Westermaier’s General Botany (Schneider ) 8vo, 


BRIDGES, ROOFS, Etc 


CanrrLeEVER—DRaw—H1@inway—SuUsPaNsION 


(See also ENGINEERING, p 8 ) 


Bollei’s Highway Bndges ; 8vo, 
* «¢ The Thames River Biidge : .  4to, paper, 
Burr’s Stressesin Bridges . . 8vo, 
Crehore’s Mechanics of the Girder .., + £ 8v0, 
Dredge’s Thames Buidges ; . T pats, per part, 
Du Bows’s Stresses in Framed Structures - - Small 4to, 
Foster’s Wooden Trestle Budges : i. 4to, 
Greene’s Arches 1n Wood, etc : . 8vo, 
‘© Bridge T1 usses ee depse * : 8v0, 

“ Roof Trusses . ; 8vo, 
Howe’s Tieatise on Arches . . 8v0, 
Johnson’s Modein Tiamed Structures ; Small 4to, 
Mernman & Jacoby’s Textbook of Roofs and Bridges 
Part I , Stresses . 8vo, 
Mcruman & Jacoby’s Textbook of Roofs and Bridges 
Pait IL, Graphic Statics oie 8vo, 
Mernman & Jacoby’s Textbook of Roofs and Bridges 
Pait ILI., Budge Design. Ste. Svo, 


Mernman & Jacoby’s Textbook of Roofs and Bridges 
Part IV , Continuous, Draw, Cantilever, Suspension, and 


Arched Biidges s ° 8vo, 
* Morison’s The Memphis Bridge . Oblong 4to, 
Waddell’s lion Highway B1idges ‘ 8vo, 


De Pontibus (a Pocket-book for Budge Engineers) 
16mo, mo10cco, 


Wood's Construction of Bidgesand Ruofs . Bvo, 
Wright's Designing of Draw Spans Paits I and II 8vo, each 
. - eS - Complete see 8VO, 


4 


$1 50 
2 26 
2 00 


a LH 


CHEMISTRY—BIOLOGY— PHARMACY. 


QUALITATIVE—QUANTITALIVE—ORGANIC—INORGANIC, hic 


Adriance’s Laboratory Calculations L2m10, 
Allen’s Tables for Jhon Analysis 8vo, 
Austen’s Notes for Chemical Students 12mo, 
Bolton’s Student’s Guide in Quantitative Analysis 8v0, 
Boltwood’s Elementary Electio Chemistry (In the press ) 
Classen’s Analysis by Electiolysis (ITerrick and Boltwood ) 8vo, 
Cohn’s Indicators and Test-papers x & 12mo 
Ciafts’s Qualitative Analysis (Schaefler ) 12mo, 
Davenport’s Statistical Methods with Special Reference to 310- 
logical Vailations 12mo0, mo1occo, 
Drechsel’s Chemical Reactions (Me1111l ) 12ino, 
Fiesenius’s Quantitative Chemical Analysis (Allen ) 8vo, 
a Qualitative “ sf (Johnson ) Syvo, 

- - 3 (Wells ) Tians 
16th German Edition ; .  8vo, 
Fuertes’s Wate: and Public Health ; 12mo, 
Gill’s Gas and Fuel Analysis . 12mo, 
Hammarsten's Physiological Chemistry (Mandel ) 8vo, 
Helm’s Pinciples of Mathematical Chemistiy (Morgan) 12mo, 
Ladd’s Quantitative Chemical Analysis : 12:mo, 
Landauer’s Spectium Analysis (Tingle ) 8v0, 
Lob s Electrolysis and Electrosynthesis of Organic Compounds 
(Lorenz ) ' ° » i2mo, 

Me ndel’s Bio chemical Labouatory 12mo, 
Mason’s Watei supply 8vo, 
‘¢ Examination of Water 5 ; 12mo, 
Meyer's Radicles in Carbon Compounds (Tingle ) 12mo, 
Miller’s Chemical Physics . 8v0, 
Mixte1’s Hlementary Text-book of Ohemiustiy . , « 18mo, 
Morgan’s The Theory of Solutions and its Results 12mo, 
«© -Blements of Physical Chemistry .. « 12mo, 
Nichols’s Watei-supply (Chemical and Sanitary) - -. 8vo, 
O’Brine’s Laboratory Guide to Chemical Analysis .  »8¥o, 
Peikins’s Qualitative Analysis os 12mo, 


Pinner’s Organic Chemistry (Austen ) ae 12mo, 
B 


$1 25 
3 00 
1 50 
1 50 


3 00 
2 00 


ES te abe 


Poole’s Calourfic Power of Fuels - 8vo, $3 0% 
Ricketts and Russell’s Notes on Inoiganic Chemistiy (Non 


metallic) . : " Oblong 8vo, morocco, 15 
Ruddiman’s Incompatibilities in Prescriptions 8vo, 2 00 
Schimpf’s Volumetric Analysis 12mo, 2 50 
Spencer’s Sugar Manufactuier’s Handbook 16mo, morocco, 2 00 


Handbook for Chemists of Beet Sugar Houses 
16mo, morocco, 8 00 


Stockbridge’s Rocks and Soils ? 8vo, 2 50 

*Tillman’s Descuiptive General Chemistry 8vo, 3 00 
Van Deventer’s Physical Chemistry for Beginners (Boltwood ) 

12mo, 1 50 

Wells’s Inorganic Qualitative Analysis . 12mo, 1 50 
‘© Yaboratory Guide in Qualitative Chemical Analysis 

8vo, 1 50 

Whipple’s Microscopy of Dimking-water . 8vo, 8 50 

Wiechmann’s Chemical Lecture Notes 12mo, 38 00 

Sugar Analysis ; Small 8vo, 2 50 

Wulling’s Inoiganic Phar and Med Chemistry 12mo, 2 00 

DRAWING 


ELRMENTARY—GEOMETRIOAL—MECHANICAL—TOPOGRAPIIOAL 


Hill’s Shades and Shadows and Perspective 8vo, 200 
MacCord’s Desciiptive Geometry 8vo, 3 00 

as Kinematics 8vo, 5 00 

se Mechanical Diawing 8vo, 4 00 
Mahan’s Industrial Diawing (Thompson ) X9vols,8vo, 8 50 
Reed’s Topographical Diawing (H A) 4to, 5 00 
Reid’s A Course in Mechanical Diawing . 8vo 200 


‘s Mechanical Drawing and Elementary Machine Design 
8vo (In the press ) 


Smith’s Topographical Diawing (Macmillan ) . 8vo, 2 50 
Wazien’s Desciiptive Geometry 2vole, 8vo, 3 50 
« Drafting Instruments . 12mo, 1 20 
‘© = Pyee-hand Drawing 12mo, 1 00 
sé ~—s Linear Perspective 12mo, 1 00 
«Machine Constiuction 2vois, 8vo, 7 50 


Wanten’s Plane Problems : 12mo, 
‘  Purmary Geometiy 12mo, 
«Problems and Theorems . 8vo, 
«Projection Drawing . . 12mo, 

Wanien’s Shades and Shadows 8vo, 
«  — §tereotomy—Stone cutting . 8vo, 

Whelpley’s Letter Engiaving . 12mo, 


ELECTRICITY AND MAGNETISM. 
ILLUMINATION—-BATTERIES—PHYSICS—RAILWAYS 


Anthony and Buackett’s Text book of Physics (Magie ) Small 


8vo, 

Anthony’s Theory of Electrical Measurements . . . 12mo, 
Barkei’s Deep sea Soundings , -8vo, 
Benjamin’s Voltaic Cell : 8vo, 
History of Electricity es . 8vo, 


Classen’s Analysis by Electrolysis (Hetrick and Boltwood ) 8vo, 
Crehore and Squie:’s Experiments with a New Polarizing Photo- 


Chronograph . . 8vo, 
Dawson’s Electric Railways and Tiamways Small, 4to, half 
morocco, 

* Dredge’s Electric Ilummations 2 vols , 4to, half mozocco, 
. ¥ " Vol 1 . Ato, 
Gilbert’s De magnete (Mottelay ) 8vo, 
Holman’s Precision of Measurements : 8vo, 
- Telescope muiro1 scale Method : Lai ge 8vo, 
Lob’s Electrolysis and Electiosynthesis of Organic Compounds 
(Lorenz ) .  « 12mo, 
*Michie’s Wave Motion Relating to Sound and Light . 8vo, 
Morgan’s The Theory of Solutions and its Results 12mo, 


Niaudet’s Blectric Batteries (Fishback) - - - i12mo, 
Piatt and Alden’s Street-1ailway Road-beds -- - ~ 8vo, 
Reagan’s Steam and Electric Locomotives = «+--+ + = -12mo, 
Thuston’s Stationary Steam Engines for Electric Lighting Pur- 

poses . - -. « + 8¥O, 
*Tillman’s Heat . ; < ‘ee - 8vo, 


8 00 
1 00 
2 00 
8 00 
8 00 
8 00 


8 00 


12 50 
25 00 
% 50 
2 50 
2 00 

%5 


1 00 
4 00 
1 00 
2 50 
2 00 
2 00 


2 50 
1 50 
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ENGINEERING. 


Crvit—MEcHaNICcAL—SaNITARY, Ere 


(See also BRIDGES, P 4, HYDRAULICS, p 9, MaTERIALS OF En- 
GINHERIVG, p 10, MecnANICS AND Macuinery, p 12, StHaM 


ENGINES AND BOILERS, P it) 


Bake1’s Masonry Constiuction 8vo, 
« Surveying Instruments 12mo, 
Black’s U § Public Works Oblong 4to, 
Biooks’s Street-railway Location 16mo, mo1occo, 
Butts’s Civil Engineers’ Field Book 16mo, morocco, 
Byine’s Highway Consti uction 8vo, 
«© Inspection of Materials and Wo1kmanship 16mo, 
Ca1pente1’s Experimental Engineeiing 8vo, 
Chuich’s Mechanics of Hngineerin g—Solids and Fluids 8vo, 
« Notes and Examples in Mechanics 8v0, 
Ciandall’s Earthwork Tables 8vo, 
“ The Tiansition Curve 16mo, m010cCcO, 


*Diedge’s Penn Railroad Construction, etc Large 4to, 


half morocco, 

# Drinker’s Tunnelling 4to, half morocco, 
Fissler’s Explosives—Niti oglycerine and Dynamite 8vo, 
Folwell’s Sewerage : 8vo, 
Fowler’s Coffer-dam Process for Pie1s 8vo 
Gerhard’s Sanitary House Inspection 12mo, 
Godwin’s Railroad Engincer’s Field book 16mo, morocco, 
Goue’s Elements of Geodesy Svo, 
Howard’s Transition Curve FMield-book 16mo, mo1o0cco, 
Howe’s Retaining Walls (New Edition ) 12mo, 
Hudson’s Excavation Tables Vol II 8vo, 
Hutton’s Mechanical Enginee1ing of Powe Plants 8vo, 
‘« Featand Heat Engines . 8vo, 
Johnson’s Materials of Construction Large 8vo, 
_ Theory and Piacticesof Surveying Small 8vo, 
Kent’s Mechanical Engineer's Pocket-book 16mo, morocco, 
Kiersted’s Sewage Disposal 12mo, 
Maban’s Civil Engineering 9 (W ood ) 8vo, 
Meriiman and Brook’s Handbook for Surveyors 16mo, moi, 
Mei1iman’s Precise Surveying and Geodesy 8yvo, 
a Retaimmg Walls and Masoniy Dams 8yvo, 

ss Sanitary Hngineeiing .  8vo, 
Nagle’s Manual for Railroad Engineers 16:0, morocco, 
Ogden’s Sewer Design 12mo, 
Patton’s Crvil Engineeiing 8vo, half mo1occo, 


$5 00 
3 00 
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Patton’s Foundations 


8vo, 
Piatt and Alden’s Street-railway Road-beds 8vo, 
Rockwell’s Roads and Pavements in France 12mo, 
Seailes’s Field Engineering 16mo, morocco, 
“Railroad Spiral 16mo, morocco 
Siebeit and Biggin’s Modern Stone Cutting and Masonry 8vo, 
Smart's Enginee:ng Laboratory Practice 12m0, 
Smith's Wire Manufacture and Uses Small 4to, 
Spalding’s Roads and Pavements 12mo, 
* Hydiaulic Cement 12mo, 
Taylor’s Piismoidal Formulas and Earthwoik i 8vo, 
Thurston’s Materials of Constiuction 8vo, 


* Trautwine's Orvil Enginee1’s Pocket-book 16mo, morocco, 
% ee 


Cross section . Sheet, 
* ns Excavations and Embankments . - Svo, 
. . Laying Out Curves 12mo, morocco, 


Waddell’s De Pontibus (A Pocket-book fo1 Biidge Engineer 8) 
16mo, morocco, 


Wait’s Engineeiing and Architectwal Jurisprudence - 8vo, 
Sheep, 

‘© Law of Field Operation in Engineering, etc 8vo 
Wairen’s Ste1eotomy—Stone-cutting m 8vo, 


Webb's Engineering Instruments New Edition 16mo, morocco, 
Wegmann’s Construction of Masomy Dams . Ato, 
Wellington’s Location of Railways .- Small 8vo, 
Wheelei’s Civil Engineeiing . 8vo, 
Wolft’s Windmill as a Puime Mover . 8vo, 


HYDRAULICS 
WATER WHEELS— WINDMILLS—SERVIOE Prer—DRAINAGE, 
(See also ENGINEERING, P 8 ) 


Bazin’s Expeiiments upon the Contiaction of the Liquid Vein 


(Tiautwine ) 8vo, 
Bovey’s Treatise on Hydraulics. 8vo, 
Cofiin’s Giaphical Solation of Hydraulic Pioblems . 12mo, 


Feiiel’s Treatise on the Winds, Cyclones, and Tornadoes . 8vO, 


Folwell’s Water Supply Engineeting é : .  8vo, 

Fuentes’s Water and Public Health. . se ee » 12mo, 

Ganguillet & Kutter's Flow of Water (Heng & Trautwine ) 

Svo, 

Hazen’s Filtration of Public Water Supply. Se: wis: “eee “BVO, 

Herschel’s 115 Expe.iments ete bw wer ee! Be es aa 8VE, 
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Kiersted’s Sewage Disposal 12mo, 
Mason’s Water Supply 8vo, 
“* Examination of Water 12mo, 
Merriman’s Treatise on Hydraulics 8vo, 
Nichols’s Water Supply (Chemical and Sanitary) 8vo, 
Wegmann’s Wate: Supply of the City of New York 4to, 
Weisbach’s Hydraulics (Du Bois ) .  8vo, 
Whuipple’s Micioscopy of Diinking Water .  8vo, 
Wilson’s Ihrigation Engineeing Svo, 
«¢ ‘Hydraulic and Place: Mining 12mo, 
Wolff's Windmill] as a Prime Move1 8vo, 
Wood’s Theory of Turbines 8vo, 
MANUFACTURES. 
BorteERs—Exr.osivEs—IRon—STEEL—SuGAR— W OOLLENS, 
Allen’s Tables foi Iron Analysis 8vo, 
Beaumont’s Woollen and Worsted Manufacture 12mo, 
Bolland’s Encyclopedia of Founding Te:ms ; 12mo, 
“ The Iron Founde. 12mo, 
- a «Supplement 12mo, 
Bouvier’s Handbook on O11] Painting 12mo, 
Eissler’s Explosives, Nitroglyceiine and Dynamite 8vo, 
Foid’s Boiler Making for Boule: Makeis 18mo, 
Metcalfe’s Cost of Manufactures 8vo, 
Metcalf’s Steel—A Manual for Steel Users 12mo, 
* Reisig’s Guide to Piece Dyeing 8vo, 
Spencer’s Suga: Manufacturer’s Handbook 16mo, morocco, 


‘¢ Handbook for Chemists of Beet Sugar Houses 
16mo, morocco, 


Thurston’s Manual of Steam Boileis 8yvo, 
Walke’s Lectures on Explosives Svo, 
West’s American Foundry Practice 12mo, 

‘“  Moulder’s Text-book 12mo, 
Wiechmann’s Sugar Analysis Small 8vo, 
Woodbury’s Fire Protection of Mills 8vo, 


MATERIALS OF ENGINEERING 
STRENGTH—HLASTICITY—RESISTANOH, Eto 
(See also ENGINEERING, p 8 ) 


Baker's Masonry Oonstruction ‘ 8vo, 
Beardslee and Kent’s Strength of Wrought lh on 8vo, 
Bovey’s Strength of Materials ' ‘ 8vo, 
Burr’s Elasticity and Resistance of Matenals . . . 8vo, 


10 
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5 00 
1 50 
7 50 
5 00 


Byine’s Highway Construction ; 8vo, 
Church’s Mechanics of Engineering—Solids and Fluids 8vo, 


Du Bois’s Stresses in Framed Structures Small 4to, 
Johnson’s Materials of Constiuction eg Svo, 
Lanza’s Applied Mechanics Svo, 
Mantens’s Testing Matenals (Henning ) 2 vols , 8vo, 
Meiull’s Stones for Building and Decoration 8vo, 
Meiriman’s Mechanics of Maten1als : 8vo, 
“ Strength of Materials 12mo, 
Patton’s Treatise on Foundations « «« 8vO, 
Rockwell’s Roads and Pavements in Fiance 12mo, 
Spalding’s Roads and Pavements . 12mo, 
Thurston’s Matenals of Construction 8vo, 
- Materials of Engineering 8 vols , 8vo, 
Vol I, Non metallic j : 8vo, 
Vol II, hon and Steel 8vo, 
Vol IIL, Alloys, Biasses, and Bronzes . Svo, 
Wood's Resistance of Materials ; 8vo, 
MATHEMATICS 
CatcuLus—GEOMETRY—TRIGONOMETRY, ETO 

Baker’s Elliptic Functions : .. 8vo, 
Barnard’s Pyramid Problem : . 8vo, 
*Bass’s Differential Calculus .. 12mo, 
Bniggs’s Plane Analytical Geometry . 12mo, 
Chapman’s Theory of Equations Z . 12mo, 
Compton’s Logarithmic Computations 12mo, 
Davis's Introduction to the Logic of Algebra 8vo, 
Halsted’s Elements of Geometiy ; »« 8vo, 
Synthetic Geometry » eee 8VO, 
Johngon’s Curve Tracing . « » 12mo, 

«  Drfferential Equations—Ordmary and Partial 
Small 8vo, 
« — Integial Calculus : : - 22mo, 

a as a Unabiidged Small 8vo 

(In the press ) 
« Yeast Squaies ‘ - .12mo, 
*Ludlow’s Loganthmic and Other Tables (Bass). ~--- 8vo, 
* «  igonometry with Tables (Bass ) seo ee 2BV0, 
*Mahan’s Descuiptive Geometiy (Stone Cutting) : 8vo, 
Merriman and Woodward’s Higher Mathematics... -. . .-8V0, 
Meinman’s Method of Least Squares 2 « »  8v0, 


Rice and Johnson’s Differential and Integral Calculus, 
2 vols ini, small 8vo, 
11 
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Rice and Johnson’s Differential Calculus Small 8vo, 
es Abuidgment of Differential Calculus 

Small 8vo, 

Totten’s Metrology : 8yo, 

Wartien’s Descriptive Geometry 2 vols , 8vo, 

«  — Drafting Instiuments 12mo, 

; Free-hand Diawing 12mo, 

Be Linear Perspective 12mo, 

; Piumary Geometiy : 12mo, 

es Plane Pioblems 12mo, 

Pioblems and Theorems 8vo, 

's Projection Diawing 12mo, 

Wood’s Co-ordinate Geometiy 8vo, 

«Trigonometry 12mo, 

Woolf’s Desciiptive Geometry Lai ge 8vo, 


MECHANICS—MACHINERY 
TEXT BOOKS AND PRACTIOAL WORKS 
(See also ENGINEERING, p 8 ) 


Baldwin’s Steam Heating fo. Buildings 12mo, 
Batr’s Kinematics of Machinery 8vo, 
Benjamin’s Wiinkles and Recipes 12mo, 
Choidal’s Letteis to Mechanics 12mo, 
Chuich’s Mechanics of Engineeiing 8vo, 
‘© Notes and Eaamples in Mechanics 8vo, 
Crehoie’s Mechanics of the Girder 8vo, 
Ciomwells Belts and Pulleys 12mo, 
ee Toothed Gearing 12mo, 
Compton’s Fist Lessons in Metal Working 12mo, 
Compton and De Gioodt’s Speed Lathe : 12mo, 
Dana’s Elementary Mechanics ‘ 12mo, 
Dingey’s Machineiy Pattein Making 12mo, 


Dredge’s Tians Exhybits Building, World Exposition 
Laige 4to, half morocco, 


Du Bois’s Mechanics Vol I, Kinematics hn Gen 8vo, 
ss “ Vol II, Statics 8vo, 
ae es Vol III, Kinetics 8vo, 

Fitzgeiald’s Boston Machinist .  18mo, 

Flather’s Dynamometeis 12mo, 
‘* Rope Diving : 12mo, 

Hall’s Car Lubrication ‘ 12mo, 

Holly’s Saw Filmg 18mo, 


Johnson’s Theoretical Mechanics An Elementary Tuieatise 
(In the press ) 
Jones's Machine Design Part I, Kinematics 8vo, 
12 


$8 00 
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1 25 
2 50 
1 50 
2 00 
1 00 
8 00 
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1 50 


Jones’s Machme Design Pait IIT, Stiength and Propo tion of 


Machine Pats 8v0, 
Lanza’s Applied Mechanics Sva, 
MacCoid’s Kinematics Svo, 
Me1uman’s Mechanics of Materials SvO 
Metcalfe’s Cost of Manufactures svo, 
*Michie’s Analytical Mechanics ; 8vo, 
Richards’s Compressed Air 12mo, 
Robinson’s Principles of Mechanism . 8vo, 
Gmith'’s Press-working of Metals . 8v0, 
Thuiston’s Friction and Lost Work 8vo, 

ae The Animal as a Machine 12mo, 
Warien’s Machine Constiuction 2 vols , 8vo, 


Weisbach’s Hydraulics and Hyduaulic Motors (Du Bois) 8v0, 
es Mechanics of Engineering Vol III, Part LI,, 


Sec I (Klew ) : 8vo, 
Weisbach’s Mechanics of Engineering Vol III, Part I, 
Sec II (Klemm ) 8vo, 
Weisbach’s Steam Engines (Du Bois ) 8vo, 
Wood’s Analytical Mechanics , 8v0, 
‘©  Blementary Mechanics 12mo, 
‘ «e “s Supplement and Key 12mo, 
METALLURGY 
TInon—Goip—Sitvar—Axuors, Ero 
Allen’s Tables for Jion Analysis -  « 80, 
Hgleston’s Gold and Mercury Laige 8vo, 
Metallurgy of Silver . Large 8vo, 
* Kerl’s Metallurgy—Oopper and lhon 5 8vo, 
* 46 a Steel, Fuel, etc .. 8vo, 
Kunbardt’s Ore Diessing in Europe 8v0, 
Metcalf’s Steel—A. Manual fo: Steel Users 12mo, 
O'Duscoll’s Tieatment of Gold Ores 8vo, 
Tiiiston’s ion and Steel , 8v0, 
‘6 Alloys ' 8v0, 
Wilson’s Cyanide Processes 12mo, 


MINERALOGY AND MINING. 
Mine ACcIDENTs—VENTILATION—ORE Dressine, Hro. 


Barringei’s Minerals of Commercial Value Oblong morocco, 
Beard’s Ventilation of Mines : 12mo, 
Boyd’s Resources of South Western Virginia or 8v0, 


“Map of South Western Virginia Pocket-book form, 
Biush and Penfield’s Determinative Mineralogy, New Hd &vo, 
18 
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$3 O00 
7 50 
3 00 
4 (0 
5 00 
4 00 
1 50 
3 00 
$ 00 
3 00 
1 00 
7 50 
5 00 


5 00 


5 00 
5 00 
8 00 
1 25 
1 25 


8 00 
v 50 
7 50 
15 00 
15 00 
1 50 
2 00 
2 00 
8 50 
2 50 
1 50 


2 50 
2 50 
$ 00 
2 00 
4 00 


Chester’s Catalogue of Minerals : Svo, $1 25 
a¢ 


de es _ Paper, 50 
‘* Dictionary of the Names of Minerals 8vo, 800 
Dana's American Localities of Minerals. Laige 8vo, 1 00 


‘“« Descriptive Mineralogy (E § ) Large 8vo half morocco, 12 50 
‘* Furst Appendix to System of Mineralogy . Laige8vo, 1 00 
‘« Mineralogy and Petrogiaphy (J D) 12mo, 200 
‘€ Munerals and How to Study Them (ES) . 12mo, 1 50 
‘* Text book of Mineralogy (ES) NewEdition S8vo, 400 
* Drnker’s Tunnelling, Explosives, Compounds, and Rock Drills 
4to, half moioecco, 25 00 


gleston’s Catalogue of Minerals and Synonyms 8vo, 2 50 
Eissler’s Explosives—-Nitioglycerine and Dynamite 8vo, 400 
Hussak’s Rock forming Minerals (Smith) . Small 8vo, 2 00 
Ihiseng’s Manual of Mining 8vo, 4 00 
Kunhardt’s O1e Dressing in Europe ‘ ‘ -8vo, 1 50 
©’Duiiscolls Treatment of Gold Ores - 8vo, 200 
* Penfield’s Record of Mineral Tests Pape, 8vo, 50 
Rosenbusch’s Microscopical Physiography of Minerals and 
Rocks (Iddings ) y A 8vo, 5 00 
Saw yei’s Accidents in Mines Large 8vo, 7 00 
Stochb:idge’s Rocks and Soils 8vo, 2 50 
Walke’s Lectures on Explosives 8vo, 4 00 
‘Wilhams’s Lithology 8vo, 8 00 
‘Wilson’s Mine Ventilation . 12mo, 1 25 
** Hydraulic and Place: Mining 12mo, 2 50 


STEAM AND ELECTRICAL ENGINES, BOILERS, Etc. 


StatronNaRy—Marinz—LocoMorTrvE—Gas ENGINES, Ero 
(See also ENGINEERING, p 8 ) 


Baldwin’s Steam Heating for Buildings . 12mo, 2 50 
Clerk s Gas Engine : Small 8vo, 4 80 
Fo1d’s Boiler Making for Boiler Makers 18mo, 1 00 
Hemenway’s Indicator Practice ‘ 12mo, 2 00 
Hoadley’s Warm-blast Furnace ; 8vo, 1 50 
Kneass's Practice and Theory of the Injector 8vo, 1 50 
MacCoid’s Slide Valve 8yo, 2 00 
Meyer’s Modern Locomotive Construction 4to, 10 00 
Peabody and Muller’s Steam-boilers ; 8vo, 400 
Peabody’s Tables of Saturated Steam 8vo, 1 00 

es The:modynamics of the Steam Engine - 8vo, 5 00 

ms Valve Gears for the Steam Engine . - 8vo, 2 50 
Pray’s Twenty Years with the Indicator Large 8vo, 2 50 
Pupin and Osteiberg’s Thermodynamics : 12mo, 1 25 
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Reagan’s Steam and Electiic Locomotives 12mo, $2 00 


Rontgen’s Thermodynamics (Du Bois ) 8vo ~=—_«d&B SO) 
Sinclair's Locomotive Running A 12mo, 2 00 
Snow’s Steam-boule1 Practice . 8vo §=—_s« 8-:«00 
‘Thurston’s Boule: Explosions ‘ ‘ 12mo, 1 50 
de Engine and Bowler Tuals : - »- 8yvo, 500 

ee Manual of the Steam Engine Part I, Structure 
and Theory 8vo, 6 00 

“ Manual of the Steam Engine Part II, Design, 
Construction, and Operation 8vo, 6 00 
2 parts, 10 00 
Thuiston’s Philosophy of the Steam Hngine 12mo, 25 

a" Reflection on the Motive Power of Heat (Carnot ) 
12mo, 1 50 
es Stationary Steam Engines 3 8vo, 2 50 
* Steam boiler Construction and Operation 8vo, 5 00 
Spangler’s Valve Gears . ies 8vo, 2 50 
Weisbuch’s Steam Engine (Du Bois ) =; ae 8vo, 5 00 
“Whitham’s Constructive Steam Engineeiing . .- - 8vo, 600 
“ Steam-engine Design Ba 8vo, 5 00 
Wilson’s Steam Boilers (Flather ) : 12mo, 2 50 
Wood’s Thermodynamics, Heat Motos, ete . . 8vo, 400 


TABLES, WEIGHTS, AND MEASURES. 


For ACTUARIES, CHEMISTS, ENGINEERS, Mponanics—METRIO 
TABLES, ETC 


Adiiance’s Labouatory Calculations 12mo, 1 25 
Allen’s Tables fo. Jion Analysis . - . 8vo, 8 00 
Biaby’s Graphical Computing Tables . .. Sheet, 25 
Compton’s Logaiithms 3 12mo, 1 50 
Crandall’s Railway and Eaithwoik Tables 8vo, 1 50 
Egleston’s Weights and Measures ‘ 18mo, rt) 
Fishe1’s Table of Cubic Yards .~ , Cai dboard, 25 
Hudson’s Excavation Tables Vol II. 8vo, 1 00 
Johnson's Stadia and Euthwork Tables 8vo, 1 25 
Ludlow’s Logarithmic and Other Tables (Bass ) 12mo, 2 00 
Totten’s Metiology e °% 8vo, 2 50 
VENTILATION 
Stmam Heatine—Hovse Inspection—MInE VENTILATION 
Baldwin’s Steam Heating 7 12mo, 2 50 
Beard’s Ventilation of Mines 12mo, 2 50 
Caipenter’s Heating and Ventilating of Buildings 8vo, 8 00 
Gerha.d’s Sanitary House Inspection . 12mo, 1 06 
Wilson’s Mine Ventilation : 12mo, 1 25 
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’ MISCELLANEOUS PUBLICATIONS. 


Alcott’s Gems, Sentiment, Language Gult edges, 
Davis’s Blements of Law . ‘ 8yvo, 
Emmon’s Geological Guide-book of the Rocky Mountains 8vo, 
Feriel’s Tieatise on the Winds 8vo, 


Haines’s Addiesses Delivered before the Am Ry Assn 12mo, 
Mott’s The Fallacy of the Piesent Theory of Sound Sq 16mo, 


Richards’s Cost of Living 12mo, 
Ricketts’s History of Rensselaer Polytechnic Institute 8yo, 
Rotherham’s The New Testament Critically Emphasized 
12mo, 

as The Emphasized New Test A new translation 
Large 8vo, 

Totten’s An Impoitant Question in Metrology - 8vo, 
* Wiley’s Yosemite, Alaska, and Yellowstone Ato, 


HEBREW AND CHALDEE TEXT-BOOKS. 
For ScHOoLs AND THEOLOGICAL SEMINARIES. 


Gesenius’s Hebiew and Chaldee Lexicon to Old Testament 


(Tregelles ) . Small 4to, half moiocco, 
Green’s Hlementary Hebrew Grammar 12mo, 
« Grammar of the Hebew Language (New Edition).8vo, 
«Hebrew Chrestomathy 8vo, 


Lette.s’s Hebrew Bible (Massoretic Notes in English) 
8vo, alabesque, 


MEDICAL 


Hammarsten’s Physiological Chemisty (Mandel ) 8vo, 
Mott’s Composition, Digestibility, and Nutritive Value of Food 
Laige mounted chart, 


Ruddiman’s Incompatibilities in Piesciiptions . 8vo, 
Steel’s Treatise on the Diseases of the Ox : 8vo, 

‘Treatise on the Diseases of the Dog , 8vo, 
Woodhull’s Military Hygiene . 16mo, 


Worcester’s Small Hospitals—Establishment and Maintenance, 
including Atkinson’s Suggestions for Hospital A1chi- 
tecture. « is ‘ ,.. We Ken howe eee OLOOy 
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$5 00 


